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Abstract

To construct parallel paths among mnodes in
interconnection networks is an important issue
concerned with efficient data transmission. Em-
bedding of paths have attracted much attention in
the parallel processing. A graph G is globally two-
equal-disjoint path coverable (GTEDPC) if for
any two distinct pairs of vertices a, b and ¢, d of
G, there exist two disjoint paths P and @ satisfy
that (1) P (Q, respectively) joins a and b (¢ and
d, respectively), (2) |P| = |Q|, and (3) V(PUQ)
= V(G). The hierarchical crossed cube is a new
hierarchical interconnection network. In this pa-
per, we study the globally two-equal-disjoint path
cover property of HCC(k,n) fork > 1 andn > 5.

Keywords:  hierarchical crossed cube, glob-
ally two-equal-disjoint path coverable, GTEDPC,
Hamiltonian path.

1 Introduction

Recently, hierarchical interconnection networks
have attracted lot of concern. There are many re-
search about the hierarchical structure[7, 10, 12,
20, 21]. A new hierarchical interconnection net-
work, the hierarchical crossed cube HCC(k,n),
was proposed in [8]. The hierarchical crossed cube
draws upon constructions used within the well-
known hypercube[18] and also the crossed cube
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(a variation of the hypercube as proposed by Efe
[4, 5]). The hierarchical crossed cube has many
advantages such as lower degree, smaller diameter,
and maximum fault tolerance in same number of
vertices. Usually, the interconnection network is
represented as a graph whose vertices represent
the nodes (i.e., processors) of the network and
whose edges represent the communication links of
the network. In this paper, we use standard ter-
minology in graphsl1].

The graph-theoretic properties of interconnec-
tion networks have been investigated with their
applications in parallel computing. However, find-
ing parallel paths among nodes in interconnection
networks is one of the important problems con-
cerned with efficient data transmission. Paral-
lel paths are usually studied in terms of disjoint
paths in graphs. A set of paths in G is called
disjoint if they do not share any vertices. To con-
struct disjoint paths in interconnection networks
is important since they can be used to increase
the transmission rate and enhance the transmis-
sion reliability. Moreover, applications of disjoint
paths have been researched in some fields such
as multipath routing[17] and fault tolerance[6].
Depending on the number of source vertices or
destination vertices, there are one-to-one[2, 13],
one-to-many|[3], and many-to-many disjoint path
problems[14, 15, 16]. However, the many-to-many
disjoint path problem is the most generalized one.
The existence of the globally two-equal-disjoint
path cover in a network implies there are two dis-
joint paths for any two source-destination pairs.
Clearly, the globally two-equal-disjoint path cover
problem is a specialized many-to-many disjoint
path problem.

In this paper, we study the globally two-equal-
disjoint path cover property of hierarchical crossed
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cube. In next section, we give the definitions of
two-equal-disjoint path cover property and hier-
archical crossed cube. Then we discuss the main
contribution in section 3. In the final section, we
give the conclusion.

2  Preliminary

Let G = (V, E) be an graph if V is a finite set
and F is a subset of {(u,v)|(u,v) is an unordered
pair of V}. We say V is the vertex set and E is
the edge set. Two vertices u and v are adjacent
if (u,v) € E. A path in a graph is denoted by
a sequence of distinct vertices (vg, vy, va, ..., Un),
where v; and v;41 are adjacent for 0 < i < n — 1.
We use (vo, P,vn) or Pry,,,) to represent a path
P = (vg,v1,v2,...,v,). For convenience, we use a
to represent the complement of binary string a.
The length of P denoted by |P| is the number of
edges in P. A path is a Hamiltonian path if its
vertices are distinct and span V. A graph G is
Hamiltonian connected if there exists a Hamil-
tonian path joining any two distinct vertices. A
graph G is Hamiltonian laceable if G is bipartite
and it has a Hamiltonian path P, ,) for any pair
of vertices u and v, where u belongs to one set of
the bipartition and v to the other.

