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Abstract

The Hierarchical Crossed Cube is a new Hi-
erarchical interconnetion mnetwork, proposed by
[Hong-Chun Hsu, Chang-Hsiung Tsai, Cheng-
Hsien Tsai, Guei-Jhuang Wu, Shin-Hao Liu,
and Pao-Lien Lai, Hierarchical Crossed Cube:
A New Interconnection Topology, Proceedings of
the 25th Workshop on Combinatorial Mathemat-
ics and Computation Theory pp. 70-79, (2008)].
For n < 2, the HCC(k,n) is bipartite and has
no cycle of odd length. Hence, we investigate the
panconnected property of HCC(k,n) for n > 3
in this paper. For any two adjacent vertices con-
nected by an external edge, there exists a path of
length |, with | = 1,7 and 9 < [ < 2F+2n _ 1,
joining them. Let dgcc k) (u,v) denote the dis-
tance between u and v in HCC(k,n). For any two
vertices that the shortest path joining them con-
sists of external edges, there exists a path of length
L with 1 dacckn) (U, v), dgcokn) (u,v) + 2
and dHCC(k,n)(u7v) + 4 < l < 2k+2n -1 jOi’rL—
ing them. For any distinct two vertices u,v ex-
cept the above mentioned conditions, there exists
a path of length | with | = dgcc(en)(u,v) and
drccen)(u,v) +2 < 1< 28020 1 joining them.

1 Introduction

Recently, Hierarchical interconnection networks
have obtained lots of attention. There are many
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research about the Hierarchical structure [6, 10,
12, 14, 17]. A new interconnection network is
proposed and called Hierarchical Crossed Cube
(HCC) [8]. The HCC has many advantages such
that lower degree, smaller diameter and maxi-
mum fault tolerance in same number of vertices.
The interconnection network can be expressed as
a graph. For the graph definition and notation we
follow [2, 7]. The vertices on the graph represent
processors and edges represent links between pro-
cessors. Let G = (V, E) be an undirected graph,
where V(G) is the vertex set and E(G) is the edge
set.

For convenience, b represnets the complement
string of binary string b. The terms binary string
and binary number are used interchangeably in
the following discussions. A path in a graph is
a sequence of vertices such that from each of its
vertices there is an edge to the next vertex in
the sequence. We use (u,v)-path or (vg, P,v,) or
P(vo,v,) to denote path P = (vg,v1...v,). Let
len(P) denote the length of path P that is the
number of edges in P. A cycle is a path with at
least three vertices such that the first vertex is the
same as the last one. The distance between u and
v, denoted by dg(u,v), is the length of shortest
path of G joining u and v.

A graph G is said to be hamiltonian connected
if there exists a hamiltonian path between any
two vertices of G [13]. A graph G is pancon-
nected if there exists a path of length [ joining
any two different vertices u and v with dg(u,v) <
I < |V(G)| —1 [1]. The panconnectivity is an
important property to determine if the topol-
ogy of a network is suitable for some applica-
tions where mapping paths of any length into
the topology of network is required. The pan-
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connectivity of interconnection networks have at-
tracted much research interest in the recent years.
A large amount of related work appeared in the
literature [4, 5, 11, 15, 16]. For n < 2, the
HCC(k,n) is bipartite and has no cycle of odd
length. Hence, we investigate the panconnected
property of HCC(k,n) for n > 3 in this paper. For
any two adjacent vertices connected by an external
edge, there exists a path of length [ with [ = 1,7
and 9 <[ < 2F+27 _ 1 joining them. For any two
vertices that the shortest path joining them con-
sists of external edges, there exists a path of length
I with [ dHCC(k,n) (uav)7dHCC(k,n) (U’U) + 2
and dycc(en)(u,v) +4 < 1 < 2k+2n _ 1 join-
ing them. For any distinct two vertices u,v ex-
cept the above mentioned conditions, there exists
a path of length | with | = dycon)(u,v) and
drcc () (u,v) +2 < 1 < 25727 — 1 joining them.

The rest of this paper is organized as follows. In
Section 2, we first introduce the necessary prelim-
inaries of Hierarchical Crossed Cube. Then the
panconnected properties of Hierarchical Crossed
Cube are discussed in Section 3. Finally, some
conclusions are given in Section 4.

