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Abstract

The literature is extensive on algorithms and
complexity results for the problems of dominating
or covering vertices or edges by other vertices
or edges. For any one of these dominating or
covering problems, we observe that no matter
what the definition or concept is, it is almost
always solvable in linear time for trees. In this
paper, we attempt to bring together a number of
recent ideas in the study of domination-related
problems into a single framework for trees. To
do so, we introduce the notion of P-mized dom-
ination and present a linear-time algorithm to
solve the P-mixed domination problem in trees.
Our algorithm gives a unified approach to mized
domination and various dominating and covering
problems for trees.

Keywords: Algorithm; Domination; Mixed dom-
ination; Strong elimination ordering; Tree;

1 Introduction

All graphs in this paper are simple, i.e., fi-
nite, undirected, and without self-loops or multi-
ple edges. Let G = (V, E) be a graph with vertex
set V and edge set E. Unless stated otherwise, it is
understood that |V| = n and |E| = m. The vertex
and edge sets of G are also referred to as V(G) and
E(G), respectively. For an element € VUE, it is
either a vertex or an edge in GG. For simplicity, we
also call it an element in G. Two distinct vertices

TThis research was partially supported under Research
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004.

u and v of G are adjacent if (u,v) is an edge of G.
Two distinct edges e; and ey of G are adjacent if
they have an endvertex in common. If a vertex v
is connected to another vertex by an edge e, then
we say that v is incident to e. Likewise, we say
that the edge e is incident to v.

For any vertex v of a graph G = (V| E), the
open neighborhood of v in G is Ng(v) = {u €
V|(u,v) € E} and the closed neighborhood of v in
G is Ng[v] = Ng(v)U{v}. The degree of a vertex v
in G is degg(v) = |[Ng(v)|. For an element x € VU
E, the mized neighborhood of x in G is NZ¥ (z) =
{y e VUE |y is adjacent or incident to x}. The
mized closed neighborhood of x in G is N/ [z] =
NZ(xz)U{x}. For any vertex v € V, we use Eg(v)
to denote the set of edges incident to v. Given two
vertices u and v of G, the distance between them,
denoted by dg(u,v), is defined as the number of
edges in a shortest path between them in G. If
W C V, then G[W] denotes the subgraph of G
induced by W.

A mized dominating set of a graph G = (V, E)
is a subset D of V U E such that |[NZ[z] N D| >
1 for every element x € V U E. The mized
domination number of G, denoted by v, (G), is
the minimum cardinality of a mixed dominat-
ing set of G. The mized domination problem is
to find a mixed dominating set of G of mini-
mum cardinality. It has a practical application
of placing phase measurement units to monitor
the states of an electric power system [20], and
has been studied or discussed in papers and books
1,2,4,5,6,7, 9,10, 11, 12, 14, 15, 18, 20].

Apart from the mixed domination problem, the
literature is extensive on algorithms and complex-
ity results for the problems of dominating or cover-
ing vertices or edges by other vertices or edges (cf.
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[5, 10, 11]). For any one of these domination
or covering problems, we observe that no matter
what the definition or concept is, it is almost al-
ways solvable in linear time for trees. Motivated
by the observation and the recent works on mixed
domination in trees [12, 20], we attempt to develop
a unified approach to mixed domination and vari-
ous well-known domination and covering problems
for trees. To do so, we give an alternative way to
define a mixed dominating set and introduce the
notion of P-mized domination as below.

Mixed dominating sets can be expressed in
terms of functions. Suppose that G = (V| E) is
a graph and Y is a subset of real numbers. Let
f:VUEFE — Y be a function of G which assigns to
each z € VU F a value in Y. The set Y is called
the weight set of f. We let f(S) =), g f(u) for
any subset S of VUE and let w(f) = f(VUE)
be the weight of f. A mixed dominating set can
be viewed as a function f : VUE — {0,1} such
that f(NZ[z]) > 1 for every @ € V U E. The
function f is called a mized dominating function
and v, (G) = min{w(f) | f is a mixed dominating
function of G}.

Definition 1. Let G = (V, E) be a simple graph.
Let I; and F;. be fixed integers, and let £ and d be
fixed positive integers such that F,, = I;+¢-d. Sup-
pose that Y is the set {I;, [y +d,I; +2d,..., I +
(—1)-d} and P is a labeling function assigning to
each element z € VUE alabel P(z) = (t(x), k(x)),
where t(z) € YU{F,} and k(x) is a fixed integer.
For an element x in G, it is called a free element
if t(z) = F,. Otherwise, it is called a restrictive
element. A P-mized dominating function of G is
a function f: VU E — Y satisfying the following
two conditions: (1) f(z) = t(z) if t(z) # F,, and
(2) f(NZ&[z]) > k(z) for every element z € V UE.
The P-mized domination number of G, denoted by
P (@G), is the minimum weight of a P-mixed dom-
inating function of G. The P-mized domination
problem is to find a P-mixed dominating function
of G of minimum weight.

In this paper, we present a linear-time algo-
rithm to solve the P-mixed domination problem
in trees. According to the definition, the P-mixed
domination includes the domination, k-tuple dom-
ination, {k}-domination, signed domination, mi-
nus domination, edge domination, vertex cover,
and edge cover problems as special cases.

In a generic tree, we can fix a vertex of the
tree to be the root and turn the tree into a rooted
one. Clearly, this can be done in O(n) time. We
may therefore consider only the rooted trees in this

paper.