Definition 1 Let graph G have 2k wvertices,
k > 2, andlet a, b, ¢, and d be four distinct ver-
tices of G. G is (a,b, c,d)-two-equal-disjoint path
coverable if there are two disjoint paths P,y and
Q) with |[Pay)| =1Q.aq) = k—1.

Definition 2 A graph G is globally two-equal-
disjoint path coverable (GTEDPC) if for any four
distinct vertices a, b, ¢, and d, G is (a, b, ¢, d)-two-
equal-disjoint path coverable.

As we shall see, the construction of HCC(k,n)
is built around those of hypercubes @,, and crossed
cubes CQ,. Now we define the hierarchical
crossed cubes as follows:

Definition 3 Fix k, n > 1. The hierarchical
crossed cube has vertez set {0,1}" " Each ver-
tex of HCC(k,n) is written as (u,v,w), where u
€ {0,1}" and v, w € {0,1}". The set of edges
of HCC(k,n) is partitioned into 2 sets, FEin and
Eept. The set Eyy is referred to as the set of
internal edges, while the set E..; is referred to
as the set of external edges. In more detail,

Eine = {((u,v,w), (u,v,w")) : (w,w') is an edge

of CQn.} and
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Eerr = {(u,v,w), (v, w,v)) :
of Qn-}

(u,u') is an edge

The hierarchical crossed cube HCC(k,n) is
formed by taking 2**" disjoint copies of CQ,,
with CQ,,(u,v) denoting the copy of CQ,, on the
set of vertices {(u,v,w) : w € {0,1}"} (the edges
of these copies of CQ,, form the internal edges).
The vertices in these copies of C'Q),, are then joined
by additional edges (the external edges) whereby
the vertices are partitioned into 22" sets of 2F ver-
tices, with each set of 2% vertices joined by edges
to form a copy of Q. Consequently, edges lie in
the internal layer or the external layer. Clearly,
HCC(k,n) has 2827 vertices, n28*2n~1 inter-
nal edges, and k2F+2"~1 external edges, making
(n + k)2F+2n=1 edges in total.

For each vertex a of HCC(k,n), we often label
it as (ugq,vq,w,) in this paper. Moreover, for
k > 1 and ¢ € {0,1}, denoted by Hy_1(i), the
subgraph of HCC(k,n) induced by the vertices
of (iu,v,w) : we {0,171 vwe {O,l}"}.
Note that for k > 2, Hi_1(0) and Hy_1(1) are
isomorphic to HCC(k — 1,n); for k=1, Hy(0)
and Hy(1) are two disjoint sets of CQ,s. For
each vertex a in Hy(i), i € {0,1}, we use a” to
represent the neighbor of a in Hy(7) in this paper.

Consider each subgraph CQ,(u,v) as a super
vertex, then we can view HCC(1,n) as a complete
bipartite graph Kan on of super vertices. Herein,
the super vertex of CQ,(u,v) is labeled by uv.
A Hamiltonian path consists of super vertices of
HCC(1,n) is called a super Hamiltonian path.

€Q,(01,010)

internal edge

Figure 1: Structure of HCC(2,3).
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3 HCC(k,n) is globally two-equal-
disjoint path coverable

In this section, we will first focus on the
globally two-equal-disjoint path cover property of
HCC(1,n) as Theorem 1 for n > 5. Then we
will use induction to prove HCC(k,n) is globally
two-equal-disjoint path coverable (GTEDPC) as
Theorem 2 for kK > 1 and n > 5. The following
lemmas are very important to establish our base
case, Theorem 1, of Theorem 2.

Lemma 1 [9] CQ, is (n — 3) fault Hamiltonian
connected.

Let a = (u,vq,w) and b = (u, vy, w) be two
distinct vertices of HCC(1,n) for n > 3. Since
there exists a Hamiltonian path joining (@, w,v,)
and (@, w,vy) by Lemma 1, we can obtain a path
Piq,p) traverses every vertex of V(CQn(u,w)) U
{a, b} exactly once and have the Observation 1 as
follows. (See Fig. 2)

Observation 1 For any two wvertices a
(U, Vg, w) and b = (u,vp,w) of HCC(1,n) for n
> 3, there exists a path P, p) traverses every ver-
tex of V(CQn (4, w)) U {a,b} exactly once.