2 Preliminary

We need to define Crossed Cube before intro-
ducing Hierarchical Crossed Cubes. To defind
Crossed Cube [3], a notion called ”pair related”
relation is listed as follows.

Definition 1 Let R = {(00,00), (10, 10), (01, 11),
(11,01)}. Two digit binary strings u = ujug and
v = v1vg are pair related, denoted as u ~ v, if and
only if (u,v) € R.

The following is the recursive definition of the
n-dimensional Crossed Cube CQ,,.

Definition 2 The Crossed Cube CQ; is a com-
plete graph with two vertices labelled by 0 and 1,
respectively. For n > 2, a n-dimensional Crossed
Cube CQ,, consists of two (n—1)-dimensional sub-
Crossed Cubes, CQ%_, and CQL_,, and a per-
fect matching between the vertices of CQY_, and
CQL | according to the following rule:

Let V(CQY_1) = {Oup_oup_3...up : u; €
(0,1)} and V(CQL_,) = {lvp—2vp_3...v0 : v; €
(0,1)}.  The vertex u 0Up—2Up—_3...Uy €
V(CQY_,) and the vertex v = 1v,_ov,_3...0 €
V(CQL_,) are adjacent in CQ, if and only if
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1. Up_o9 = vy_9 if n is even, and
2. (’LLQiJrlUQi,UQiJrl'UQi) S R, fOT’ 0<i1< L%_IJ .

For convenience, let v = v,,_1V,_2Vn_3...0
be the i-dimensional neighbor, 0 < i < n — 1,
of u = Up_1Up_2Up_3...ug if the following condi-
tions are satisfied: (1) u; = v; fori+1 < j <n-—1,
(2) ui # vi, and (3) (ugj1uzj, vaj41,025) € R
and u;_1 = v;_1 if 7 is odd, for 0 < j < \_lglj.
Moreover, let u*, 0 < i < n — 1, denote the i-
dimensional neighbor of vertex v in CQ,,. A graph
G is i-fault Hamiltonian connected if G — F' is also
Hamiltonian connected, for any faulty set F' where
F Cc V(G)UE(G) and |F| < i. Some well-known
properties of CQ,, are necessary in the following
discussion and listed as follows.

Lemma 1 The diameter of CQ,, is [*41].

Lemma 2 [/, 5, 15] For any two vertices u and
v with distance dcq, (u,v) in CQ, with n > 2,
CQ,, contains an (u,v)-path of every length I from
dcq, (u,v) to 2™ — 1 except for dcg, (u,v) + 1.
Lemma 3 [9] CQ,, is (n — 3)-fault Hamiltonian
connected for n > 3.

Shown as Fig. 1.b, CQ3 is symmetric. Hence,
it is not difficult to verify the two useful properties
in Lemmas 4, 5 and it may be possible to omit the
detail proofs.
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Figure 1: Illustrations of C'Qs.

Lemma 4 Let u and v be two distinct vertices of
CQs. CQs3 contains an (u,v)-path of every length
l from 3 to 7.

Lemma 5 Let u,s,t be three successive vertices
of CQ3 with dog,(u,s) = 1, degs(s,t) =1 and
dogs(u,t) = 2. There exists a path of length 6
joining s and t in CQ3 — u.
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We now introduce the Hierarchical Crossed
Cubes for the following discussion. Let k,n be
two positive integers and HCC(k,n) denote Hi-
erarchical Crossed Cubes. HCC(k,n) is a graph
G = (V,E) on 2F+2" vertices, where V = {v|v =
Vk+2n—1Vk+2n—2 - - - 'Ul’l)o|’l)i S (0, ].), 0<i<k+
2n — 1} and E = Ejp U Eepy. The label of a ver-
tex u is divided into three parts, say ©v = uxuyuz,
where ux Uk42n—1Uk42n—2 - - - U2p,
U2p—1U2n—2 - - - Un, and Uz
The set of edges F is the union of two sets F;,; and
E..:, which are the sets of internal and external
edges, respectively, as the following equations.

Uy
Up—-1Up—92 ...UQ.

