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Abstract Given a set S = {51, S2, ..., S;} of [ strings, a text T, and a natural num-
ber k, find a string M, which is a concatenation of k strings (not necessarily distinct,
i.e., a string in § may occur more than once in M) from S, whose longest common
subsequence with T is largest, where a string in S may occur more than once in M.
Such a string is called a k-inlay. The resequencing longest common subsequence
problem (resequencing LCS problem for short) is to find a k-inlay for each query
with parameter k after T and S are given. In this paper, we propose an algorithm for
solving this problem which takes O (nml) preprocessing time and O (¥k) query time
for each query with parameter k, where n is the length of 7', m is the maximal length
of strings in S, and ¥ is the length of the longest common subsequence between a
k-inlay and T'.

Keywords Dynamic programming - Longest common subsequences -
Resequencing - Inverted indexing - Totally monotone matrices

This work was supported in part by the National Science Council of the Republic of China under
contracts NSC 100-2221-E-011-067-MY3 and NSC 101-2221-E-011-038-MY3.

C.-E. Kuo - Y.-L. Wang ()

Department of Information Management, National Taiwan University of Science and Technology,
Taipei, Taiwan

e-mail: ylwang@cs.ntust.edu.tw

J.-J. Liu
Department of Information Management, Shih Hsin University, Taipei, Taiwan

M.-T. Ko
Institute of Information Science, Academia Sinica, Taipei, Taiwan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00453-013-9859-z&domain=pdf
mailto:ylwang@cs.ntust.edu.tw

Algorithmica (2015) 72:430-449 431

1 Introduction

The longest common subsequence problem, abbreviated LCS problem, is a well-
known problem in computer science which has been extensively studied in many
apparently unrelated fields, such as data comparison, speech recognition, genetic en-
gineering, editing, error correction, mathematics, syntactic pattern recognition, and
especially bioinformatics, etc., [2, 7, 8, 11, 13, 22]. Many algorithms use the dynamic
programming technique for solving the LCS problem [14, 21, 23]. A lot of variations
of LCS problems were researched such as LCS applied to matrix substructures [4],
weighted sequences [5], tree edit distances [12, 24], run length encoded strings [20],
etc. In this paper, we investigate the resequencing LCS problem which is defined as
follows:

Definition 1.1 Given a set S = {S1, S2,..., .5} of [ strings, a text 7, and a natural
number k, a string M is called a k-mosaic string if it is a concatenation of k strings
(not necessarily distinct, i.e., a string in S may occur more than once in M) from S.
A k-mosaic string is called a k-inlay if the length of its LCS with 7 is maximum,
denoted by . The resequencing LCS problem is to find a k-inlay for each query
with parameter k.

For example, let S = {agc, act,aatg,ttcg} and T = agactagtc in which S| =
agc, S» =act, S3 =aatg, and Sq4 =ttcg. Both §1S1 =agcagc and S1S4 = agcttcg
are 2-inlays, and the length of their LCSs with 7 is 6. For k =4, $15:5154 =
agcactagcttcg is a 4-inlay, and the length of its LCS with T is ¥4 =9.

In [14], Hirschberg discussed a special case of the resequencing LCS problem with
k =2.1In [17], Komatsoulis and Waterman solved a special case of the resequencing
LCS problem which is described as follows. Given a database S of DNA sequences
and a query sequence 7', finding two sequences C1 and C, from S such that C1C»
has the maximum chimeric alignment score with respect to 7. Komatsoulis and Wa-
terman also applied their algorithm to detect chimeric 16S rRNA artifacts in biology
[18]. Their algorithm takes O (nml) time where n is the length of T, m is the max-
imal length of strings in S, and / is the number of strings in S. In [15], Huang et
al. proposed two algorithms for solving the resequencing LCS problem. One of their
algorithms takes O (n*ml) preprocessing time and O (n°>logk) query time for find-
ing out k-inlays with respect to all substrings of T while the other algorithm takes
O (nml) preprocessing time and O (nkl) query time when considering all substrings
of T in the form T (1, j), 1 < j <n, i.e., the prefix of T with j characters. In this
paper, we propose two algorithms for solving the resequencing LCS problem. One of
them is for all substrings of T and the other is for all substrings in the form 7'(1, j),
1 < j <n.The former takes O (nml) preprocessing time and O (nv logk) query time
for finding out k-inlays with respect to all substrings of 7'. The latter which is modi-
fied from the former can also find out k-inlays with respect to T (1, j), for 1 < j <m,
in O(nml) preprocessing time and O (9k) query time. Note that the query time of
our second algorithm is unrelated to .

The main contribution of this paper is described briefly as follows. To achieve
the improvements, two inverted index representations are successively introduced to
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reformulate the problem. The first inverted index representation is used frequently
in the LCS problem so that the time-complexity is related to the length of an LCS.
This also improves the time-complexity of the algorithm proposed in [15] to be in
O(nz?k2 logk) time for each query. Based on the first inverted index representation,
the second inverted index representation is introduced and we show that the second
representation has the totally monotone property. Thus the time-complexity of the
above algorithm can be done in O (nd¥ logk) time. Here we want to point out that
our second inverted index representation can be used to solve the problems efficiently
when the inverted index representation is used repeatedly on its previous inverted
index table.

The remaining part of this paper is organized as follows. In Sect. 2, we briefly
introduce a modified version of Algorithm Formosal which was proposed in [15].
In Sect. 3, we introduce an inverted index representation of the LCS table used in
Algorithm Formosal. Furthermore, we also propose a recurrence formula for ob-
taining all inverted indexing tables. In Sect. 4, for computing the inverted indexing
tables efficiently, we transform an inverted indexing table to another table which has
the totally monotone property. In Sect. 5, we modify our algorithm so that k-inlays
with respect to 7'(1, j), 1 < j <n, can be found in O (¥3k) query time. Finally, the
last section contains our concluding remarks.

2 Preliminaries

Let X = x1x0x3---x, and T=t ;- - -, be two strings over a finite alphabet set X.
LetT[i, jl1 =titix1---tj be asubstring of T.If j < i, then T'[i, j] =€, i.e., an empty
string. Moreover, when i =1, T[i, j] is abbreviated as T;. For brevity, T, is simply
written as T. A subsequence of T[i, j] is obtained by deleting zero or some (not
necessarily consecutive) characters in this string. A common subsequence of X and
Tli, j] is a subsequence occurring in both X and T'[i, j]. A longest common subse-
quence (LCS for short) of X and T'[i, j] is a common subsequence of X and T'[i, j]
with the maximum length.