(@.b)
(i, va vy)

Figure 2: Illustration of Observation 1.

Lemma 2 [19] A bipartite graph is Hamiltonian
laceable if it is equitable and whenever x and y are
two vertices from different partite set, there exists
a Hamiltonian path P joining x and y.

Lemma 3 [11] The crossed cube CQ,, is globally
two-equal-disjoint path coverable for n > 5.

In the following discussion, we prefer using
CQn(u,p;) and CQn(T,q;) to denote two CQps
in Hyo(u) and Ho(@), respectively, where 1 < i, j
< t for some integer t, p; € {0,1}", ¢; € {0,1}",
and u € {0,1}. Moreover, assume that p; # p;
and ¢; # g; it i # J.

Lemma4 Let 1 <t < 2" 1 < 4,5 <t and
let H be a subgraph of HCC(1,n), n > 5, con-
sists of 2 x t x 2™ wertices of V(CQn(u,p;)) U
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V(CQn(u,q;)). For two arbitrary vertices a €
CQn(u,v) and b € CQ,(u,v") in H, there exists
a Hamiltonian path of H joining a and b.

Proof. Consider each C'Q,, of H as a super ver-
tex, by Lemma 2, then there exists a super Hamil-
tonian path P’ of H joining uv and wv’. With-
out loss of generality, let v = p; and v/ = ¢; and
let P! = (upi, 4q1, ups, g, ..., upt, uq:) (See
Fig. 3). Then we back to our work in terms of
CQ,. By Lemma 1, there exists a Hamiltonian
path P; of CQ,(u,p;) and a Hamiltonian path Q;
of CQn(,q;) for 1 <4, j < t. Therefore, we can
obtain a Hamiltonian path P of H joining a and
b that P = <a, Pl, Ql, PQ, Qg, veny Pt, Qt7 b> O

P b,

a4
Figure 3: Illustration of Lemma 4.

<

Lemma 5 Let 2 <t < 2", 1 < 4,5 <t and
let H be a subgraph of HCC(1,n), n > 5, con-
sists of 2 x t x 2™ wertices of V(CQn(u,p;)) U
V(CQun(,q;)). For two arbitrary vertices a, b €
CQn(u,v) in H, there exists a Hamiltonian path
of H joining a and b.

Proof. Without loss of generality, let v = p; and
let z and y be two vertices in CQ,, (u,p1) — {a,b}
with wg, w, € {p;,q;} for some ¢ and j. With-
out loss of generality, let w, = ¢ and w, = ¢.
By Lemma 3, there exist two-equal-disjoint paths
P} joining a and z and P? joining b and y in
CQn(u,p1) (See Fig. 4). Then let z = (u,p2,q1),
by Observation 1, there exists a path P, .) tra-
verses every vertex of V(CQ,(4,q1)) U {z, 2} ex-
actly once. Then, let H — CQ,,(u, p1)UCQ, (T, q1)
be a subgraph of H called H'. By Lemma 4, there
exists a Hamiltonian path P’ of H’ joining z and
y”. As a result, we can obtain a Hamiltonian path
P of H joining a and b as P = (a, P, z, P, .),
z, Py, y, P2, b).

Lemma 6 Let 3 <t <27, 1 < 1,5 <t
let H be a subgraph of HCC(1,n), n > 5, con-
sists of 2 x t x 2™ wertices of V(CQn(u,p;)) U
V(CQn(4,q;)). For two arbitrary vertices a €
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Figure 4: Illustration of Lemma 5.
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CQn(u,v) and b € CQn(u,v") in H, there exists
a Hamiltonian path of H joining a and b.