1. Binr = {(w,v)lux = vx,uy = vy, and
(uz,vz) € E(CQ,)} and

2. Eezt = {(U,’U)KU)(,U)() S E(Qk)vuY = Vz,
and uy = vy }.

The structure of HCC(k,n) consists of three
levels of hierarchy. At the highest level of hi-
erarchy, we have 2F classes that connected in
a Hypercube fashion, denoted as Sycc(r,n) (),
and each class consists 2" cubes constitute
the second level hierarchy, denoted as CQ%I’y).
In final level, each cube is formed as a CQ,
of 2" wvertices. Figure 2 shows the structure
of HCC(2,3). Moreover, HCC(k,n) is con-
structed with two HCC(k—1,n)’s, called
HCC(k — 1,n)? and HCC(k — 1,n)', respec-
tively, where the label of vertex is starting
with 0 and 1, respectively. For example, u =
Ouk+2n_2uk+2n_3 . UUY € V(HCC(k -1, TL)O)
and v = Vg4 2n—2Vk42n—3 - - - V1V €

V(HCC(k —1,n)Y).

Z Level

X Level

Shccz,3(00)

00 01

01010 100

Shicce3)(01)

CQ3(01,100) CQ3(01'01O)

HCC(2,3)

Figure 2: Structure of HCC(2,3).
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Let u = uxuyuz and v = vxvyvz be two
distinct vertices of HCC(k,n). Let d¥(u,v) and
d!(u,v) denote the number of external edge(s)
and internal edge(s), respectively, in a shortest
path joining w,v in HCC(k,n). By Algorithms
in [8], we have the distance and diameter results
for HCC(k,n) as Lemmas 6 and 7.

Lemma 6 Let k and n be two positive integers.
Let u = uxuyuyz and v = vxvyvz be two distinct
vertices of HCC(k,n). Then dgcc(kn)(u,v)
dE (u,v) + d (u,v) with

(1) d¥(u,v) = 0 and d* (u,v) = dcg, (uz,vz) if
ux = vx and uy = vy; or

(2) d¥(u,v) =2 and d'(u,v) = dcq, (uy,vy) +
deg, (uz,vz) if k =1, ux = vx and uy #
vy ; or

(3) dE(u,v) = dg,(ux,vx) and d!(u,v)

deq, (uy,vy) +deq, (uz,vz) if do, (ux, vx)
1S even; or

(4) df(u,v) = dg, (ux,vx) and d(u,v) =
dcq, (uy,vz) +dcq, (uz,vy) if do, (ux,vx)
s odd.

Lemma 7 Let k and n be two positive integers.
Then the diameter of HCC(k,n) is equal to 2 +
2[2H7 ask =1 and equal to k+2[ %] for k > 2.

For convenience, let @& denote the bitwise Exclu-
sive or (XOR) operation on binary numbers. Let
u = uxuyuz and v = vxvyvz be two vertices
of HCC(k,n). We call v be the I;-dimensional
(respectively, the Ej-dimensional) neighor of u

if ux = vx, uy = vy, and vy = (uz)" (re-
spectively, if ux = vx ® 2/, uy = vz, and
uz = vy). Moreover, let symbols uli, 0 <
i < n—1, and uP, 0 < 7 < k-1, de-

note the I;-dimensional and the Ej-dimensional
neighbors of vertex u, respectively, in HCC(k, n).
Let L(k + TL) = {Io, 117 te ,In_l, EQ, s 7Ek_1}
denote the set consisting of k + n edges out-
going from a vertex in HCC(k,n). The ele-
ments of L(k + n) can be used to represent a
path in HCC(k,n) explicityly. For instance,
we write 0000000[Iy, I1, Eo]1011000 to denote
the path (0000000, 0000001, 0000011, 1011000) in
HCC(1,3).

For HCC(k,n), we list some useful properties
as Observations 1-11 and omit proof here because
of space limit. By Algorithms in [8], we also
have the shortest path property as Observation
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1. Moreover, two results on adjacent vertices of
HCC(k,n) are presented as Observations 2 and 3

Observation 1 Let k and n be two positive inte-
gers and let uw = uxuyuz and v vx Uy Uz be
two vertices of HCC(k,n) with dg, (ux,vx) >
2. Then there exists such shortest path as
P,(u, P!, vP=1 v) that all vertices of P. belong
to the same subgraph HCC(k — 1,n)%, i = 0,1,
of HCC(k,n) and v belongs to another subgraph
HCC(k —1,n)" of HCC(k,n).

