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Abstract

In this paper, a notion of strong convexity is de-
fined in the intersection graphs of n-dimensional
real digital pictures based on the usual Euclidean
convex closure operator. It is shown that any
(3n−1)-adjacent n-dimensional digital picture has
the strong convexity fixed clique property for weak
multifunctions if the strong convexity is Helly.

1 Preliminaries

For a systematic treatment of multifunctions on
graphs and simplicial complexes, we view them as
mappings into “power graphs” and “power com-
plexes” as is typically done in topology and do-
main theory.

1.1 Power structures and correspond-
ing multifunctions

By a graph G we mean a set V (G) of points
(or vertices), with a reflexive and symmetric re-
lation E(G) the edges . For graphs G and H , a
graph homomorphism f : G → H maps points
of G to points of H , preserving the edges, i.e.,
(f(x), f(y)) ∈ E(H) whenever (x, y) ∈ E(G).

Let G be a graph. The power graphs Pw(G)
and Ps(G) having the non-empty finite subsets of
V (G), P+

fin(V (G)) as points, such that (A,B) ∈
Ew(G) ⇔ ∃x ∈ A, y ∈ B, (x, y) ∈ E(G) and
(A,B) ∈ Es(G) ⇔ ∀x ∈ A, ∃y ∈ B, (x, y) ∈
E(G)&∀y ∈ B, ∃x ∈ A, (x, y) ∈ E(G).

Let G and H be graphs. A multifunction f of
G into H is a function that assigns to a point x of
G a non-empty subset f(x) in V (H). The multi-

function f : G → H , is weak (resp. strong) if f̂ :

G → Pw(H) (resp. f̂ : G → Ps(H)) is a graph ho-

momorphism, where f̂(x) = f(x) ∈ P+
fin(V (H)).
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An abstract simplicial complex K (briefly a
complex) is defined to consist of a collection
V (K) of points together with a prescribed col-
lection Λ(K) ⊆ P+

fin(V (K)) of finite non-empty
subsets of V (K) (the simplexes of K), satisfy-
ing: (1) x ∈ V (K) ⇒ {x} ∈ Λ(K); and (2)
∀α ∈ Λ(K), β ⊆ α, β 6= ∅ ⇒ β ∈ Λ(K). We
write σ = 〈v0, . . . , vn〉 to mean that σ is the sim-
plex with points v0, . . . , vn. A simplicial mapping
φ : K1 → K2 from the complex K1 into the com-
plex K2 is a function which maps points of K1 to
the points ofK2 preserving the simplex structures.

Let K be a complex. The weak power complex
Pw(K) is (P+

fin(V (K)),Λw), where ρ = 〈ρi〉 ∈
Λw ⇔ ∃σ ∈ Λ(K) s.t. ρi ∩ σ 6= ∅, for all i. The
strong power complex Ps(K) also has the non-
empty finite subsets of V (K) as points, and the
collection Λs of simplexes, where ρ = 〈ρi〉i∈I ∈
Λs ⇔ ∀k ∈ I, ∀v ∈ ρk, ∃〈vi〉i∈I,vi∈ρi

s.t. vk =
v & 〈vi〉i∈I ∈ Λ(K).

An important example of the complexes is the
clique complex C(G) of a graph G: A graph H is
called complete if any two points x, y ∈ V (H) are
joined by an edge, i.e., (x, y) ∈ E(H). A clique
of a graph is a maximal complete subgraph. The
clique complex C(G) of a graph G is the simplicial
complex on the point set of G whose simplexes are
the finite cliques of G. It is easy to check that, if
f : G → H is a graph homomorphism, then g :
C(G) → C(H), x 7→ f(x), ∀x ∈ V (C(G)) = V (G),
is a simplicial mapping. Thus, every graph is just
a special simplicial complex. For other important
features of clique complexes, see [3].

Let K1 and K2 be complexes, and s : K1 →
K2 a multifunction from K1 to K2. Then s is
weak simplicial if ŝ : K1 → Pw(K2) is simplicial,
and s is strong simplicial if ŝ : K1 → Ps(K2) is
simplicial, where ŝ(x) = s(x) ∈ P+

fin(V (K2)).
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1.2 Almost fixed point and fixed clique
properties

A structure has the fixed point property if for
every self-mapping structure homomorphism f ,
there is a point x with f(x) = x. Since an ex-
act fixed point result is in general not possible for
graphs and complexes, the following three natural
properties are more well-known: Let G be a graph
and K a complex, then

(1) G is said to have the fixed clique prop-
erty (FCP) if for every self-mapping (single-
valued) graph homomorphism f , there is a
clique C with C = f(C).