2 An O(n?)-time algorithm for P-
mixed domination in rooted trees

Let G = (V,E) be a graph. A clique is a
subset of pairwise adjacent vertices of V. A ver-
tex v is simplicial if all vertices of Ng[v] form a
clique. The ordering vy, vs, ..., v, of the vertices
of V is a perfect elimination ordering of G if for all
i€{1,...,n}, v; is a simplicial vertex of the sub-
graph G; of G induced by {v;,v;41,...,v,}. For
each vertex v € {v;,Vit1,...,0,}, let N;[v] de-
note the closed neighborhood of v in G;. Rose [17]
showed the characterization that a graph is chordal
if and only if it has a perfect elimination ordering.
A perfect elimination ordering is called a strong
elimination ordering if it has the following prop-
erty:

For each i < j < k if vj, v, € N;[v;] in G, then

Ni[’l)j] Q Ni[’l)k].
Farber [8] showed that a graph is strongly chordal
if and only if it admits a strong elimination or-
dering. Currently, the fastest algorithm takes
O(mlogn) time [16] or O(n?) time [19] to rec-
ognize a strongly chordal graph and give a strong
elimination ordering.

The total graph of a graph G, denoted by T(G),
has V(G) U E(G) as its vertex set, and two ver-
tices of T(G) are adjacent if and only if they are
adjacent or incident to each other in G. Then
each element x in a graph G is the vertex z in
T(G), and the mixed closed neighborhood of = in
G is equivalent to the closed neighborhood of x in
T(G).

It can be shown that the total graph of a tree
is a strongly chordal graph by using the Farber’s
forbidden subgraph characterization of strongly
chordal graphs [8].

Let H = (Vy,FEx) be a tree rooted at r.
Let p be the number of the elements in G, i.e.,
p = |V3 U Ey|. For each vertex v € Vg, the
level of v is defined as A(v) = dy(v,r), and for
each edge e = (u,v) of G, the level of e is de-
fined as A(e) = 3 (A(u) + A(v)). For any two dis-
tinct vertices u,v € Vg, w is called the parent
of v if (u,v) € Ey and Au) = A(v) — 1. Ifu
is the parent of v, then v is called a child of w.
A level transversal ordering of H is an ordering
21,%2,...,%p of the elements of Vy; U Ey, arranged
in non-increasing levels of them. Clearly, z,, is the
root.
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A level transversal ordering of a rooted tree can
be computed by breadth first search in O(n) time.
Ales and Bacik [3] showed that a level transversal
ordering of a rooted tree H is a strong elimination
ordering of the vertices in T'(H).
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tion problem for rooted trees in O(n) time. Algo-
rithm IPMD contains four procedures: INITIAL-
IZATION, VERIFICATION, MCOMPUTATION, and
UPDATE. We show how to design these four pro-
cedures in this section.

Algorithm PMD(H,P,I,¢,d))

Algorithm IPMD(H,P,I1,¢,d))

1: fori=1topdo

2 if t(z;) = F; then

3 fla) <~ hL+¢{—-1)-d

4 else

5: fl@i) < t(xi);

6 end if

7. end for

8: for i =1to pdo

9: if k(z;) > f(NZ[z;]) then

10: stop and return the infeasibility of the
problem;

11: end if

12: end for

13: for i =1 to p do

14: if t(z;) = F,. then

15: M« min{f(N&[z;]) — k(z;)|z; €
NE i} ,

16: f(z) + max{I, I + ([¢— 2] -1)-d};

17: end if

18: end for

19: return the function f;

We give Algorithm PMD to find a P-mixed
dominating function of a rooted tree of minimum
weight. The algorithm takes H, P, I1, £, and d as
inputs. Input H represents a rooted tree H with
a level transversal ordering x1,2,...,%,, Where
p = |[V(H) U E(H)|. Inputs ¢, d, I; are fixed
integers and ¢,d > 0. Let F,. = I; + ¢d. The
weight set YV is assumed to be the set {I;, I} +
d, [y +2d,...,I1 + ({—1) -d}. Input P represents
a labeling function which assigns to every element
z € V(H)U E(H) a label P(z) = (t(z), k(x)),
where ¢(x) € Y U{F,} and k(x) is a fixed integer.

It can be easily verified that the running time
of Algorithm PMD is O(n?). The correctness of
Algorithm PMD can be proved by the arguments
similar to those for proving the correctness of the
algorithm for the labeled domination on strongly
chordal graphs [13].

3 A linear-time algorithm for P-
mixed domination in rooted trees

Based on Algorithm PMD, we develop an algo-
rithm, called IPMD, to solve the P-mixed domina-

1: INITIALIZATION(H, P, I1, ¢, d));

2: VERIFICATION( f);

3: for i =1to pdo

4 if t(z;) = F, then

5: MCOMPUTATION(%;, f);

6 f(z) « max{I, I + ([¢— 27 -1)-d};
7 UPDATE(z;, f);

8 end if

9: end for

10: return the function f;

Throughout the section, we use H = (V3, Ey)
to denote a rooted tree with a level transversal
ordering x1,x2,...,2,, where p = |Vyy U By, If
an element z; in H is an edge, let x; = (24, %4,)
and let x;, be the parent of x;,. Clearly, i; < i2
and /\(21) > )\(22)

Suppose that Y is a subset of real numbers
and f : Vy UEy — Y is a function of A which
assigns a value of Y to an element x in H .
For each vertex z; of H, we let (1) v¢(z;) =
f(Na[zi]), (2) ep(zi) = f(En(zi)), B)ng(x:) =
min{ (N [a;]) — k(z;) | 5 € Nyloi] and j < i},
and (4)my(z;) = min{ f(N}}[z;]) — k(zj) | z; €
Ey(x;) and j < i}.

Lemma 1. Suppose that Y is a subset of real
numbers. Let f : Viy U Ey — Y be a function of
H. The following statements are true.