Observation 2 Let k,n be two positive integers
and let u,v be two adjacent vertices of HCC'(k,n)
with v =ul, 0 <i <n—1. Thereis a (u,v)-path
of length 7 as w[E;,I;, E;, I;, E;, I;, E;]v, 0 < j <
k—1,in HCC(k,n).

Observation 3 Let k,n be two positive integers
and let u,v be two adjacent vertices of HCC(k,n)
withv =u¥,0 < j <k—1. There is a (u,v)-path
of length 7 as ull;,E;,I;, E;, I;, E;, I;]Jv, 0 < i <
n—1, i HCC(k,n).

To simplify the explanation, if no ambiguity
arises, consider each subgraph C’ng’y), (x =
Tp—1Tk—2 ... T120lz; € {0,1},0 < i < k — 1,
Y =Yn—-1Yn—2-- ~y1y0|yj S {07 1}70 < ] <n- 1)7
as a super vertex, and consider HCC(1,n) as a
complete bipartite graph Kan on of super vertex.
Clearly, HCC(k,n) is also a bipartite graph of su-
per vertex for k > 2. Herein, the super vertex
of CQSE’y) is also labeled by (z,y) or zy. A cy-
cle (respectively, path) consists of super vertices
of HCC(1,n) is called a super cycle (respectively,
super path). Then, we have the following observa-
tions on super cycle and super path.

Observation 4 There exists the super cycle con-
taining even number of super vertices from 4 to
27t in HCC(1,n) forn > 1.

Observation 5 Let £k > 2, n > 3, and
let w,v be two adjacent wertices, connected
by an internal edge, of HCC(k,n). Then

daco e (=1, vF=1) = 3. (See Fig. 3)

Observation 6 Let k,n be two positive integers
with k > 2, and let u,v be two distinct ver-
tices of HCC(k,n) with v = (uF)F 0 < i #
i' < k—1. There is a (u,v)-path of length 4 as
U[Ij,Ei/,Ei,Ij]’U, 0 < j <n-— 1, m HCC(]C,TL)
(See Figure 4).
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Figure 3: Illustration of Observation 5.

Figure 4: Illustration of Observation 6.

Observation 7 Let n be one positive integer and
let SO, ST be two partite sets of the same number 2"
of super vertices in HCC(1,n). Let s°, s be two
super vertices with s° € S° and s' € S*. There
exists a super path of odd length from 1 to 2n+1 —1
joining s° and s* in HCC(1,n).

Observation 8 Let n be one positive integer and
let SO, ST be two partite sets of the same number 2"
of super vertices in HCC(1,n). Let s°, s be two
super vertices with s°, st € SO (or %, st € St).
There exists a super path of even length from 2 to
27+ — 2 joining s and s' in HCCO(1,n).

Let P = (uy = up, PO uy,ul, Pt ... ul,, P™,
Um+1) be a (ug, Um41)-path of HCC(k,n) where
path P, 0 < ¢ < 'm, contains only internal
edge(s) (ujr1 = u} if len(P;) = 0), and (u;, u}) €
Eert(HCC(k,n)) for 1 < i < m. P'is called an
internal subpath of P. Note that each super path
contains no internal edge(s) but external edge(s).
Hence, we can get a longer path by augmenting a
super path with valid internal subpath(s). By the
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structure of HCC(1,n) and Observations 7 and 8,
we have Observations 9 and 10. Moreover, Obser-
vation 11 follows by Lemma 2.

Observation 9 Let n > 3 and let S°, S be two
partite sets of the same number 2™ of super vertices
in HCC(1,n). Let s° € S° st € S! and let u €
CQ%O and v € C’Qf: be two distinct vertices of
HCC(1,n). Let P(s° st) be a super path of odd
length p, 3 <p < 2"t1 — 1 in HCC(1,n). There
exists a (u,v)-path consists of p external edges and
at least p— 1 internal subpath(s) of nonzero length
in HCC(1,n).

