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Abstract 

 

 A 𝑘-coloring of an undirected graph 𝐺 is said to be a tree-𝑘-coloring if the 

subgraph of 𝐺 induced by any two color classes is a tree. This paper proves 

an upper bound on the number of tree-4-colorable 𝑛-vertex graphs. 

 

1. Introduction 

 

In this paper all graphs considered are finite, simple and undirected. We 

use 𝑉(𝐺) and 𝐸(𝐺) to denote the vertex set and the edge set of a simple 

undirected graph 𝐺, respectively.  

 

A 𝑘 -coloring of 𝐺  is a function 𝑐: 𝑉(𝐺) → {1,2, … , 𝑘}  such that no two 

adjacent vertices have the same color, where each vertex 𝑣 ∈ 𝑉(𝐺)  is 

assigned the color 𝑐(𝑣) [1]. A color class means the set of vertices of a 

particular color. If a graph 𝐺 has a 𝑘-coloring, it is 𝑘-colorable. A 𝑘-coloring 

𝑐: 𝑉(𝐺) → {1, 2, … , 𝑘} is said to be a tree-𝑘 -coloring if the subgraph of 𝐺 

induced by {𝑣 ∈ 𝑉(𝐺) | 𝑐(𝑣) ∈ {𝑖, 𝑗}} is a tree for all distinct 𝑖, 𝑗 ∈  {1, 2, … , 𝑘} 

[2]. 

 

Cayley’s formula says that the number of 𝑛-vertex trees is 𝑛𝑛−2. Examples 

are shown in Figs. 1–2. 

 

In this paper, we prove an upper bound on the number of tree-4-colorable 

𝑛-vertex graphs.  



 

 

 

2. The number of tree-𝟒-colorable 𝒏-vertex graphs 

 

Recall that a tree-𝑘 -coloring of 𝐺  is a 𝑘 -coloring 𝑐: 𝑉(𝐺) → {1,2, … , 𝑘} 

such that the subgraph of 𝐺 induced by {𝑣 ∈ 𝑉(𝐺) | 𝑐(𝑣) ∈ {𝑖, 𝑗}} is a tree for 

all distinct 𝑖, 𝑗 ∈  {1,2, … , 𝑘}.  

 

Theorem 1. For all 𝑛 ∈ ℤ+, there are at most 

∑(𝑡𝑡−2) (
𝑛

𝑡
) (𝑛 − 𝑡)(𝑛−𝑡−2)

𝑛−1

𝑡=1

(
𝑡(𝑛 − 𝑡)

2𝑛 − 4
) 

tree-4-colorable 𝑛-vertex graphs. 

 



Proof. Suppose A, B, C and D are four different colors. Take any 

tree-4-colorable 𝑛-vertex graph 𝐺 and a tree-𝑘-coloring of 𝐺. 

 

For any two distinct colors 𝑋, 𝑌 ∈ {𝐴, 𝐵, 𝐶, 𝐷}, let 𝐺𝑋,𝑌 be the subgraph of 

𝐺 induced by the vertices of colors in {𝑋, 𝑌}. Denote by 𝑡 the number of 

vertices of 𝐺𝐴,𝐵. Then 1 ≤ 𝑡 ≤ 𝑛 − 1. So the vertex set of 𝐺𝐴,𝐵 is one of the 

(𝑛
𝑡
) subsets of 𝑉(𝐺) of size 𝑡. By Cayley’s formula, 𝐺𝐴,𝐵 is one of the 𝑡𝑡−2 

trees formed by its vertices and 𝐺𝐶,𝐷 is one of the (𝑛 − 𝑡)𝑛−𝑡−2 trees formed 

by its vertices.  

 

For each 𝑋 ∈  {𝐴, 𝐵, 𝐶, 𝐷}, let 𝑉(𝑋)  be the set of vertices of color 𝑋. For 

all distinct 𝑋, 𝑌 ∈ {𝐴, 𝐵, 𝐶, 𝐷},   

|𝑉(𝑋)| + |𝑉(𝑌)| = |𝑉(𝐺𝑋,𝑌)|. 

Therefore, 

|𝑉(𝐺𝐴,𝐶)| + |𝑉(𝐺𝐴,𝐷)| + | 𝑉(𝐺𝐵,𝐶)| + |𝑉(𝐺𝐵,𝐷)|

= 2(|𝑉(𝐴)| + |𝑉(𝐵)| + |𝑉(𝐶)| + |𝑉(𝐷)|) = 2𝑛. 
(1) 

For every tree 𝑇, |𝐸(𝑇)|  = |𝑉(𝑇)| − 1. So by equation (1), 

|𝐸(𝐺𝐴,𝐶)| + |𝐸(𝐺𝐴,𝐷)| + |𝐸(𝐺𝐵,𝐶)| + |𝐸(𝐺𝐵,𝐷)| = 2𝑛 − 4. (2) 

 

As |𝑉𝐴,𝐵| = 𝑡 and  |𝑉𝐶,𝐷| = 𝑛 − 𝑡, 𝑉𝐴,𝐵 ×  𝑉𝐶,𝐷  contains 𝑡(𝑛 − 𝑡) pairs. So 

by equation (2), the set of edges of 𝐺 in 𝑉𝐴,𝐵 × 𝑉𝐶,𝐷 is one of the (𝑡(𝑛−𝑡)
2𝑛−4

) 

subsets of 𝑉𝐴,𝐵 × 𝑉𝐶,𝐷. ∎ 
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