[image: image1.png]Theorem 1 The above algorithm finds a perfect matching, if any exists; in a planar
graph G of order n, in O(log® nlog ®) deterministic time with O(n2M (n)) processors
on a CRCW PRAM, where & is the number of perfect matchings of the graph and
M(n) is the best sequential complezity of matriz multiplication of size n.

Proof

Correctness: If G has no perfect matching, the algorithm immediately stops at
Step 3. In Step 5, all edges belonging to all perfect matchings of G (as it has been
previously updated by the algorithm) are added to M; the end-vertices of these
edges and their incident edges are eliminated from G.

In the case that after Step 2 ¢ = 1, all edges belonging to the unique perfect
matching are added to M by Step 5 of the same iteration, so M becomes perfect
and the algorithm terminates without having Step 6 executed.

In Step 6, all edges (4,j) which are left in the graph, have ¢;; < ¢. If there is
a perfect matching in G but M has not yet become perfect, then some edge (i, 7)




[image: image2.png]with ¢;; > 0 exists. Moreover, since V¥ i € V(G), Z ¢ij = ¢, there must be an
FET(3)

edge (7,7) with 0 < ¢;; < L |. An edge with this property is added to the perfect
matching and its end-vertices and their incident edges are deleted from G. Then
either M is perfect or the new G obtained has ¢;; perfect matchings.

Thus, after some (in fact, O(log @) or less) iterations of the repeat-until loop,
a graph with a unique perfect matching occurs. Then, during the next iteration of
the loop, all edges of this unique perfect matching are added by Step 5 to M, which
becomes perfect and so the algorithm finishes.

Complexity: Finding a Pfaffian orientation and the Pfafian of a matrix in
Steps 1 and 2, costs O(log®n) deterministic time with O(nM (n)) processors on a
CRCW PRAM ([9].

In Step 4, the Pfaffian of O(n) matrices is calculated; thus this step can be
completed in O(log” n) deterministic time with O(n®M(n)) processors.

Operations as edge selection, addition to M, and deletion from G in Steps 5 and
6 take O(1) time.

By deletion of the edge chosen in Step 6.1, at least half of the perfect matchings
of G are eliminated.

In the worst case, where only one edge is selected at each iteration of the repeat-
until loop, after O(log ®) iterations, a graph with a unique perfect matching occurs
and the algorithm finishes in the next iteration of the loop. This completes the
proof. O