Observation 10 Let n > 3 and let SO, S be
two partite sets of the same number 2" of su-
per vertices in HCC(1,n). Let s°, s be two su-
per vertices with s°, st € S° (or s°,s' € St)and
let u € C’Qfl0 and v € C’Qfl1 be two wvertices of
HCC(1,n). Let P(s% s') be a super path of even
length p, 2 < p < 2" — 2 in HCC(1,n). There
exists such (u,v)-path consists of p external edges

and at least p — 2 internal subpath(s) of nonzero
length in HCC(1,n).

Observation 11 Let n > 3 and let S°, S' be two
partite sets of the same number 2™ of super ver-
tices in HCC(1,n). Let u,v be two wvertices of
HCC(1,n) and let P(u,v) be a path of length Iy
and consist of p external edges and m > 1 in-
ternal subpath(s) of monzero length. Then there
exists a (u,v)-path of length | with | = ly and
lo+2<Ii<p+m(2"—1)in HCC(1,n).

3 The Panconnected property of
HCC(k,n)

In this section, we will first discuss the pan-
connected property of HCC(1,n) as Theorem 1
and then use induction to demonstrate the pan-
connected property of HCC(k,n) as Theorem 2.
Note that we only investigate the panconnected
property of HCC(k,n) for n > 3 as HCC(k,n) is
bipartite and has no cycle of odd length for n < 2.
Lemmas 8-13 provide necessary path properties
for Theorem 1.

Lemma 8 Letn > 3 and let S°, S be two partite
sets of the same number 2™ of super vertices in
HCC(1,n). Let s € S%s' € S' and let u €
CQZO and v € CQle be two adjacent vertices of
HCC(1,n). There exists the (u,v)-path of length
lwithl =1,7and9 <1 < 212" 1 in HCC(1,n).
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Proof: By Oberservation 3, there exists a path
P(u,v) = ully, Eo, Iy, Fo, Io, Eo, Io]v of length 7
joining v and v in HCC(1,n). Clearly, there
are 3 external edges and 4 internal subpaths of
nonzero length on P(u,v)(See Fig. 5.a). By Ob-
servation 11, we can get the longer path of length
from 9 to 3 +4(2" — 1) = 4(2") — 1 joining u
and v. By Observation 9, there exists the P(u,v)
consists of 2m — 1 external edges and 2m inter-
nal paths of nonzero length for 2 < m < 2" in
HCC(1,n)(See Fig. 5.b). By Lemmas 1 and 7,
len(P(u,v)) < 2m — 1+ 2m([2£L]). By Observa-
tion 11, we can get the longer path of length from
2m — 1+ 2m([2+1]) + 2 to 2m2" — 1. Note that
2m — 1+ 2m([2L]) +2 < (2m —2)2" for n > 3
and m > 2. The lemma holds. O

O & O T® O
O ®O T®O
00|00 ®0
00|00 00

(@ (b)

Figure 5: Illustration of Lemma 8.

Lemma 9 Let n > 3 and let S°, 5! be two par-
tite sets of the same number 2™ of super vertices
in HCC(1,n). Let s € S% st € S' and let
u € CQfLO and v € CQ;Z1 be two mon-adjacent
vertices of HCC(1,n). There exists the (u,v)-
path of length | with | = dgccan(u,v) and
ducon(u,v)+2 <1 <212 — 140 HCC(1,n).

Proof: Clearly, the shortest path joining v and
v has at least one external edge and one internal
subpath of nonzero length(See Fig. 6.a and 6.b).
By Observation 11, we can get the longer path of
length from dgcck,n) (U, v) + 2 to 2™. Moreover,
there exists the path P(u,v) consists of 3 external
edges and 2 internal subpaths of nonzero length
in HCC(1,n) as Fig. 6.c. Clearly, we can get the
longer path of length from 3 + 2([217]) + 2 to
271 4+ 1. Note that 3+2([2F1])+2 < 2" +1. By
Observation 9, we can get the (u, v)-path, denoted
by P, consists of 2m — 1 external edges and 2m
internal subpaths of nonzero length for 2 < m <
2" in HCC(1,n)(See Fig. 6.d). By Lemmas 1, 7
and Observation 11, we can get the longer path of
length from 2m — 1+ 2m([251]) 4 2 to 2m2" — 1.
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Note that 2m — 14 2m([2E]) +2 < (2m — 2)2"
for n > 3 and m > 2. The lemma holds. O
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Figure 6: Illustration of Lemma 9

By these similar proof techniques in Lemmas 8
and 9 with Lemmas 1, 2, 4 and Oberservations 2,
4, 8, 10, and 11, we can prove Lemmas 10 and 11.