Definition 2.1 The length of the LCS of X and T[i, j] is denoted by Lx(i, j) for
1 <i<j<n.Notethat Lx(i, j) =0if j <i. When X is a k-inlay with T[i, j], we
use Lk (i, j) to replace Lx (i, j) so that we can easily describe recurrence formulas
for Ly (i, j).

Definition 2.2 Let k, stand for the number byby_| - - - bg for 0 < o < w if the binary
representation of k is by,by,—1 - - - bg and let Ly (i, j) represent the length of the LCS
of a ky-inlay and T[i, j]. Note that the LCS length of a k-inlay with T, i.e., ¥, is
equal to Li(1,n).

In [14], Hirschberg proposed a formula described in Lemma 2.3 which can be
used to solve the resequencing LCS problem. Lemma 2.4 can be proved directly by
Lemma 2.3.

@ Springer



Algorithmica (2015) 72:430-449 433

Lemma 2.3 ([14]) Given a string T, and a string M = S S>, there exists a positionr,
O0<r=n,inT, suchthat Lyy(1,n) = Lgs,(1,7r) + Ls,(r +1,n).

Lemma 2.4 Given a substring T[i, j]1of T,, anda set S = {S1, S2, ..., Si} of | strings,

maxi<p<i{Ls,(, j)} fa=0

Ly (i, j) = . . .
20 (0 ) {maxi_1<,<j{L2a1(l,r)+L2a1(r+1,])} ifa>1

where 1 <i <j <n.

Based on Lemma 2.4, Algorithm Formosal proposed in [15] solves the rese-
quencing LCS problem as follows.

Algorithm Formosal

Input: A string 75, aset S ={S1, S> -+, §;} of [ strings, and a positive integer kK whose
binary representation is by by,—1 - - by.

Output: L (1, n).

Step 1. /* Merge all LCS tables of §;, for 1 <i </, and T to the LCS table L,o. */
Let L1(i, j) =maX1§p§l{LSp(i,j)}, where 1 <i <j<n.

Step 2. /* Compute Ly« (7, j), for 1 <o < w, by using Lemma 2.4. */
Compute Loe (i, j) = max;—1<y<j{lya-10,7) + Lou-1(r + 1, )}, for a =
1,2,...,w,where 1 <i <j<n.

Step 3. /* Compute L (i, j) by using tables Loye, for 1 <a <w. */
If k # 2%, then compute Ly, (i, /) = max; j<;<jibey - Loa(i,r) + Li,_,(r +
1, fora=1,2,...,w,where 1 <i <j<n.

Step 4. Return Ly (1, n).

We use the example mentioned in Sect. 1 to illustrate Algorithm Formosal in
which § = {agc, act,aatg,ttcg} and T = agactagtc. In Step 1, LCS tables Lg,,
Ls,, Ls,, and Lg, are computed. By definition, Ly« (i, j) is the largest LCS value be-
tween T'[i, j] and all possible 2%-mosaic strings for some 0 < & < |logk . Therefore,
table L,o(7, j) as shown in Fig. 1(a) can be obtained from tables Lg,, for 1 <i <4.
Note that table Lo (i, j) is also computed in Step 1. Then, by Lemma 2.4, Lya+1 (i, j)
can be computed by using the values in table Ly« for @ =0, 1,..., [logk] — 1 in
Step 2. Figures 1(a), 1(b), and 1(c) are tables Lo, L1, and Ly2, respectively. Note
that Figs. 1(b) and 1(c) are obtained from Figs. 1(a) and 1(b), respectively, by using
the formula described in Lemma 2.4. For example,

Lyi(1,4) =max{Ly(1,1) + Ly(2,4), Ly(1,2) 4+ Ly(3,4), Ly(1,3)
+ Lyo(4,4), Lo(1,4)}

—max{l +2,2+2,2+1,3}
—4.
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| J | ‘ || j |
‘ |I112|3|4I5|6|7I8|9| [TT2[374[5]6]7[8]9]
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L2 H ][0T ]2]3][4]5[6|7]38 -
2 Lle 2|4
LyoGpJJofJof1]2]3]4[5]6]7 201( 9 310
Lo pJlofJofoJr]2]3]4]5]6 L;O G0 (|34(5]0
LyoG pJl[ofJofoJolr][2]3]4]5 L;OI @oll4]s5]9]o
L@ [[O[00 00 [T[2[57]4 e |[s[7]9]0
Ly |00 O0Jo[o[o0[1[2][3 20
LB [0[o]oJofo[o[o[T][2 Lo@O 6 |7]9]0
LyO.pfJoJoJofo]oJoJoJo 1 L;OI aoll7]l9lo]o
(©) Ly . ) L2_01 @o|ls]olo]fo
Ly0.0 |[9]o]o]o
@ Ly .0

Fig. 1 Tables Lzo, L21 ) L22, and LZ_O1 where S = {agc, act,aatg, ttcg} and T = agactagtc

If k=4, then Ly(1,n) = Ly2(1,9) =9. If 4 < k <7, then, by combining related
tables of Lo« fora =0, 1,..., [logk] — 1, Li(i, j), for 1 <i < j <n, can also be
obtained in Step 3.

Intuitively, Step 1 of Algorithm Formosal, which can be regarded as the pre-
processing step, takes O (n?ml) time. Steps 2—4 can be regarded as the query pro-
cedure which takes k as an input parameter. The most time-consuming steps of Al-
gorithm Formosal are Steps 2 and 3 which take O (1’ logk) time. Therefore, the
query time of Algorithm Formosal is O (n3logk) [15]. In the next two sections, we
propose an efficient algorithm for finding L (i, j) with O (nml) preprocessing time
and O (n9 logk) query time. With a minor modification, our algorithm can find out
Ly (1,n) with O (nml) preprocessing time and O (9¢k) query time.