(1) If an element z; is a vertex of H, then
F(NG [wi]) = g (i) + e (23).

(2) If an element x; is an edge of H, then

JINF [wi]) = ep(wi,) + ep(wi,) — f(zi) +
Proof. The statements can be easily verified ac-
cording to the definitions. O

We design a procedure, called INITIALIZATION,
to initialize a function f of H and to set the values
of vg(x;), ef(x;), ng(z;), and mys(x;) for each ver-
tex x; in ‘H according to the initialized function f
and their definitions. These values will be used for
designing the procedures VERIFICATION, M COM-
PUTATION, and UPDATE to make them more effi-
ciently.
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Procedure INITIALIZATION(H, P, I1,¢,d)

Procedure VERIFICATION(f)

1: fori=1topdo

2 if ¢(z;) = F;- then
3 flxi) < L+ —1)-d;
4 else

5: f@i) = t(xs);
6 end if

7: end for

8: for each vertex x; € Vy do

9 wp(w) < f(Nulzi); ep(zi) < f(En(zi));
10: end for

11: for each vertex x; € Vx do

12: ng(z:) < {f(N7lz;]) — k(z;) | z; €
Nylx;) and j < i};

13: myg(x;) < {f(N3/[zj]) — k(z;) | z; €
Ey(x;) and j < i};

14: end for

Theorem 1. Steps 1-7 of Procedure INITIAL-
IZATION are equivalent to Steps 1-7 of Algorithm
PMD, and the running time of this procedure is

O(n).

Proof. It can be easily observed that Steps 1-7 of
Procedure INITIALIZATION are equivalent to Steps
1-7 of Algorithm PMD.

Since H is a tree, p = |Vx UEy| = 2n—1. Steps
1-7 can be done in O(n) time. For any vertex z;
of H, [Nylz]| = degn(zi) + 1 and [Ey(zi)] =
degy (x;). Therefore, ve(z;) and ef(z;) can be
computed in O(degy (x;) + 1) time for each ver-
tex x; € V.

Since the values of v¢(z;) and ey (z;) have been
computed in Steps 8-10 for each vertex x; € V4,
by Lemma 1, we know that f(Nj}[z;]) can be
computed in O(1) time for each element x; in H.
Therefore, ny(x;) and my(x;) can be computed in
O(degy (2;)+1) time for each vertex z; € V3. The
total amount of time to run Steps 8-14 is

0<§jwwmm+m>=om+m=om>

T, €Vy

Hence, the running time of Procedure INITIAL-
IZATION is O(n). O

Based on Lemma 1, we design Procedure VERI-
FICATION to check whether the function f, initial-
ized by Procedure INITIALIZATION, is a P-mixed
dominating function of H. We have the following
theorem.

Theorem 2. The steps of Procedure VERIFICA-
TION are equivalent to Steps 8-12 of Algorithm

1: fori=1topdo

2: if z; € Vi and k(,’El) > ’Uf(l’i) + 6f(l‘i)
or x; € By and k(z;) > ep(xy,) + ef(xs,) —
f(zi) + f(@i,) + f(zi;) then

3: stop and return the infeasibility of the
problem;

4: end if

5: end for

PMD, and the running time of this procedure is

O(n).

For each iteration of Steps 13-18, Algorithm
PMD computes a value, M, in Step 15 if the con-
dition for the if-statement in Step 14 is true. In
Algorithm IPMD, we design a procedure called
MCOMPUTATION to compute M for each element
x; in H with t(x;) = F,.. Since z; is either a vertex
or an edge of H, Procedure MCOMPUTATION deals
with the case for x; € V3 in Steps 1-10 and deals
with the case for z; € E3 in Steps 11-21. Steps
1-10 of the procedure are based on Lemma 2 and
Steps 11-21 are based on Lemma 3.

Procedure MCOMPUTATION(z;, f)

1: if z; is a vertex of H then

2 if z; is the root of H then

3: M  min{ng(x;), ms(x;)};

4 else

5 let z;s be the parent of x; and let z; =
(@i, zir);

: my = vp(wi) + ep() — k(zi);

T my e eplwn) ey (ve) — fla) + flz) +
fair) = k(@);

8: M  min{ng(x;), ms(x;), mi, ma};

9: end if

10: end if

11: if x; is an edge of H then

12: let z; = (x4,,2;,) of H, where x;, is the
parent of z;,;

13: my —  min{vs(z,) + ep(ziy)

k(xil)vvf(xiz) + ef(‘r’té) - k(sz)}v
14: if z;, is the root of # then

15: M  min{my(z;,), ms(xs,), m};

16: else

17: let z;; be the parent of z;, and let z; =
(210,21,

18: my < ep(zi,) + ep(zy) — floe) +
F(i) + f(wi) — ki)

19: M — min{my(z;,), ms(x;,), mi, ma};

20: end if

21: end if
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Lemma 2. Assume that f is a P-mized domi-
nating function of H. Let x; be a vertex of H and
let M = min{f(N3}[z;]) — k(z;) | x; € N[},
The following statements are true.

(1) Suppose that x; is the root of H. Then, M =
min{nf(xi)7mf(xi)}.

(2) Suppose that x; is not the root of H. Let x;
be the parent of x; and let x; = (x;,x4). Let
my = vf(xy) +ep(zy) — k(zy) and let mg =
e5(@)-+e ()~ f 00)+ F(oi) + (i) ko).
Then, M = min{ny(z;), ms(x;),m1, ma}.