Lemma 10 Let n > 3 and let S°, S be two par-
tite sets of the same number 2™ of super vertices
in HCC(1,n). Let x € S° (or z € S') be a
super vertexr and let u,v € CQF be two distinct
vertices of HCC(1,n). There ezists the (u,v)-
path of length | with | = dgccan(u,v) and
ducon(u,v)+2 <1 <212 —140 HCC(1,n).

Lemma 11 Let n > 3 and let S°, S be two par-
tite sets of the same number 2™ of super vertices in
HCC(1,n). Let s, s' € SO (or s, s' € S*) be two
distinct super vertices and let u € CQ,S;LO and v €
CQf: be two vertices of HCC(1,n). There exists
the (u,v)-path of length l with | = dgcco@,n)(u,v)
and dgoca ) (u,v) +2 <1< (27" —1)2" — 1 in
HCC(1,n).

Let s°, s be two distinct super vertices in the
same partite set of HCC(1,n). For u € C’Qfl0 and
v E CQZI, we construct the other necessary (u,v)-
paths in Lemma 12 and Lemma 13 for HCC(1, 3)
and HCC(1,n), n > 4, respectively.

Lemma 12 Let u € CQYY and v € CQYY be
two wvertices of HCC(1,3) with y # y'. There
exists the (u,v)-path of length 54 < 1 < 127 in
HCC(1,3).
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Proof: Let s,t € CQ3Y be two adjacent ver-
tices with deg,(uz,sz) = 1, degs(sz,tz) = 1,
dogs(uz,tz) = 2, and vz # tz. By Lemma 5,
there exists a (s,t)-path of length 6 in CQ3"Y — u.
Let P(zy,xy’) be a path consists of 16 external
edges and 16 internal subpaths of nonzero length
as Fig. 7. By Lemmas 1, 2 and Oberserva-
tion 11, we can construct the (u,v)-path of length
16 + 6 + 15([232]) + 2 < 1 < 127 in HCC(1,3).
Note that 16+6+15([ 252 +2]) = 54. This lemma
holds. O

(]

000000
00000008

(a) (b)

Figure 7: Hlustration of Lemma 12.

Lemma 13 Let n > 4 and let S°, S be two par-
tite sets of the same number 2™ of super vertices in
HCC(1,n). Let s°, s' € SO (ors°, s' € S') be two
distinct super vertices and let u € C’QfLO and v €
C’QZ1 be two vertices of HCC(1,n). There exists
the (u,v)-path of length 1 with | = dgco@,n)(u,v)
and dyccany(u,v) +2 < 1 < 2142 — 1 4n
HCC(1,n).

Proof: Let s,t € CQZO be two distinct vertices
with u # s,t and vz # tz. By Lemma 3, there
exists a (u,v)-path of length 2™ — 2 in C’fo — u.
By the similar proof techniques in Lemmas 8, 9,
and 12, we can construct the (u, v)-path of length [
with | = dgco@,n) (u,v) and dgcea ) (v, v)+2 <
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[ <22 _1in HCC(1,n) and this lemma holds.
O

We now list the panconnected results for
HCC(1,3) as Lemmas 14 and 15.

Lemma 14 Let u,v be two vertices of HCC(1, 3)
with v # u®0. There exists the (u,v)-path of length
I with | = dgcc,3)(u,v) and dgco s)(u,v) +
2 <1< 27 —1 joining them in HCC(1,3).

Lemma 15 Let u,v be two adjacent vertices of
HCC(1,3) with v = uf. There exists the (u,v)-
path of length | with 1 = 1,7 and 9 <1 <27 —1 in
HCC(1,3).

By Lemmas 8-15, the panconnected result for
HCC(1,n) is presented as Theorem 1.