3 An Inverted Index Representation

First, let us observe Step 1 of Algorithm Formosal. Intuitively, it takes O (n’m)
time to compute the lengths of LCSs between each string in S and all substrings
of T. Thus it takes O(nzml) time for all strings in S. However, in [3], Alves et al.
presented an algorithm which can compute the lengths of LCSs between one string
and all substrings of 7" in O (nm) time. Hence, by using their algorithm, Step 1 can
be done in O(nml) time. To compute L(i, j) efficiently, we use an inverted index

@ Springer



Algorithmica (2015) 72:430-449 435

representation [16] to represent Ly (i, j) in the rest of this section. The resulting table
is called an inverted indexing table. That is, a nonzero value £ in entry (i, j), i.e., row
i and column j, of Lk (i, j) yields a value j in entry (i, £) of the inverted indexing
table. Note that if more than one entry has the same value in a row of L (i, j), then
only the smallest index will be stored as the entry value in the inverted indexing table.

Definition 3.1 Let Lk_l denote the inverted indexing table of Lj. Assume that
Li(i,0)=0for 1 <i<n.If Ly(i,j) =€ and Lx(i,j — 1) #{,for 1 <i < j <n,
then L;] (i,£) = j.If no such j exists, then L,:l (i,2)=0.

Clearly, the values of Lg(i, j) can be obtained easily through the values of
L,:l(i ,£). In Sect. 4, we shall propose an efficient way for obtaining the inverted

indexing tables. By the definition of Lk_l, we can obtain Propositions 3.2 and 3.3
directly.

Proposition 3.2 Ly (i, L; ' (i, €)) = ¢ when L;'(i,€) #0 for 1 <i <n.

Proposition 3.3 If L (i, ¢ — 1) = ji and L;' (i, €) = ja, then Li(i, j) =€ — 1 for
1<i<nand j1 <j< j.

Definition 3.4 Let §;(i) stand for the maximum value in row i of table L; for a
k-inlay and substring 7 (i, n).

By Definition 3.4, §p(i) =0, for i = 1,2, ...,n. It is obvious that if §;(i) # O,
then Lk_l(i, £) =0, for all £ > &;(i). Figures 1(d), 2(a), and 2(b) show all values
in Lz_ol, Lz_ll, and Lz_zl, respectively, for the tables in Fig. 1. Recall that the values
in L;)l can be obtained from the LCS table computed by the algorithm in [3]. For
example, L;)I(l, 1) =1 since Ly (1,1)=1and Ly(1,0)=0. Lz_ol(l, 2) = 2 since

Ly(1,2)=2and Ly(1,1) = 1. L3'(1,3) =4 since Ly(1,4) =3 and Ly (1,3) =

2 and so on. In addition, §50(1) =4, 650(2) = 850(3) =+ = 850(6) =3, §x(7) =
8,0(8) =2, and 8,0(9) = 1. Therefore, L, (2,4) = L3, 3.4) =--- =L (6,4) =0,
L (7.3) =Ly (7.4 =L} (8,3) = L;'(8.4) =0, and L}/'(9,2) = L},'(9.3) =
L3 (9.4)=0.

In the following, Proposition 3.5 describes the difference between two adjacent
values in table Ly«. Proposition 3.6 states the fact that all values in tables L,:OI and Ly,
are zero when by = 0. Proposition 3.7 describes the fact that the values of Lk_a1 @ j)
can be obtained from L,:;il (i, j) directly when b, = 0. Lemmas 3.8 and 3.9 present
formulas for computing L, (i, j) and Lo« (i, j), respectively, by using the values in
tables Lz_a1 and L;}, 1> respectively. Lemmas 3.10 and 3.11 provide formulas for com-
puting 8¢, (i) and 6« (i), respectively, by using the values in tables Lz_ml and L;}, I
respectively. Note that &, (1) (respectively, 82« (1)) is equal to the number of columns
of table L,;l (respectively, L;xl). Thus we can determine the size of L,;l (respec-

tively, L;Xl) before constructing it.
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Proposition 3.5 Ly«(i,j + 1) — Lo« (i, j) € {0,1}, for 1 <i < j <n—1, and
Loa(i, j) —Lye(i —1,j)e{0,1},for2<i <j<n.

Proposition 3.6 If by =0, then Lk_ol(i, J)=0and Ly,(i, j)=0for1 <i <j<n.

Proof By Definition 2.2, if by = 0, then ko =0, and Ly, is exactly Ly. By Defini-
tion 1.1, there is no 0-mosaic string. Thus all entries in Ly, and L,:()l are zero. O

Proposition 3.7 If by =0, then L' (i, j) = L,;u{l (i, j) for 1 <a < |logk], where
l<i<j=<n.

In Lemma 2.4, the formula L,e—1(i,7) + Lou—1(r + 1, ) is used to com-
pute Lo« (i, j). Assume that r = Lz_a,l(i,ﬁ). Then the above formula becomes
Lo (i, L3 (0. 0)) 4 Lyw-1 (L3 (. 0) + 1, j). Since the term L', (i, £) + 1 is
used frequently in the rest of this paper, for brevity, we use B4 (i, £) to stand for it,

ie., Bu(i, b) = L;},, (i,0) +1.

Lemma 3.8

0 if Lo« (i, j) =0
Li, (G, j)=19 Li,_, G, J) ifbe =0
Maxo<¢<Lou (i, )1 + Ly (Bat1, 0), )} ifbe =1,

where 1 <i <j <n.

Proof If Ly« (i, j) = 0, then clearly Ly«(i, j) =0, for x =0,1,...,a — 1. When
by =0, ky = ky_1. Thus, in this case, it is obvious that Ly, (i, j) = Lg,_, (i, j). For
the case where b, = 1, by Lemma 2.4 and Proposition 3.5,

Ly, (i, j) = max {Low(i,r)+ Ly, ,(r+1, )}

i—1<r<j

= ot ggg(i,j){ba (i, Ly (G, ) + L, (Bat1G, 0, )} (D)

= poemax A+ Ligy (Pasi G2 0. )} @

We explain the reason why setting 0 < £ < L« (i, j) in Eq. (1) as follows. Note that
the value of Lo« (i,i — 1) is 0. The values from L« (i,i — 1) to Ly« (i, j) are consecu-
tively in the range from O to the value of Lo« (7, j). Therefore, the range [ Lo« (i, i — 1),
Lo (i, j)] is exactly [0, Lo« (i, j)]. Note that Ly« (i, j) = L;Xl (i, Ly« (i, j)). This im-
plies that 0 < € < Loa (i, j). By Proposition 3.2, Eq. (1) can be simplified as Eq. (2).