Proof. (1) By definition, Nj}[xz;] = Nylz;] U
E4(z;). Since x; is the root of H, j < ¢ for any
vertex x; € Nylx;], and j < i@ for any edge z; €
Ey(z;). We have M = min{ f(N5}[x;]) — k(x;) |
x; € Njtlzs)} = min{f(Ny}[z;]) — k(z;) | z; €
Nyg[2:] U Epy(w5)} = min{nyg(z;), mg(z:)}.

(2) Note that NjP[z;] = Nylz;] U Ey(x;).
For each element z; € Nj'[z;] \ {x¢, 2},
the index j is smaller than or equal to 1.
Therefore, min{f(Ns}[z;]) — k(x;)

Nglod \ {onav}) — min{ng(ai).m;(e;)}. We
have M — min{f(Ng[o;]) — k(z,) | a;
Ngled} = min{ng(m), mp (@), F(NG[ea]) —
K(we), FON o)) — k().

By Lemma 1, f(NJ}[zy]) = wvs(zy) +
ef(@y) and f(Ng[z]) = ep(xi) + ef(zy) —
flzy) + f(z) + f(zw). Therefore, M =

min{nf(xi)vmf(xi)7mlamQ}- O

Lemma 3. Assume that f is a P-mized domi-
nating function of H. Let x; be an edge (x;,,x;,)
of H, where x;, is the parent of x;,. Let M =
min{ f(N3} [z;]) — k(z;) | ©; € Ni}[xi]} and let
myp = min{vf(xil) + ef(xil) - k(xil)avf(xlé) +
ef(xi,) — k(zs,)}. The following statements are
true.

(1) Suppose that x;, is the root of H. Then, M =
min{mf (i), my (iy), ma}.

(2) Suppose that w;, 1is not the root of H.
Let x;y be the parent of wx;, and z¢ =
(Tiy,zy).  Let ma = ep(zi,) + ef(ziy) —
fl@e) + f(@s,) + f(xiy) — k(xy). Then, M =
min{mg(x;, ), mg(xs,), mi, ma}.

Proof. (1) By definition, Nj}[z;] = Ey(z;,) U
Ey(zi,) U {z5,,zi,}.  Note that FEy(x;) N
Ey(zi,) = {x;}. Since z;, is the root of H,
j < i1 for any element x; € Ey(z;,) \ {x;}, and
j < iy for every element z; € Ey(x;,). We have
M = min{f (N [w,]) — K(zy) | 2; € Nglzd} =
min{ f (N3} [;]) = k(z;) | #; € Ep(wi,)UEy(z:,)U
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{xiuxiz}} = min{mf (Ih)v mf(xh)a f(N”}T [Ill]) -
k(xi,), f(NF}[2i,]) — k(xi,)}. By Lemma 1, we
know that f(NJ[z;,]) = vp(zs,) + ef(z;,) and

f(N{L”[sz]) = vf(x;,) + ef(w;,) . Hence, M =
min{my(z,), ms(z,), mi}.
(2) By definition, Nj}[z;] = FEn(z;,) U

Ey(zi,) U {zi,,zi, ;.  Note that Ey(x;) N
Ey(z;,) = {x;}. TFor each element z; €
N \ Az, iy, 2}, § < 41 or j < .
Therefore, min{f(Nj/[z;]) — k(x;) | =z; €
N’;{n[xl] \ {33i171'7;27$t}} = min{mf(‘ril)?mf(xiz)}'
We have M = min{f(Nj}[z;]) — k(zj) | z; €
N;—[n[ml]} = min{mf(xil)vmf(‘rw)?f(N;-Ln[‘rh]) -
R(wi), f(Ngg[wi]) — k(i ), f (N3 [2e]) — K(20)}-
By Lemma 1, we know that f(Nj}/[z;]) =
vp(ms,) + ep(wi), f(Nglws,]) = Uf(%) +
ef(wi,), and f(Nj'[xe]) = ep(xi,) + ep(wiy) —
flze) + flxi,) + flay). Hence, M =
min{my(x;, ), mg(zs,), mi, ma}. O

Theorem 3.  Procedure MCOMPUTATION is
equivalent to Step 15 of Algorithm PMD, and the
running time of this procedure is O(1).

Proof. It can be easily verified that the running
time of Procedure MCOMPUTATION is O(1).

For any element z; in H, it is either a vertex or
an edge. By Lemmas 2 and 3, Procedure MCoM-
PUTATION is equivalent to Step 15 of Algorithm
PMD. O

By Lemmas 2-3, we design Procedure
MCOMPUTATION to compute M. However,
for each i-th iteration of Steps 3-9, Algo-
rithm IPMD replaces the value of f(z;) with
max{ly,I; + ([( — 2] —1) - d} if t(z;) = F,. We
therefore design a procedure called UPDATE to
make sure that both at the beginning and at the
end of each iteration of Steps 3-9, the function
f satisfies the following conditions for each
vertex x; in H: (1) ve(z;) = f(Nulzjl),
(2) eplz;) = [f(Bulz)), @nglz;) =
min{ f(Nj} [xzx])—k(zk) | 2k € Ny[z;] and k < 5},
ond (Ans(ay) = mind (N low]) — Ko | €
Ey(x;) and k < j}.