(2) K is said to have the fixed simplex prop-
erty (FSP) if for every self-mapping (single-
valued) simplicial mapping g, there is a sim-
plex S with S = g(S).

(3) K (resp. G) is said to have the almost
fixed point property (AFPP) if for every
self-mapping single-valued simplicial map-
ping (resp. single-valued graph homomor-
phism) h, there exists a point x such that
〈{x}, h(x)〉 ∈ Λ(Pw(K)) (resp. ({x}, h(x)) ∈
E(Pw(G))).

C, S and x are said to be the fixed clique, fixed
simplex and almost fixed point of f , g and h, re-
spectively.

In considering the FCP (resp. FSP) for mul-
tifunctions, the above condition f(C) = C is
no longer suitable (just consider the self-mapping
multifunction which maps each point to the whole
structure). Thus

Definition 1.1. Let f : G → G be a multifunc-
tion, and g : K → K a simplicial multifunction,
then

(1) A point x is said to be a fixed point of f (resp.
g) if x ∈ f(x) (resp. x ∈ g(x)).

(2) A clique C is said to be a fixed clique of f if
C ⊆ f(C).

(3) A simplex S is said to be a fixed simplex of g
if S ⊆ g(S).

(4) A point x is said to be an almost fixed
point of f or g if, respectively, ({x}, f(x)) ∈
E(Pw(G)) or 〈{x}, g(x)〉 ∈ Λ(Pw(K)).

Let H1, H2 be structures, and φ a property of
subsets ofH2; then the multifunction f : H1 → H2

is said to be a φ-multifunction if f sends points

of H1 into subsets of H2 satisfying φ. One of
the most well-known examples is the “compact
convex-valued” multifunctions in topological vec-
tor spaces. Thus we have

Definition 1.2. Let G be a graph and K a com-
plex. Then

(1) G is said to have the φ-fixed clique property
(φ-FCP) for weak (resp. strong) multifunc-
tions if every φ-weak (resp. strong) multifunc-
tion of G has a fixed clique.

(2) K is said to have the φ-fixed simplex property
(φ-FSP) for weak (resp. strong) simplicial
multifunctions if every φ-weak (resp. strong)
simplicial multifunction of K has a fixed sim-
plex.

(3) G is said to have the φ-almost fixed point
property (φ-AFPP) for weak (resp. strong)
multifunctions if every φ-weak (resp. strong)
multifunction of G has an almost fixed point.

(4) K is said to have the φ-almost fixed point
property (φ-AFPP) for weak (resp. strong)
simplicial multifunctions if every φ-weak
(resp. strong) simplicial multifunction of K
has an almost fixed point.

Note that the graph G has the φ-FCP if and
only if the clique complex C(G) has the φ-FSP
when the multifunctions are weak or strong (or
any intermediate possibility between them). It is
clear that notion of φ-FCP (resp. φ-FSP) in Defini-
tion 1.2 generalizes the notion of FCP (resp. FSP)
for single-valued mappings (just consider φ as the
singletons).

2 Fixed clique property for weak
multifunctions

Some of the material presented in this section
can be found in [4].

Let S be a set and D = {c1, . . . , ck} a non-
empty collection of distinct non-empty subsets of
S whose union is S. Then we call G the inter-
section graph of D if V (G) = D, with ci and cj
adjacent whenever ci ∩ cj 6= ∅ (note that this def-
inition is different with the one as in [1], where
their graphs by convention permit no loops).

Let
∏

1≤i≤n⌈0,mi⌋ be an n-dimensional real
digital picture with unit mesh. By

⊗

1≤i≤n Imi

(Inm) we denote the intersection graph induced
from

∏

1≤i≤n⌈0,mi⌋ (⌈0,m⌋n); we may call
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⊗

1≤i≤n Imi
a (3n − 1)-adjacent n-dimensional

digital picture as
⊗

1≤i≤n Imi
reflects the ad-

jacent (neighbourhood) relationships of cells in
∏

1≤i≤n⌈0,mi⌋.
In [4], a (possibly weakest) notion of weak con-

vexity was defined in the intersection graphs of n-
dimensional real digital pictures. It showed from
Kakutani’s theorem that any (3n − 1)-adjacent n-
dimensional digital picture has the simplicial weak
convex almost fixed point property (AFPP), and
claimed that this theorem may be considered as a
digital version of the Kakutani fixed point theorem
for convex-valued multifunctions.