Lemma 3.9 Ly (i, j) = maxngSLzafl(,-,j){E + Loa-1(Ba(i,£), j)}, where 1 <i <
j<n.
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Proof Using a similar argument as in Lemma 3.8, we can have the following deriva-
tion:

Lo«(i, j)= max {Low-1(i,r)+ Loa1(r+1, )}

i—l1<r<j

. —1 . . .
lfﬁgan;i(l (,'Vj){LZ""l (l’ Lo, (@, E)) + Lya—1 (,Bm @i,0), J)}

<t=ln, (m{z  Low-1 (Buli. 0. )}

This completes the proof. O

To illustrate Lemma 3.9, we use the table in Fig. 1(d) as an example to show the
computation of L,1(2,9).

Ly (2,9) = 15533;?(2,9){@ + Ly (B1(2,0),9)}

-1
@ag}{z +Lyo(Ly 2,6 +1,9)}

=max{1+ Ly(Ly (2. 1)+ 1,9),2+ Ly(Ly'(2,2) +1,9).3

+Ly(Ly' (2.3)+1,9)}
=max{l +L(3,9),2+ L(5,9),3+ Ly(6,9)}
=max{l1+3,24+3,3+4+3}

=6.
Lemma 3.10
Lyo(i,n) ifa=0
Sk (1) = | Sk (D) ifa>0and by, =0

maxi<¢<sy (i) 1€ + Oko_y (Bat1(, £))}  ifa>0and by =1,

where 1 <i <n.

Proof By definition, if o = 0, then 8¢, (i) = Lo (i, n). For the case where o > 0
and by, =0, by Lemma 3.8, Ly, (i, j) = L,_, (i, j). This implies 8, (i) = &¢,_, (7).
It remains to prove the case where o > 0 and b, = 1. We can have the following
derivations.

81, (i) = Li (i) 5
- 15@?;2(1‘,”)” + L (Bat1 G, 0),n)} 4
= 15[1’2?32([){E +8ka71 (ﬂa‘l’l(l’z))} (5)
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Equation (3) is obtained by definition. By applying Lemma 3.8 on Ly, (i, n), it
yields Eq. (4). By definition, Ly« (i,n) = 85« (i) and Lka_l(L;xl(i,Z) + 1,n) =
Skey s (L;x1 (i, £) 4+ 1). This results in Eq. (5) and the lemma follows. O

Lemma 3.11 8 (i) = Max|<¢<s,,_ O+ 8ra-1(Ba (i, £))} for 1 <a < [logk]| and
1<i<n.

Proof Using a similar argument as in Lemma 3.10 and applying Lemma 3.9 on
Lye (i, n), we can have the following derivation:

8a (i) = Low (i, 1)
= max {£+L2a71(,3a(i,£),n)}

1St=Lyg1(in)

= max {€+68u-1(B.G.0)}

=<5, 10)

This completes the proof. O

We also use the previous example for computing 6,1 (2) to illustrate Lemma 3.11.
821(2) = max{1+4850(B1(2, 1)), 2+ 85(B1(2.2)). 3 + 50 (B1(2,3))}
=max{1 48y (Ly (2, 1) +1),2+8p(L' (2.2) +1),3
+8(Ly (2.3) + 1)}
=max{l+3802+1),2+80@+1),3+ 8005+ D}

=max{1+3,2+ 3,3+ 3}
=6.

After finding all entries of table L;)1 ,
-1

a1 for 1 <« < |logk]. Lemma 3.12 describes how to

all entries of table Lz_c,1 can be computed by

using only the entries of L
do in this way.

Lemma 3.12

L;I_l(i, 1) ift=1
L;xl (i,0) = min 1<p=<8,q—1 (i) {L;{l(ﬂa(i, p),L—p)} ift=2

16-p=8,_1 (Ba(i-p))
0 otherwise
for1 <i<n,1<l<6éx(i),and 1 <a < |logk].
Proof By Lemma 2.4 and Proposition 3.5, it is obvious that if §,«—1(i) # 0, then

L3/ (. 1) = L.} (i, 1); otherwise, L3,/ (i,1) =0 for 1 <o < [logk]. All we
have to consider is the case where ¢ > 2. By definition, if L (i, j) = £ and
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[ [
| Hl|213|4|5|6’ ‘ H1|2|3I4|5|6I7|8|9|
Liao [ 1]2]3]4]s5]0 tya0 [ 1]2]3[4]s5|6|7]8]09
iteo [2]3]4]s5]7]0 tyeo |[2]3]4]s|e]7]8]9]0
L;II(S,Z) 3lals]e|7]0 L;21<3,e> 3la4]s]e|l7]8]9]o]o
Lo [4|s]e[7]o]o Lyao |[4]s]e]7[s8]o]ofo]o
s |[s]ef[7]o]o]o Ly60 ||s|ef[7]8]o]ofofo]o
6o |[e]7]8]9]o]o Ly60 |6 7]8]9]ofofo]o]o
oo [7]8]9]ofo]o a0 |[7]8[9]ofofofofol]o
Lieo |[s]ofofolol]o L0 || s]ofofofojofofo]o
too ofofolofo]o L300 [oJofofolofofJofol]o
@ L300 (0) L35 (.0)

Fig. 2 L2_1] (i,£) and L2_21 (i, ) where S ={agc,act,aatg,ttcg} and T = agactagtc

Ly (i,j —1)=¢£ — 1, then L;xl (i,€) = j. According to Lemma 3.9, Lo« (i, j) =
max|<p<f,, @, )P+ Loa—1(Be (i, p), j)} = £. This means that there exists a p, 1 <
p < Lsa-1(i, j), such that p + Lye—1(B4(i, p), j) = £. By rearranging the previous
formula, this yields L,a—1 (B (i, p), j) =€ — p. Since Lo« (i, j) is an inverse function
of L3/ (i, p) when L3,/ (i, p) #0, L.} (Ba (i, p). £ — p) = j. This implies that the
computation of L;,l (i, £) can be expressed as min15p582a71 (,-){Lz_al_l (Ba(i, p), L —
p)l,forl <i<nand 1<l <68x(@),if ] <€—p<68u-1(Buali, p)). Recall that
L3, (i, p) =0, forall p > 8 (i). Thus if £ — p > 85a-1(i), then L', (i, £ — p) =0.
This establishes the lemma. O