Note that Algorithm IPMD changes only the
value of f(z;) at each i-th iteration of Steps 3—
9. Since z; is either a vertex or an edge of H,
Procedure UPDATE deals with the case for xz; € V4
in Steps 2-29 and deals with the case for x; € Fy
in Steps 30-55. Steps 2-29 of the procedure are
based on Lemma 4 and Steps 30-55 are based on
Lemma 5.
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Procedure UPDATE(z;, f)

1: B max{I;, I, + ([¢— 271 -1)-d};
2: if z; is a vertex of H then
3: for each vertex x; € Ny[z;] do
4 vf(x;) < vp(z;) — (L +(0—1)-d)+B;
5: end for
6: if there exists a vertex x;~ such that x; is
the parent of the parent of z; then
7 W+ N'H[LCZ] U {LCZ'N};
8: else
9: W +— Ny [xz],
10: end if
11: for each vertex x; € W do
12: if x; is a child of x; then
13: ng(zj) < min{ng(z;),ve(z;) +
esay) — k(a,)};
14: end if
15: if x; is the vertex z; then
16: ny(z;) < ng(z;)—(L+(—1)-d)+
B;
17: my(x;) < mg(z;) — (L + (0= 1)
d) + B;
18: end if
19: if x; is the parent of x; then
20: let x; = (x5, 2;);
21: ng(zj) < min{ng(z;), v(z;) +
e5(ay) — k(). v () + (@) — k(i)

22: myg(z;) <« min{ms(z;),er(z;) +

)

j
e(x5) — f(w) + B+ F(x)) — ko)

23: end if

24: if z; is the parent of the parent of x;
then

25: let x;; be the parent of z;;

26: ng(z;) < min{ns(z;),ve(zys) +
er(wir) = k(za)};

27: end if

28: end for

29: end if

30: if x; is an edge of H then

31: let x; = (24,,2;,) be an edge of H, where
x;, is the parent of z;,;

32: for each vertex z; € {x;,,z;,} do

33: ef(z;) «ef(z;)—(L+(—-1)-d)+B;

34: end for

35: if there exists a vertex z;; such that z;; is
the parent of z;, then

36: W {xiy, iy, iy )5

37: else

38: W o {x;,, @iy 15

39: end if

40: for each vertex x; € W do

41: if z; =x;, then

42: ng(z;) <« min{ng(z;),ve(z;) +

er(x;) — k(z;)};

3, my(a;) — mye;) = (I + (0= 1)
d) + B;

44: end if

45: if Tj = T4, then

46: ng(z;) < min{ng(z;), ve(zi,) +
er(wiy) = k(za,), vp(x;) +ep(x;) — k(z;)}

AT: my(x;) < my(z;) — (L + (£ —1)-
d) + B;

48: end if

49: if z; is the parent of z;, then

50: let 2y = (xiy, x;);

51: ng(z;) < min{ng(z;), ve(zi,) +
ef(xiz) - k(xiz)};

52: my(x;) < min{my(z;), ef(z:,) +
ef(x;) — flae) + f(@i) + f(z5)}

53: end if

54: end for

55: end if

Lemma 4. Assume that Algorithm IPMD runs
and does not stop in Step 2. Let Y = {I,,I) +
d,...,[l—‘r(f—l)'d} and let f :Vy UEy =Y
be the function of H at the beginning of the i-th
iteration of Steps 3-9. Let x; be a vertex of H with
t(x;) = Fr and let f' : Vi UEy — Y be a function
of H such that f'(x;) = B = max{l1,I1 + ([{ —
M1 —1)-d} and f'(z;) = f(x;) for every element
xj € VuUEy \{x;}. The following statements are
true.

(1) For each vertex xj € Vi, ep(x;) = ep(x;).

(2) For each vertex x; € Vyy, vy(x) = vp(z;) —
(Ihi+(—1)-d)+B ifx; € Ny[z;]. Otherwise,
vpr(x5) = vp(ay).

(3) If there exists a vertex z;» such that x;» is
the parent of the parent of x;, then let W =
Ny[z;) U {xin}. Otherwise, let W = Nyx].
For each vertex x; € Vyy \ W, np(z;) =
ny(x;) and myp(x;) = my(z;).

Let x; be a vertex in W. The following state-
J g
ments are true.

(4.1) Suppose that x; is a child of x;. Then,
mp(x;) = myg(x;) and np(z;) =
min{n(z;), vy (x;) +ep(z;) — k(z;)}.

(4.2) Suppose that xz; is the vertex x;. Then,
my(x;) = myg(x;) = (L +({—1)-d)+B
andnyg (x;) = ng(z;)—(L+({—1)-d)+B.

(4.3) Suppose that xz; is
T;. Let zy = (x;,25).
ng(xj) = min{ng(x;),

the parent of
Then,
ver(xy) +
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er(@;) = k(x;), v (zi) +ep(@i) — k(zi)},
and my(r;) = min{my(z;),er(z:) +
er(x;) — flz) + B+ flx;) — k(ze)}.
(4.4) Suppose that x; is the parent of the par-
ent of x;. Let x; be the parent of x;.
Then, my (x;) = my(z;) and np(x;) =
min{ng(z;), v (i) + ep(xi) — k(xi)}.

Proof. (1) Note that f'(xp) = f(xx) for every
element z;, € VyyUEy \{x;}. Let z; be a vertex of
H. By definition, ep (x;) = f'(Exn(x;)). Since x;
is a verex, z; & Ey(x;) and thus ey (z;) = ef(z;).

(2) Let x; be a vertex of #. By definition,
vp(zy;) = f'(Nulzs]). If 2 & Nylz;], then
vp(x;) = vp(z;). We now suppose that z; €
Nylz;]. Note that f(z;) = I + (¢ —1)-d at
the beginning of the i-th iteration of Steps 3-
9 in Algorithm IPMD. Then, f'(z;) = f(z;) —
(I + (¢ =1)-d)+ B. Since f'(z) = f(xy) for
every element z, € Vy U Ey \ {z;}, we have
vps(23)— /(1) = vy (w5)— (7). Hence, vps(w;) =
ve(z;) — (L +(—-1)-d)+B.