Since the fixed clique property (FCP) is a rather
strong condition comparing with the AFPP, in
considering the FCP for graphs, it is natural to
consider rather strong conditions on graphs or
multifunctions (or both). As for a relatively sim-
ple example, consider the case that T is a fi-
nite non-empty tree (connected cycle-free graph).
In [2], Nowakowski and Rival had already proved
that any finite non-empty tree T has the FCP (of
course, the fixed edge property) for single-valued
graph homomorphisms. We generalize their result
to the FCP for weak multifunctions:

Theorem 2.1. Let Υ be the set of non-empty sub-
trees of any finite non-empty tree T (equivalently,
of connected subsets of V (T )). Then T has the
Υ-FCP for weak multifunctions.

Proof. Let us choose (arbitrarily) a point r to be
the root of T . A path is a sequence of distinct
points such that each consecutive pair of points are
joined by an edge; the distance between two points
is the length of the path between them. Given a
Υ-weak multifunction f defined on T , we shall say
that a point x is a forward mapping point if f(x)
is a proper subtree of the subtree (of T ) with root
x. Stated differently, x is a forward mapping point
if x 6∈ f(x), but every path from r to f(x) passes
through x.

Given a Υ-weak multifunction f , we may as-
sume that the root r is a forward mapping point
(else r is already a fixed point). Also note that not
every point is forward mapping, in particular, all
leaves are not. Since the set of forward mapping
points is non-empty (as r is forward mapping),
therefore we may choose a forward mapping point
x whose distance from r is maximal.

All descendants (children) of x, say C =
{y1, . . . , yn}, are not forward mapping. Since f(x)
is contained in a proper subtree of the (sub)tree
rooted at x, therefore f(x) is contained in a sub-
tree of the tree rooted at an unique element of C,

say y. Hence we have: f(x) is contained in a
subtree (no need to be proper) of the tree rooted
at y; f(y) is not contained in a proper subtree of
the tree rooted at y; yet there is a point of f(x)
adjacent to some point of f(y). Thus, it is easy to
check that either y is a fixed point of f , or (x, y)
is a fixed edge.

3 Helly Type Fixed Clique Theo-
rems

Note that the non-empty finite trees are among
the simplest (nicest) of graphs, with many good
properties. In connection with Theorem 2.1 and
problems of the FCP for weak multifunctions, we
observe the following features of the non-empty
finite tree with its Υ-weak multifunctions:

(a) If f : T1 → T2 is a Υ-weak multifunction,

then f̂ : C(T1) → C(T2), f̂(x) = f(x), is Υ-
weak simplicial.

(b) Any element of Υ is not only a “weak con-
vex” subset but in fact, a “convex” subset, in
any non-empty finite tree T . Although T is
in general (unless T is a linear graph Ik) not
⊗

1≤i≤n Imi
, it is natural to consider T as an

one dimensional space whose convex subsets
are simply connected subsets of T (e.g. con-
sidering its corresponding topological tree).

Thus by the feature (b) above, in considering a
good “approximation” of φ-FCP for weak multi-
functions for

⊗

1≤i≤n Imi
, we would expect that a

suitable notion of φ-sets should satisfy the follow-
ing “strong” property:

Definition 3.1. Given any subset C of
∏

1≤i≤n⌈0,mi⌋. Then C is said to be a strong con-
vex subset of

∏

1≤i≤n⌈0,mi⌋ if conv(
⋃

C) =
⋃

C.
A given subset C of

⊗

1≤i≤n Imi
is said to be

strong convex if and only if C−1 is strong convex
in

∏

1≤i≤n⌈0,mi⌋.

It is not difficult to check that a subset of
⊗

1≤i≤n Imi
is strong convex if and only if it is

a rectangular block of
⊗

1≤i≤n Imi
.

Theorem 3.2. If each mi < ∞, then
C(
⊗

1≤i≤n Imi
) has the sc-FCP for weak simplicial

multifunctions, where sc stands for strong convex-
ity.

Proof. Everything is almost the same as with
the proof of Theorem 5.3 in [4], except that
Lemma 5.7 in [4] is replaced by Lemma 3.3 to fol-
low:
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Lemma 3.3. If F has a fixed point x∗ ∈
⋃

⌈0,m⌋n

such that x∗ ∈ c for some cell c ∈ ⌈0,m⌋n, then
c−1 is either a fixed point or the collection of points
c−1 forms a fixed clique of f .