We use the computation of L2_11 (1,5) to illustrate Lemma 3.12. From L2_11 (1,5),
we know that o =1, i =1, and £ = 5. Thus 1 < p < §5a—1(i) = 6,0(1) = 4. Fur-
thermore, B1(1, 1) = L;)l(l, D+1=2,81(1,2)=3,61(1,3) =5, and B;(1,4) =8.
Accordingly, 6,0 (B1(1, 1)) = 6,0(2) = 3,850 (B1(1,2)) =50(3) =3,8,0(B1(1,3)) =
8,0(5) =3, and 850 (B1(1,4)) = 8,0(8) = 2. Thus we have the following derivation.

Ly'(1.9= min L (Ai(1L.p).5-p)}

155*P§52171 (ﬁ](l,P))
=min{Ly' (81(1,2),5-2), Ly (81(1,3),5=3), Ly, (B1(1,4),5 — 4)}
=min{L},'(3.3), L} (5.2). L) (8. )}
= min{5, 7, 8}
=5.
Note that, in the above example, it is not necessary to consider the case where
p =1 since 8,0(B1(1, 1)) = 6,0(2) = 3 which does not satisfy the inequality 1 < £ —

P < 8—1(Bs (i, p)). Figures 2(a) and 2(b) show the resulting L2_,l (i,£) and L2_21 (i,20),
respectively.
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Lemma 3.13 describes a recurrence formula for computing L,:al (i, £) when k, is
not an integer to the power of 2.

Lemma 3.13

Ly (i, 1) ife=1
LG o= M0 izpms AL, (BuriGop) E=p)} i €2
o lsifpséka_] (By+10G.p))
0 otherwise,

for1 <i<n,1<{€<6,(),and 1 <a <|logk].

Proof By definition, if £ < 1, then Lk_ul (i,£) = 0. For the case where ¢ = 1, by the

property that L;} @i,1)= L;}_l (i, 1), the value of L;} (i, 1), say j, will be the small-

est index such that Ly, (i, j) = 1. Thus, by definition, Lk_al (i, 1) = L;,,l (i, 1). Now
we consider the case where ¢ > 2. The argument for this case is similar to that of
Lemma 3.12. We only need to replace 2% and 2%~! with k, and k,_1, respectively.
By Lemma 3.8, we can obtain Ly, ,(Ba+1(, p), j) = £ — p. After simplifying, the
resulting formula follows. g

Here, we want to point out that a k-inlay can also be constructed from table Lk_al

(or L;xl). For example, if the given k of the resequencing LCS problem is equal
to 2, then Fig. 2(a) contains all of the lengths of the LCSs between k-inlays and
all substrings of T'. For example, the length of the LCS between a k-inlay and T
is 651 (1) = 6 through which we can find Lz_,l(l, 6) =9 (see Fig. 2(a)). By using
Lemmas 3.9 and 3.12 to traverse back, we can find that, by Lemma 3.12, Lz_ll (1,6)is
obtained from L2_0l (5,3) when & =3, and, by Lemma 3.9, p = 3 occurs at Lo(1,4)

(see Fig. 1(d)). From table L;OI, L;()l (5, 3) corresponds to L,o (5, 9). By keeping track
of the corresponding segments of S in table L,o, the value in L,0(1, 4) (respectively,
L1(5,9)) is obtained from Ly, (respectively, Ls, or Lg,). Therefore, we can obtain

two 2-inlays S1.57 or 1S4 with respectto 7.

4 An Efficient Way for Finding Inverted Indexing Tables

By Lemmas 2.4, 3.9, 3.12, and 3.13, a k-inlay with respect to any substring of 7' can
be found in O(nﬁlg logk) time after table L;)] is already constructed from S and T
in the preprocessing step where S is a set of strings and 7 is a target string. The total
time for constructing all aforementioned inverted indexing tables takes O (n ﬂ,f logk)
time. In this section, we propose an efficient way for computing each entry in tables
L,;] and L;}, for 1 <o < |logk], in constant time so that constructing all inverted
indexing tables can be done in O (nd¥ logk) time.

To build each row, say i, of table L;H efficiently, we construct a new inverted
indexing table. Note that, in the inverted index representation of Le (i, j), the index
of each row is still i, for 1 <i < n, the index of each column becomes ¢, i.e., the

@ Springer



Algorithmica (2015) 72:430-449 441

{ 4
172[3]4] 5 6 1127347 5 6
1O[@] 45 13] 13 pl@@@@lz 12
pgii(‘?@(ﬁ? 12 41457911
[©) 35155 [6](M[O@
afl7l717]7] 8 9

(a) (b)

Fig. 3 Ro (p,€)and R, (p,?)

202

length of Ly« (i, j), and its corresponding content is j. The new inverted indexing
table is denoted by R;{ ;- Both row and column indexes of szal’ ; are lengths and the

content of Rz_al’i(p, £) is j such that Lo« (L;y1 (i, p) +1,j)=4£— p. By collecting
those nonzero items considered in Lemma 3.12 on computing L;}H (i,0), for 1 <
<6y (i), Rz_mli (p, ©) is defined as follows:

Ly G, p) if € < p,
Ry (p.O) =1L (x, - p) ifl<t—p<éu(x)andx<n, (6)
n+déx({@)—p+1 otherwise,

for 1 < p <62(i), 1 <€ <08p+1(i), 0 <a < |logk] — 1, and 1 <i <n where
x = Bat10, P)

Table Rza is also an inverted indexing table. The value of Rza -(p, ) is the small-
est position, say j, in T such that Lye+1(i, j) = Lo« (i,7) + Loo(r + 1, j) = £ with
Loy (i,r)=p and Ly«(r + 1, j) =€ — p. Note that Ly« (i,r) + Lo« (r + 1, j) is the
formula used in Lemma 2.4 to find the length of the LCS of a 2¢*!-inlay with T'[i, j].