(3) Let z; be a vertex in Vy \ W.
Note that np(z;) = min{f' (Nj}[z]) —
k(zg) | @ € Nylz;]and k<j} and
my(z;) = min{f'(Nj}[zx]) — k(zx) | 2 €
Ey(z;) and k < j}. By the definition of W,
it can be easily verified that for any ele-
ment zp € Nylz;] U Ey(z;) with B < g,
Nj}xk] does not contain the vertex x;. Hence,
np(xy) =nyg(x;) and myp(x;) = mys(z;).

(4) For each vertex z; € W, by def-

inition,  ng(x;) = min{ f' (N3} [xk]) —
k(zg) | @ € Nylz;]and k<j} and
myg(x;) = min{f' (N [zi]) — k(zk) | 2 €

Ey(z;) and k < j}.
four cases.

Case 1: z; is a child of x;. It can be easily
verified that for any edge z1, € Ey(z;) with k < j,
Nj}[zk] does not contain the vertex x;. Therefore,
PN ) — k() = F(Ng ) —k(zy). We have
my(x5) = my(x;).

We now consider a vertex zp € Nylxzj]
with & < j. If £ < j, then Nj[xy]
does not contain the vertex xz;.  Therefore,
FNGlan]) — kax) = FNGloal) — k(o). T
k = j, then f/(NJ[ax]) — k(ox) = f/(Nglz;]) —
k(z;) and Nj}[zi] contains the vertex x;. By
Lemma 1, and Statements (1) and (2) of this
lemma, f'(Nj[z;]) — k(z;) = vp () + ep(z5) —
Klz;) = vprla) + es(a)) — k(zy) < ogle)) +

We consider the following

er(;) — k(x;) = f(Nilzj]) — k(x;). There-
fore, ny (x;) = min{f'(Nj}[xr]) — k(zr) | x5 €
Nylaj] and k < j} = min{ng(z;), /(N3 [2;]) —
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k(z;)} = min{ng(z;),vp (x;) +ep(z;) — k(z;)}

Case 2: z; is the vertex z;. For any element
x € Nylz;]UEy (x;) with k < j, Nj}[xy] contains
the vertex x;. Note that f(z;) =1 +(£—1)-d at
the beginning of the i-th iteration of Steps 3-9 in
Algorithm IPMD. We have f'(Nj}[xi]) — k(xx) =
F(NJHag]) = (I + (€= 1) - d) + B — k(xy,) for any
element z), € Ny[z;]UEy(z;) with k < j. Hence,
my(z;) = me(z;) — (I + (0 — 1) - d) + B and
ny () =ng(x;) — (L + (£ = 1) -d) + B.

Case 3: x; is the parent of x;. Clearly, i < j.
Let zx be a vertex in Nylz;] with & < j. If
k # i, j, then Nj}[x;] does not contain the vertex
x;. Therefore, f'(N3}[xy]) — k(zr) = f(NG} [xk]) —

k(zp). If k =i or k = j, then Nj}[zg] con-
tains the vertex x;. By Lemma 1, we know that
F(Nggas]) = k() = vp(ag) + ep(a;) — k(z),

and f'(Ng [wi]) — k(z:) = vp (zi) +epr (i) — k(@)
By Statements (1) and (2) of this lemma, vy (x;)+
ep(wi)=k(wi) = vy (wi)+ep(wi)—k(w:) < vp(wi)+
ep(ri) — k(wi), and vpi(x;) + ep(25) — k(z;) =
vpr(xj)+ep(xy) —k(xy) <vp(zy)+ep(z;) —k(zy).
Hence, ny(x;) = min{ng(z;), vp(z;) + ef(x;) —
k(xj),vp (i) + ep(wi) = k(wi)}

We now consider an edge zj in Ey(x;) with
k < j. Recall that z, = (x;,z;). Clearly,
t < j. If k # t, then Nj}[x)] does not contain
the vertex x;. Therefore, f'(Nj}[xi]) — k(zr) =
SN a]) — Kwy). 10k = 1, then /(N [ra]) —
k(zr) = f'(Nj[z¢]) — k(z¢) and Nj}[zi] con-
tains the vertex x;. Note that f'(z;) = B, and
f'(x) = f(x) for every element x € V3y U Ey \
{z;}. By Lemma 1 and Statement (1) of this
lemma, f'(NjP[ze]) — k(ze) = ep(z:) + epr(z5) —
o) 0 ) ko) ey )

f(@e) + B+ f(x;) = k(z:) < fF(Ngpla]) — k().
Hence, my (x;) = min{ f' (N3} [xi]) — k(x) | 2k €
By (z) and k < j} = min{mg(z;), f'(Ng[z:]) —

k(z)} = min{my(x;), ef(xi) + ef(x;) — flze) +
B+ f(x;) = k(w)}.

Case 4: z; is the parent of the parent z;/ of x;.
For any edge z, € Ey(x;) with k < j, it can be
easily verified that Nj}[x| does not contain the
vertex x;. Therefore, my (x;) = my(z;).