Theorem 1 Let n > 3, and let u and v be two
vertices of HCC(1,n). HCC(1,n) contains the
(u,v)-path of length | with
() 1=1,7and 9 <1 <220 — 1 jf v =ulo; or
(2) Il =dgcc@m(u,v) and dgccn) (u,v)+2 <
[ <2120 1 gf o #£ uPo,

We then consider the necessary paths in
HCC(k,n) for k > 2 as Lemmas 16 and 17. By
the symmetry of @, any two distinct vertices
u = uxuyuyz and v vxvyvy of HCC(k,n)
with vx # ux, there exists such automorphism o
that o(u) and o(v) belong to the same subgraph
HCC(k—1,n)",i=0,1,of o(HCC(k,n)). Hence,
we only discuss the two conditions: (1) vx # Ux
and (2) vx = ux for (u,v)-paths in HCC(k,n).
Lemma 16 is an important induction property for
condition (1). Lemma 17 presents the necessary
result for condition (2).

Lemma 16 Let Kk > 2 and n > 3 and let
u,v be two vertices belong to the same subgraph
HCCO(k—1,n)%, i = 0,1, of HCC(k,n). There
exists the (u,v)-path of length | with 2F=1+2n <
[ <2k 1 in HCCO(k,n) if there is the (u,v)-
path of length lo with max(9, dgcc(k—1,n) (u,v) +
4) <lp < 2F-1420 1 in HCC(k — 1,n)".

Proof: Without loss of generality, let ¢ = 0
and let P%(u,v) be the path of length Iy with
maxz(9, dgoc(k—1,ny0 (u,v) +4) < lg < 287120
in HCC(k —1,n)°. Let (s,t) be an external edge
on P%(u,v) and P°(u,v) = (u, P, s,t, POl v).
Clearly, (sPr-1 tFr-1) is an external edge
in HCC(k — 1,n)'. By the induction hy-
pothesis, there is the path P! (sPk-1 ¢Fr-1)
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of length I; with 9 < [ < 2k1+2» _ 1
in HCC(k — 1,n)%. Let P(u,v)
(u, P99 s, sPr—1 Pl(sEr-1 $FPe—1) $Be—1 ¢ POl 4)
Note that maz(9, dgcc(k—1,n)0(u,v) +4) +8 <
len(P(u,v)) < 2F2" — 1. By Lemmas 1
and 7, max(9,dgccr—1,np0(w,v) + 4) + 8 <
1
maz(9,2(k — 1) + 2[5 4 4) 4 8 < 2h-142n

2
for k > 2 and n > 3. Clearly, P(u,v) has length [

with 2k=142n < | < 2k+2n _ 1 in HCC(k,n) for
k> 2. O

Lemma 17 Let k¥ > 2 and n > 3 and
let w,v be two wertices of HCC(k,n) with
vx = TUx. For dgoco(em(u,v) = d¥(u,v) > 2,
there exists a path of length |  with
Il = ducommn) (), daccn) (u,v) + 2 and
drccn) (U, v)+4 < 1< 28727 —1 joining them in
HCC(k,n). For dgcc(kn)(u,v) > d¥ (u,v), there
exists a path of length I with | = dgcc (kn) (U, v)
and dyoc (e (u,v) +2 < 1< 28020 — 1 joining
them in HCC(k,n).

Proof:  Without loss of generality, let u €
HCC(k —1,n)° and v € HCC(k — 1,n)*. We
prove this lemma by induction on k. By The-
orem 1, this lemma is true for £ = 1. As-
sume that HCC(k — 1,n) is true. We now
prove that this lemma still holds in HCC(k,n).
Then, consider P(u,v) with the following two
cases: (1) dycc (i (u,v) d¥(u,v) = 2,
and (2) ducc(en) (u,v) d¥(u,v) > 2 or
dHCC(k,n) (uvv) > dE(u,v).

Case 1: dycc(n (u,v) = d¥ (u,v) = 2.