For example, Rzo | 1s an auxiliary table for computing the first row of table L, h i e.,

Ly (1 j), for 1 < j <n (see Fig. 3(a)). Since d,0(1) =4 and 51 (1) =6, R, i

20 1!
a 4 x 6 table. The first entry in the first row of table R, is equal to Lza 1,1

2O 1
since £ < p when p = £ = 1. The next three entries in the first row of table Rz_ol1 are

computed as follows:

Ry (1,0 =Ly (Bi(1, D), £ = 1)

=L, Q2.L—1),
for1 <€ —1<650(B1(1,1)) =3, namely 2 < ¢ < 4. We can find that Rzo 1(1 2) =
Ly (2,2-1)=2Ry (1,3) =L, (2,3—1)=4, and Rzo (1,4) = L_1(2 4 —

1) = 5. Finally, the last two entries of the first row are computed by n + 82 (i) —
p+1=9+4—1+1=13. Figures 3(a) and 3(b) depict R;Ofl(p, ¢) and R;)fz(p, 0,
respectively.

In Fig. 4(a), we use a line to indicate the two related positions in table L,o for
each of the above computations. The first four entries in the first row of table R;()l |
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J 12

I[2[3[4][5[6][7[8]9
Ty (L)) [ x| f [ [1[2[3[4]5]6]
Lyo(2,5) [0 [T N \ 11 4[5
L0 (3,7) 01 [TF\3 \ p 2 21345
Loo (4,7) 0 1\2 N[ 3 3 45709
Loo (5, ) 1 20 3 4 71819
Ly0(6,7) O[T\ \[3
Lyo (7, j) 111 N2
L0 (8,7) 012
L0(9,4) 01

(a) (b)

Fig. 4 An illustration for the meaning of R2_01 .

are computed by
Li(1,D)+L12,1)=14+0=1,
Li,D+L1(2,2)=1+1=2,
Li(l,DH)+L1(2,4)=142=3, and
Li(1,D+L1(2,5=1+3=4.

Each of the above equations are indicated by a line in Fig. 4(a). Figure 4(b) shows the
values of those related entries. Note that the entries in the lower and upper triangles
of Fig. 4(b) have no values. However, to prove that this table has the totally monotone
property, we add some values to those empty entries which are defined in table Rz_al’i.
That is, if an entry in the lower triangle (as shown in Fig. 4(b)) is empty, then its
value is set to the smallest value in that row. For an empty entry in the upper triangle,
its value is set to n 4 82« (i) — p + 1. The values inside a circle in Fig. 3(a) and 3(b)
are the values of the entries in the first and second, respectively, rows of table L;l in
Fig. 2(a).
Lemma 4.1 describes the relation between tables L;} and Rz_al,1 0

Lemma 4.1 L3,/ (i, £) = minj<p<min(t., 0} Rour (P, O}, for 1 < o < [logk],
1<i<n,and 1</t <68(i).

Proof By Lemma 3.12 and the definition of Rz_ali(p, £, forl<i<nand 1 <a <
[logk],

Ly, 0) = min L] i, p), € —
2 (0 ISPSmin{E,(Sza—l(i)}{ pot (Balio ). £ = p)}
I<t=p=d,q—1 (Ba(i,p))
= min R Ot
15psmin{e,52m_.<t)}{ 2 (P 0]
This completes the proof. O
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We use the third column of Fig. 3(a), i.e., R2_01 | (p, 3), toillustrate Lemma 4.1. That
is, we can find the smallest j such that L,i(1, j) = 3, equivalently L;l(l, 3=/,
through the values in column 3 of table R;O]I. Namely,

j = R, 3

I 1<,,<nr1?nl{35.(1)}{ 201 (r.3)}

= min | 201(1 3), R201(2 3), R201(3 3)}
={4,3,4}

=3.

Analogous to the definition of Rz_wl ;(p, £), we also define R, 1,1'( p, L) as follows
when ky is not an integer to the power of 2.

Ly i, p) if € < p,
R (p =1L we—p  ifl<t—p<by, ()andx<n,
n+dée({@)—p+1 otherwise,

for 1 < p <épe(i), 1 <€ =<6,3),0=<a <|logk] —1,and 1 <i <n where x =

IBOl-'rl (lv p) .
Lemma 4.2 describes the relation between tables Lk_al and R,; ! ;

IA

Lemma 4.2 L,;al(i,ﬁ) = minlgpfmin{é,ézm(i)}{R];{[(pvZ)}for I <a < [logk], 1
i<n,and 1 <<, @).

Proof By Lemma 3.13 and the definition of R,;li(p, £),forl<i<nandl <a <
llogk],

—1,. _ . -1 _
L, 0.0 = 1 <p<min{e.dna () {2k (Lo G )+ 1,6~ p))

Ist-psdy, | (Loa Gp)+D)

= min R ).
15p§min{z,82a<i>}{ i (P2 O

This completes the proof. g

For example, Figs. 5(a) and 5(b) are R,:]}l(p,e) and R,:]?z(p,ﬂ), for k =3 =
21 4+ 20, After finding the minimum values in each column of Rk_1 ll(p,ﬂ) and

lel}z(l” £), we can find the corresponding values of L,;ll(l, £) and L,:ll(2,ﬁ), re-
spectively (see Fig. 6).
By the definition of Rz_a{ ;(p, ) (respectively, Rk_al’l.(p, ?£)), each entry of table

R;D,{ ; (respectively, R, 1 ;) can be computed in constant time. Thus, by Lemma 4.1
(respectively, Lemma 4.2), L;} (i, £) (respectively, Lil(i £)) can be calculated in
O (890-1(i)) (respectively, O(8«(i))) time when table Lza , (respectively, tables
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¢ ¢
T2 (3[4 567778 I[2(3[4] 567 778
{1245 |15|15]15]15 T{[2[3[4[5|15]|15]15]15
222 (3[4 5 |14 14] 14 23 [3 (4[5 9 |14 14|14
p |33 [3 (34|59 |13]13 p 3[4 (4 [4[5] 7 |9 13|13
T4 (4445709 |12 T([5[5[5([516 7909
5555|556 70 555556 7] 909
699 (9[99 |9 [10]10 6999999 |10]10
@ Ry 0) ®) R ' (p. 0
. -1 -1
Fig. 5 Rkl,l (p,¢) and Rk1,2(p’ £)
. —1,.
Fig.6 L '(i,¢ | [4 |
&6 Ly (0 | b s
L,jl‘(l.e) 1]2]3]als|e]7]o9
L]:]1(2,€) 234567909
L,:]I(S,Z) 3lals]e|7]8]9]o0
fao [[4]s]e]7]s]o]o]o
L;ll(s,z) slel78]9o]lolo]o
Lk_ll((),() 6| 7]8]9]o]o]o]o
rlao [7]s]ofolofofo]o
Lleo [ s]ofofolofofo]o
L,:ll(9.e) ololo]oloJo]o]o