We now consider a vertex x; € Nylz;| with
k < j. Clearly, z;y € Nylz;] and ¢/ < j. If
x) # xyr, then Nj}'[z,] does not contain the vertex
x;. Therefore, f'(N}[xi]) —k(zr) = f(Ny} [zk]) —

k(zy). If 2, = xy, then f/(Nj}[zi]) — k(zi) =
[/ (N3} zi]) — k(xy) and Nj}[xy] contains the
vertex x;. By Lemma 1, and Statements (1)

and (2) of this lemma, f'(Nj}[zy]) — k(zy) =
vp(ir) +ep (i) — k(i) = vp (i) +ep(zi) =
k(zi) < f(N3/[zir]) — k(zw). Hence, ny (z;) =
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min{n g (x;), v (i) + e (wir) = k(zi)}. O

Lemma 5. Assume that Algorithm IPMD runs
and does not stop in Step 2. LetY = {I1,1 +
d,...,I1+(€-1)-d} andlet f : ViyUEy — Y be the
function of H at the beginning of the i-th iteration
of Steps 3-9. Let x; = (x;,,%,) be an edge of H
such that t(z;) = F, and x;, is the parent of x;,.
Let f' : Viy UEy — Y be a function of H such
that f'(x;) = B =max{l,I; + ([{ — %] —1)-d}
and f'(x;) = f(x;) for every element x; € Vi U
Exy \ {x;}. The following statements are true.

(1) For each vertex xj € Vay, v(x;) = vy(x;).

(2) For each vertex x; € Vy, ep(xj) = ef(z;) —
(Lhi+(—1)-d)+Bifx; € {z;,,xi,}. Other-
wise, ep (x5) = ef(x;).

(3) If there exists a vertex x;, such that x; is
the parent of x;,, then let W= {miy, Ty, T }-
Otherwise, let W = {x;,,2;,}. For each ver-
tex x; € Viy \ W, np(x;) = ng(x;) and
my () = my(z;).

4) Let x; be a vertex in W. The following state-
J
ments are true.

(4.1) Suppose that x; = x;,. Then, ng(x;) =
min{ns(z;),vf(z;) + ep(z;) — k(z;)},
and my (x;) = my(z;) — (L + (L= 1)
d) + B.

(4.2) Suppose that x; = x;,. Then, ng(x;) =
minng(z;),vp(z)  +  ep (@)
k(zi, ), vp(z;) + ep(x;) — k(z;)} and

my () =my(z;) — (L1 +(—1)-d)+B.
(4.3) Suppose that x; is the parent of x;,.
Let vy = (x4y,x;). Then, np(x;) =

min{ny(z;),vs(zi,) + ep(23,) — k(wi,)}
and my (x;) = min{mg(z;), ep (2i,) +

ef(ws) = flwe) + f(@i,) + f5)}

Proof. (1) Note that f'(xy) = f(zx) for every
element x5, € Viy U By \ {z;}. Let z; be a vertex
of H. By definition, vy (z;) = f'(Ny[z;]). Since
the edge x; is not in Ny[z,], vy (x;) = vr(x;).
(2) Let z; be a vertex of H. By definition,
ep(x;) = f(En(x;). If a2 ¢ Eyp(x;), then
ef(xj) = ef(x;). We now suppose that z; €
E3(z;). Then either z; = z;, or z; = x;,. Note
that f(x;) = I + (¢ — 1) - d at the beginning of
the i-th iteration of Steps 3-9 in Algorithm IPMD.
Then, f'(z;) = f(z;) —(I1+ (¢ —1)-d)+ B. Since
f'(zr) = f(zg) for every element xy, € Vg U By \
{wi}, we have ep/(x;) — f'(xi) = ep(x;) — f(xi).
Hence, ef(zj) = ef(x;) — (L1 +( —1)-d)+ B.

(3) Let z; be a vertex

Note that ng(x;) = min{f'(Nj[zi]) —
k(xx) | axr € Nylzj]and k<j} and
myp(a;) = wmin{f(Nglex]) — k(zg) | 2 €

Ey(xz;) and k < j}. By the definition of W,
it can be easily verified that for any element
xp € Nylz;] U Ey(x;) with & < j, NjP[zg] does
not contain the edge z;. Hence, ny (z;) = ny(x;)
and my:(x;) = my(x;).

(4) For each vertex xz; € W, by def

inition,  ng(x;) = min{ f'(Nj}[xr]) —
k(xx) | axr € Nylzj]and k<j} and
myp(z;) = min{f'(N3/[zx]) — k(ze) | zr €

Ey(x;) and k < j}.
three cases.

Case 1: z; = x;,. For any edge z1, € Ey(z;)
with k < j, Nj}[zy] contain the edge z;. Note
that f(x;) = 11 + (¢ —1) - d at the beginning of
the i-th iteration of Steps 3-9 in Algorithm IPMD.
Then, f'(z;) = f(x;) — (I1 + (¢ —1) -d) + B. Since
f'(x) = f(x) for every element z € Vi UEy \ {x;},
F(NE on]) ~(25) = F(NE o))~ f (z:). We have
7N fea]) — k() = FN ) — (I + (€~ 1)
d) + B — k(xy). Therefore, my (z;) = my(z;) —
(L+(¢(-1)-d)+B.

We now consider a vertex x; € Nylz;| with
E < j. If k < j, then Nj}[zy] does not contain
the edge ;. Therefore, f'(Nj}[xi]) — k(xr) =
F(Ngar]) — k(ax). TE K =, then f/(Ng[zy]) —
k(zi) = f'(N3lz;]) — k(z;) and Njj[zy] con-
tains the edge x;. By Lemma 1, f'(Nj}[z;]) —
k(xzj) = vy (z;) + e (x;) — k(x;). By Statements
(1) and (2) of this lemma, we know that v (z;) +
ep(@j) = k(zj) = vp(a;) + eplx;) — k(z;) <
ve(z;) + ef(xj) — k(xj). Therefore, ny(z;) =
min{ny(z;),v5(z;) + ep(x;) — k(2;)}.