Proof. Denote by Dc the subset
⋃

(f(c−1))−1 ⊆
⋃

⌈0,m⌋n induced by cells in the image of c. Since
Ω is a partition of

⋃

⌈0,m⌋n, therefore there exists
an unique ω ∈ Ωi, 0 ≤ i ≤ n satisfying x∗ ∈ ω.
Consider the following cases:

(1) i = n: Clearly x∗ ∈ conv(Dc) = Dc, thus
c−1 is a fixed point of f .

(2) i 6= n: There exist 2n−i mutually adjacent
cells D = {c1, c2, . . . , c2n−i} satisfying x∗ ∈ ω ⊆
⋃

cj∈D cj and F (x∗) =
⋂

cj∈D conv(Dcj ). There-

fore we have x∗ ∈ conv(Dcj ) for any cj ∈ D. It
is easy to check that: if x∗ ∈

⋂

cj∈D cj , then D−1

is a fixed clique of f ; otherwise there must exist
cj ∈ D such that c−1

j is a fixed point of f .

Therefore by Lemma 5.6 in [4] and 3.3, f has
a fixed clique. So we complete the proof of Theo-
rem 3.2.

For any ϕ-weak multifunction f :
⊗

1≤i≤n Imi
→

⊗

1≤j≤k Ilj , it is easy to
check that, by the definition of weak mul-
tifunctions, we “at the most” have, for any
clique ∆ ⊆ V (

⊗

1≤i≤n Imi
) with x, y ∈ ∆,

⋃

f(x)−1 ∩
⋃

f(y)−1 6= ∅ (in
⋃

⌈0,m⌋n). So
comparing this with the feature (a) above, how
can we have

⋂

z∈∆(
⋃

f(z)−1) 6= ∅? Recall that a
family H of subsets of a set X is said to satisfy
the 2-intersection property if any two elements
of H are intersection non-empty (also called
pairwise non-disjoint). H is said to satisfy the
(2-) Helly property if for every subfamily H ′ of
H satisfying the 2-intersection property, H ′ is in-
tersection non-empty. We may say that the weak
multifunction f :

⊗

1≤i≤n Imi
→

⊗

1≤j≤k Ilj is
(2-) Helly if for any clique ∆ ⊆ V (

⊗

1≤i≤n Imi
),

we have
⋂

x∈∆

⋃

f(x)−1 6= ∅. It is easy to check
that the weak multifunction f is Helly if and only
if f̂ : C(

⊗

1≤i≤n Imi
) → C(

⊗

1≤j≤k Ilj ), f̂(x) =
f(x), ∀x ∈ V (C(

⊗

1≤i≤n Imi
)) = V (

⊗

1≤i≤n Imi
),

is weak simplicial. Also we may say that the
strong convexity S (of

⊗

1≤i≤n Imi
) is (2-) Helly

if the set {
⋃

C−1 | C ∈ S} satisfies the Helly
property (in

⋃

⌈0,m⌋n). Then the following theo-
rems are direct consequences of Theorem 5.3 in [4]
and Theorem 3.2:

Theorem 3.4. If each mi < ∞, then

(1)
⊗

1≤i≤n Imi
has the sc-FCP and wc-AFPP

for Helly weak multifunctions.

Figure 1: A self-similar equilateral triangle tiling
and its intersection graph

(2)
⊗

1≤i≤n Imi
has the sc-FCP for weak

multifunctions if the strong convexity (of
⊗

1≤i≤n Imi
) is Helly.

4 Concluding remarks

We remark that Theorem 3.2 is not the “best”
result (for FCP), since we used the Kakutani the-
orem in deriving it. In [6], we showed that the
hypothesis of Theorem 3.2 can be weakened by
changing the “strong convex” subsets into “dis-
mantlable (contractible)” subsets by using the
Eilenberg-Montgomery fixed point theorem.

Since the strong convex sets of
⊗

1≤i≤n Imi

are just the rectangular blocks in
⊗

1≤i≤n Imi
,

as is well-known in (Euclidean) convex geometry,
the set of rectangular blocks of R

n satisfies the
Helly property, thus the “Helly” condition in The-
orem 3.4(2) seems redundant. However, what we
have in mind here is that Theorem 3.4(2) is ex-
tendable to other complex structures and their in-
tersection graphs, where the strong convex subsets
of them may not “automatically” satisfy the Helly
property: a simple example would be the class of
self-similar equilateral triangle tilings and its in-
tersection graphs (see Fig. 1).
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