Ly, "and L ke ) is given. Obviously, table Lza (respectively, L, 1) can be built in
0(n82a (1)52a |(l)) (respectively, O (ndy, (i)« (i))) time. In the followmg, we ap-
ply a technique introduced in [1] to speed up the computations of the values in tables
L;X] and L,:a] so that these two tables can be builtin O (nd2« (7)) time and O (ndy, (i)))
time, respectively.

An m x n matrix M = (c;, j)mxn is called totally monotone [19] if either condition
(1) or (2) below holds:

(1) ¢y <cj,implies ¢; s < cjs

(2) cir > cj, implies ¢; s > cj s

foralll<i<j<mandl<r<s<n.

Totally monotone matrices have many nice properties and important applications.
For surveys and recent applications of totally monotone matrices, please refer to [6,
9, 10, 19]. Lemma 4.3 describes that all row and column minima can be found effi-
ciently.

Lemma 4.3 ([1]) All column minima of an m x n totally monotone matrix can be
determined in time O (m) when m > n and O (mlogn/m) when m < n, provided that

each entry in the matrix can be accessed in time O(1).

In Lemma 4.6, we show that both tables Rz_a cand R ll. satisfy condition (2) of
the totally monotone property. In the proof of Lemma 4 6 we shall use a property
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described in Lemma 4.5 which is derived from a result proposed by Alves, Caceres,
and Song in [3] which is described in Lemma 4.4.

Lemma 4.4 (Property 2.1(3) in [3]) Foralli andall j (1 <i < j<n),if Lx(i —
1,j))=Lx(G—1,j—1)+1,then Lx(i, j)=Lx({,j—1)+1.

Lemmad.5 Foralliandall j (1 <i < j<n),ifLx(i—x,j)=Lx({—x,j—y)+
1, then Lx(i, j)=Lx(i,j—y)+1,forsome 1 <x <iandsomel <y < j—i.

Proof By repeatedly applying Lemma 4.4, this lemma follows. g

Lemma 4.6 Tables RQTX]’[. and R,;]’i are totally monotone matrices, for 0 < a <
logk] —land 1 <i <n.

Proof We only prove that matrix Rzi,ly ; 1s a totally monotone matrix. With a simi-
lar reasoning, we can also prove that matrix Rl;l ; 18 a totally monotone matrix. By
the definition of totally monotone matrices, it suffices to show that if R;,{i( p. ) >
Ry i (p+x,0), then Ry (p. €+ 1) = Ry (p+x. £+ 1) for 1 < x < 8 (i) — p.
By the construction of Rz}{ ;» we consider the following three cases.

Case 1. £ < p. In this case, Ry, (p.£) = L3/ (i, p) and Ry (p + x.0) =
L/ (i, p +x). Since L3/ (i, p +x) > Ly (i, p). Ry (p. 0) < Ry (p + x. ), for
1 <x <82 (i) — p. Thus this case is impossible.

Case 2. 1 <€ — p < 6« (By(i, p)) and By (i, p) < n. By the assumption that
Rz_al,i(p,ﬁ) > Rz_al’i(p + x,£), we may assume that R;yl’i(p,ﬁ) = j and R;xl’l.(p +
x,0) = j with j/ < j. By Rz_al’i(p,ﬁ) = j, this implies that there exists i <
r < j such that Lyat1(i, j) = Loe(i,r) + Lo«(r + 1, j) = £ with Lo«(i,r) = p
and Ly«(r +1,j)=¢ — p. By R;a]’l.(p + x,£) = j/, this implies that there ex-
ist r < v < j < jsuch that Lyat1(i, j)) = Loa(i,7") + Lo« (r' + 1, j') = £ with
Ly (i,ry=p+x and Ly« (r + 1, j') = £ — (p + x). Accordingly, Rz_al.l-(p,ﬂ +1)
yields Lyo+1 (i, j +d1) = Loe(i,r) + Loe(r + 1, j +d1) =€+ 1 with Lye(i,r)=p
and Lo« (r + 1, j+dy) = €+ 1—p,and Ry, (p+x, £+ 1) yields Lya+1 (i, j' +dp) =
Loy (i, 7Y+ Loe(r'+1, j' +do) =€+ 1 with Lya (i,7') = p+x and Lo« (r' +1, j' +
dy) =€+ 1—(p+ x). All we have to prove is that d» < d; holds. By Lemma 4.5, if
Lx(r+1,j+d)=Lx(r+1,j)+1,then Lx(r' +1,j+d)=Lx(' +1,j)+1,
forr <r' <j < j+dy. Thatis, if Lye(r +1,j +dj) = Ly« (r + 1, j) + 1, then
Lyw(r'+1,j4+d) =L@ +1,j)+1,forr <r' <j < j+d;. As aconsequence,
Lya(r'+1,j4+d)=Loe(r'+1,j)+ 1> Loa(r' +1,j)+1=€0+1~(p +x).
This implies that there exists dy with dp < d; such that Lo« (r' + 1, + dp) =
£+ 1— (p+ x). Thus this case holds.

Case 3. £ — p > 62« (By(i, p)) or By(i, p) > n. In this case, by definition,
Ry (p. ) =Ry (pt+ D) =n+6e()—p+LIEI<(C+1)—(p+x) <
820 (B (i, p + x)) and By (i, p + x) < n, then, by definition, Rz_al‘i(p +x,44+1)=
Ly (Bas1 G, p+2), (€ +1) = (p+x) <n <n+8e() — p+1= Ry, (p. £ +1);
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otherwise, Rz‘a‘,,-(p+x,€ +D)=n+b6e(@)—(p+x)+1l<n+bu(i)—p+1=
Rz_all. (p, £+ 1). This completes the proof. O

By Lemmas 4.3 and 4.6, it is easy to see that all entries in a row of L;X] (respec-
tively, L,;al) can be computed in O (82« (7)) (respectively, O (5, (i))) time. Therefore,
all entries of table L;x] (respectively, L,:a]) can be computed in O (nd« (i)) (respec-
tively, O (ndy, (i))) time. Now we are at a position to describe our algorithm for
solving the resequencing LCS problem. For simplicity, we only describe the query
procedure as follows.