Case 2: z; = z;,. For any vertex z, €
Nyla;) \ {zs,, z;} with k& < j, Nj}[xy] does not
contain the edge z;. Therefore, f'(Nj}[zi]) —
k’(l‘k> = f(N;_?[.%‘k]) — k(mk) If T = X4 Or
xp = xj, then Nj}[xy] contains the edge x;. By
Lemma 1, we know that f/'(Nj}[xz;,]) — k(xs,) =
Uf’<xi1) + ef/(xil) - k(xh)a and f/(N’}T[xJ]) -
k(xzj) = vy (x;) + ep(xj) — k(x;). By Statements
(1) and (2) of this lemma, v (x;,) + ep(4,) —
k‘(.ﬁ“) = vf(xil) + ef’(xil) - k(mil) < Uf(xil) +
er(@i) — k(x,), and vy (z;) + ep(x;) — k(z;) =
v (z5) +ep(x5) —k(x;) < vplag)+ep(x;) —k(z;).
Hence, ny (z;) = min{ng(z;), vs(z;) +ep(z;) —
k(xj)7vf(xi1) + ef,(xil) - k(xll)}

We now consider an edge zj in Ey(x;) with
k < j. Clearly, x; € Nj}[zi]. Note that f(x;) =
I + (¢ — 1) - d at the beginning of the i-th iter-
ation of Steps 3-9 in Algorithm IPMD. We have

We consider the following

N
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PN faa]) = k() = FOV ) — (I + (€~ 1)
d) + B — k(zy). Hence, my/(x;) = my(x;) — (L1 +
(£—1)-d)+B.

Case 3: z; is the parent of z;,. Let x; be
a vertex in Ny[z;] with k < j. If k # iz, then
N3}lxy] does not contain the edge ;. Therefore,
7N fok]) — k() = PN [ee]) — k(). 16 &k =
iz, then /(N ) ~k(we) = £ (Vg o))~ k(s,)
and Nj}[zy] contains the edge x;. By Lemma 1,
f/(N;-[n[‘TZQ]) 716(181‘2) = Uf/(xi2)+ef/(zi2) 7k(:17i2)'
By Statements (1) and (2) of this lemma, we
know that vy (zi,) + epr(z4,) — k(z;) = vy(xi,) +
ey (xiz)_k(xj) < Uf(xi2)+ef(wi2)_k($i2)' There-
fore, ny(x;) = min{ny(z;),vs(xi,) + ep(2i,) —
Kz}

We now consider an edge xj in Ey(x;) with
k < j. Recall that z; = (x;,,z;). Clearly,
t < j. If k # t, then Nj}[x)] does not contain
the edge ;. Therefore, f'(N3}[xk]) — k(xk)
f(INZ [zk]) — k(zy). If k=t then f'(Nj[zk]) —
k(zi) = f'(Nj[xe]) — k(z¢) and Nj}[zi] con-
tains the edge z;. Note that f'(z;) = B, and
f'(x) = f(x) for every element x € V3y U Eyy \
{z;}. By Lemma 1 and Statement (2) of this
lemma, f/(NJp[z2]) — K(ze) = egr(2s,) + () —
@) + flay) + ) — ko) = ep() +
ef(xj) — fxe) + f(2i,) + f(x;) — k(xe). Hence,
my(z;) = min{f'(Ng[zs]) — k(zx) | ar €
Enu(;) and & < j} = min{my(z;), f' (Nl ) —
Klae)} = min{mg(a;), e (@) + e (a;) — Flzi) +
F(wi) + Fla) — k(@) 0

Theorem 4. Assume that Algorithm IPMD runs
and does not stop in Step 2. Let Y = {I1,I; +
d,...7ll+(f—1)'d} and let f:Vy UEy =Y
be the function of H at the beginning of the i-th
iteration of Steps 3-9. Let x; be an element in ‘H
with t(x;) = F,.. Both at the beginning and at the
end of each iteration of Steps 3-9, the function f
satisfies the following conditions for each vertex z;
in H:

(1) vi(x;) = f(Nulws]),
(2) ef(xj) = f(En(z;)),

(3) ng(x;) = min{f(Ng[zy]) = k(zy) | x5 €
Nylzj] and k < j}, and

(4) my(x;) = min{f(Nyp[er]) — k(zx) [ o €
Ey(zj) and k < j}.

Proof. Clearly, the function f at the beginning
of the first iteration of Steps 3-9 satisfies the four
conditions for each vertex z; in H. We assume
that the function f at the beginning of the i-th
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iteration of Steps 3-9 satisfies the four conditions
for each vertex z; in H. By Lemmas 4 and 5, we
know that through Procedure UPDATE, the new
function f obtained by changing the value of f(x;)
in Step 6 also satisfies the four conditions for each
vertex z; in H at the end of the i-th iteration of
Steps 3-9. Note that the function f at the end of
the i-th iteration of Steps 3-9 is the function f at
the beginning of the (i + 1)-th iteration. Hence,
the theorem holds. O

The following theorem can be easily verified.

Theorem 5. For each element xz; in H with
t(z;) = Fy, the running time of Procedure UPDATE
is O(degy/(x;)) if x; € Vi, and O(1) if z; € Eyy.

Theorem 6. Algorithm IPMD finds a P-mized
dominating function of a rooted tree H of mini-
mum weight in O(n) time.

Proof. By Theorems 1-4, Algorithm IPMD is
equivalent to Algorithm PMD and thus the func-
tion f returned from Step 10 of Algorithm IPMD
is a P-mixed dominating function of H of mini-
mum weight.

Note that |Vy| =n and |[Ey| =m =n—1. By
Theorems 1-3 and Theorem 5, the running time
of Algorithm IPMD is

0 ( Z (degy(x;) + 1)) =02m+n) =0(n).

d
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