By Oberservation 6, there exists a path
Py(u,v) = ul[ly, Ey, B, Ilv = (u,u,t,0",v) of
length 4 joining v and v. Clearly, len(Py(u,v)) =
drcc (k) (u,v))+2 and there are 2 external edges
and 2 internal edges on Py(u,v). Let P°(u,u’) be a
path of length Iy with dgcc(p—1,n)(u,u')+2 =3 <
lp < 2k=142n 1. Let P'(v,t) be a path of length
I with dgocr—1,m) (0,1)+2 =4 <y < 2k-1+2n—
1. Let P(u,v) (u, PO(u,u’), v, v, Pt(v,t),t)
be a path of length I = [y + 11 + 1. Then
dacc-1mn) (U, u') +2+dgcc—1,n) (v1) +2+
1 <1< 22 1. Note that dyco(k—1,n)(u, u') +
2+dycok-1,0)(v,t) +2+ 1 =dycon)(u,v) +
4. Thus, there exists a path of length |
with [ = dHC’C(k,n)(uvv)vdHCC(k,n)(uvv) + 2 and
drcon (u,v) +4 <1 < 2827 — 1 joining them
in HCC(k,n).

Case 2: dHCC(k@ (u,v) = dF(u,v) > 2 or
dHCC’(k,n) (u,v) > d*(u,v).
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By Observation 1, we can find a shortest path as
Ps(u,v) = (u,...,v" v ,v) (see Figure 8). By the
induction hypothesis, there exists a path P°(u, ")
of length [y with dHC'C(kfl,n)o (u,v') + ¢ < lg <
2k=142n_1 ¢ =24 in HOC(k—1,n)". Note that
dacck-1,n) (V") = dgccok,n)(u,v) — 1. Then
we can obtain a path P(u,v) = (u, P°(u,v’),v’,v)
of length dycc(kn(u,v) + ¢ < len(P(u,v)) <
2k71+2n.

know

We that dHCC(k—l,n)O (u,v") =
ducon (u,v) — 2. Let P(u,v”) be a pat

of length Iy with dyccok—1,n)0(u,v") +c¢ < g <
k=142 1 ¢ = 2.4 in HCC(k — 1,n)° and
let Pl(v,t) be a path of length I; between v,t in
HCC(k — 1,n)!. By Observations 4 and Obser-
vation 5, we know that v = t¥, 0 < i < k — 2,

or dgcc(k—1,n(v,t) = 3 > d¥(v,t) = 1. This
implies that 11 = 1,7, or 9 < [ < 2k-I+2n
if v = t% and implies that [; = 3 or

5 < Iy < 28l dycogorn (v,t) = 3.
Let P(u,v) (u, PO(u,v"),v" t, P(t,v),)
have length | = 1Ilop + 1 + 1. Then
dHCC'(kfl,n)U (u, ") +c+1+5<1< 22tk _ 1,
Note that (dgcc () (u,v) —2)+10 < 27124 ]
for £ > 2 and n > 3. This completes the proof. O

div,=lor 3

Figure 8: Illustration of Lemma 17 Case 2.

Finally, the main result, Theorem 2, is immedi-
ate from Theorem 1 and Lemmas 16 and 17.

Theorem 2 Let k > 1 and n > 3 and let v and
v be two vertices of HCC(k,n). HCC(k,n) con-
tains the (u,v)-path of length | with

() 1=1,7and 9 <1 <2820 1 if v = uP,
0<t<k-—1;o0r

(2) 1 = ducco@n(uv), dacorn) (u,v) +2 and
ducomny(u,v) +4 < 1 < 2842 1 4f
drce(em (U, v) = d¥(u,v) > 2; or
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(3) I =ducckmn () and dycc k) (u,v)+2 <
[ < 2k+2n _ 1. otherwise.

4 Conclusion

The HCC'(k,n)(Hierarchical Crossed Cube) is
a new interconnection network. HCC(k,n) has
many interesting properties such as low degree,
logarithmic diameter, simple routing algorithm,
and maximum connectivity. In this paper, we
show the panconnected property of HCC(k,n)
for n > 3. For any two adjacent vertices
connected by an external edge, there exists a
path of length [ with [ 1,7and 9 < [ <
2k+2n _ 1 joining them. For any two vertices
that the shortest path joining them consists of
external edges, there exists a path of length [
with | = dgoc(kn) (4,v), dacc(kn) (u,v) + 2 and
daccopn)(u,v) +4 < 1 < 2k+2n _ 1 joining
them. For any distinct two vertices u,v except
the above mentioned conditions, there exists a
path of length [ with | = dgycc(en)(u,v) and
drcc k) (u,v) +2 < 1< 25727 — 1 joining them.
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