Algorithm Mosaic1l

Input: A positive integer k and table Lz_ol @i,0),forl1 <i<nand1=<£<d(D).

Output: Ly (i, j) for1 <i <j <n.

Step 1. Compute L; (i, ¢) by using the formula in Lemma 4.1, for 1 <« < [logk],
1<i<n,and 1 <€ <§r(i).

Step 2. If k =2%, then find Ly (i, j), for | <i < j <n, from table Lz_u} and return.

Step 3. If k # 2%, then do the following substeps.

Substep 3.1. Compute L, ke (1 ¢) by using the formulas in Lemma 4.2 and
Propositions 3.6 and 3. T,forl <« <|logk],1<i<n, and 1<l <6q().
Substep 3.2. Find L(i, j), for 1 <i < j <n, from table Lku, and return.

We summarize our result as the following theorem.

Theorem 4.7 The preprocessing procedure of the resequencing LCS problem can be
done in O (nml) time. The query procedure of the resequencing LCS problem can be
done in O (nvylogk) time. Furthermore, inlays with respect to all substrings of T
can also be found.

Proof The correctness of Algorithm Mosaicl directly follows from Proposi-
tions 3.6 and 3.7, Lemmas 3.8, 3.9, and 4.6. Now we analyze the time-complexity
of Algorithm Mosaicl. Using the formulas in Lemmas 4.1 and 4.2, Step 1 and
Substep 3.1, respectively, can be done in O(ndlogk) time. Clearly, in Step 2
and Substep 3.2, L (i, j), namely the lengths of the LCSs of all k-inlays with T,
for 1 <i < j <mn, can be found in O(nd;) time. Therefore, the query time is
O (nVy logk). This completes the proof. g

5 Computing L (1, j)

In this section, we introduce how to compute Ly (1, j) for 1 < j <n efficiently. Since
Li(1, j), for 1 < j <n, are always from position 1 of T, we can modify tables L,:a]
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. -1
Fig.7 Ry (. O T[2[3 ][4 [5 6 [ 7 1 838
T[T 24517 |17 |17 17|17

222345 |16 16] 16|16

33 [3 34|59 15] 5|15

pld([d 4[4 [4 5| 79 1414

555|555 ] 6| 7913

666|666 67912

T 777177 7 7] 809

S 91999 9 9] 99|10

and R, {i so that they can be computed efficiently. The modified tables are named

as £;1(€) and R;l(p, £), respectively, for 1 < h < k. First, we define ﬁ;l(é) as
follows:

L' ife=1
£ = | min 1spzs, ) (L Bi(p). €= p)) if€=2

1<t=p=<8,0 (B, (P))
0 otherwise,

for 1 <€<8,(1) and 2 < h <k, where 8} (p) = L', (p) + 1.
In addition, table R;l (p, £) is defined as follows.

£l (p if £ < p,
Ry (0.0 = Ly (B ().t —p)  if 1 <€~ p<5y(B}(p)) and Bj(p) <n,
n+36,—1(1) — p+1 otherwise,

forl <p<dp_1(1),1<€<é,(1),and2 <h <k.

Analogous to Lemma 4.1, Lemma 5.1 describes the relation between tables ﬁ;l
and R;l and we also omit the proof. Note that we use R;l as an auxiliary table for
computing E;l but not £, Jil.

Lemma 5.1 £; ' (¢) = minj<p<minfe,s,_; ()R, (P, O}, for 1 <€ <8,(1) and 2 <
h <k.

Figure 7 is an illustration for computing EZI by using the formula described in
Lemma 5.1. After finding the minimum value in each column of R;l (p,£), we can
find the corresponding values of E;l (€) (see Fig. 2(b)). Note that R;l (p,?) itself is
computed through tables £3 and L;()l (see the first row in Figs. 6 and 1(d), respec-
tively).

Similar to Lemma 4.6, Lemma 5.2 shows that matrices R;l are totally monotone
matrices, for h =2, 3, ..., k, and we omit the proof.

Lemma 5.2 Matrices ’R;] are totally monotone matrices, forh =2,3, ..., k.

With a minor modification of Algorithm Mosaic1, Algorithm Mosaic? is pro-
posed as follows.
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Algorithm Mosaic2

Input: A positive integer k and L;)l (i,0),1<i<nand1=<{=<dy().

Output: L;(1, j),for1 <j <n.

Step 1. Compute L;l (€) by using the formula in Lemma 5.1 for 1 < € < (1) where
h=2,3,... k.

Step 2. Return L (1, j), for 1 < j <n, by scanning E;] ©).

Theorem 5.3 The query procedure for finding inlays with respect to all substrings
T(1,j),1<j<n,canbe donein O(Vk) time.

Proof The correctness of Algorithm Mosaic? is similar to that of Algorithm Mo-
saicl. In Algorithm Mosaic2, by using the formula in Lemma 5.1, Step 1 can
be done in O (Jyk) time. Clearly, Step 2 takes at most O (J%) time. Note that if con-
secutive entries of T have the same L (1, j), we only return one value of Ly (1, j)
companied with this consecutive interval. This completes the proof. g

6 Concluding Remarks

In this paper, we propose two algorithms for solving the resequencing LCS problem.
Both algorithms take O(nml) preprocessing time. The time-complexities of their
query time are O (ndlogk) and O (Jrk), respectively, where the former is used to
find inlays with respect to all substrings of 7" while the latter is for finding inlays with
respect to all substrings 7'(1, j), 1 < j <n. The reason why our proposed algorithms
can be performed efficiently is that tables Rz]l, ; have the totally monotone property.
This raises the following interesting questions: (1) Is it possible to further improve
the results? (2) Which kind of inverted indexing tables have the totally monotone
property?
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