Proof. Without loss of generality, let v = p;
and v/ = ps3. let x, y, and z be three vertices
in CQu(u,p1) — a with w,, wy,, w, € {pi,q;}
for some i and j. Without loss of generality, let
Wz = G, Wy = G2, and w, = ¢;. By Lemma 3,
there exist two-equal-disjoint paths P! joining a
and z and P} joining = and y in CQ, (u,p;) (See
Fig.5). Let s = (u,p2,q1) and w = (u,p2,q=)
be two distinct vertices, then by Observation 1,
there exist two paths P, ) traverses every vertex
of V(CQn(u,q1)) U {z, s} exactly once and P, )
traverses every vertex of V(CQ,(4,q2)) U {w,y}
exactly once. By Lemma 1, there exists a Hamil-
tonian path P, ) of CQy(u,p2). Then, let H —
CQn(uapl)UCQn(u7p2)UOQn(ﬂ7q1>UCQn(ﬁ7QZ)
be a subgraph of H called H'. By Lemma 4, we
can obtain a Hamiltonian path P’ of H' joining x”
and b. Therefore, there exists a Hamiltonian path
P of H joining a and b with P = (a, P!, z, P, 4,
S, P(Sﬂu), w, P(w7y), Y, P12, Z, 1‘“, Pl, b> O

Py p. P,

N
CIA

9 9, qs H' q,

=

=

Figure 5: Illustration of Lemma 6.

Theorem 1 HCC(1,n) is globally two-equal-
disjoint path coverable for n > 5.

Proof. Let a, b and ¢, d be two distinct source-
destination pairs of HCC(1,n). We establish two
disjoint paths P, ) and Q. ). Furthermore, the
two disjoint paths satisfy that [P )| = [Qca)l
and V(P U Q(c,a)) = V(HCC(1,n)). We con-
sider the relative positions of @ and ¢ of HCC(1, n)

127

as the following two conditions:
(1) a and c are in different CQ,,s.
(2) a and ¢ are in the same CQ,,.

Moreover, both condition 1 and condition 2
are divided into more subcases as Table 1. (See
table 1)

Subcase 1.1 g and b are
both in CQ,(u,,v,); c and
d are both in CQ,(u,,v,).

Subcase 1.1.1 u,=u,
Subcase 1.1.2 u, #u,

Subcase 1.2 g and b are
both in CQ,(u,,v,), c is in
CQ,(u,v,), and dis in

Subcase 1.2.1 u,=u,=u,
Subcase 1.2.2 (u,=u,) #u,
Subcase 1.2.3 u, #(u=u,)

Casel gand ¢
are in different

CQ,s. CO,(usv,).
Subcase 1.3 The four Subcase 1.3.1 u,=u,=u =u,
vertices a, b, ¢, and d Subcase 1.3.2 (u,=u,=u ) #u,
belong to four CQ,s.

Subcase 1.3.3 (u,=u,) #(u,=u,)
Subcase 1.3.4 (u,=u ) #(u,=u,)

Subcase 2.1 The four vertices a, b, c, and d belong to the same CQ,

Subcase 2.2 g, b, and c are in CQ,(u,,v,); dis in CQ,(u,v,).

Case2 aand ¢
are in the same

cQ,

Subcase 2.3 g and ¢ are
both in CQ,(u,,v,); b and
d are both in CQ,(u,,v,).

Subcase 2.3.1 u,=u,
Subcase 2.3.2 u, #u,

Subcase 2.4 a and ¢ are both in CQ,(u,,v,), b is in CQ,(u;,v,), and d
isin CQ,(u,v,).

Table 1: All cases of Theorem 1.

Case 1 a and c are in different CQ,,s.

Subcase 1.1 a and b are both in CQy(uq,v,); ¢
and d are both in CQ,,(uc, ve).

Subcase 1.1.1 u, = u,

Without loss of generality, let v, = p; and v,
= pon. Let 1 < 4,5 < 277! and let H; be a
subgraph of HCC(1,n) consists of 2 x 2"~ x
2" vertices of V(CQn(u,p;)) U V(CQn(T,q;))
(See Fig. 6(a)). Let HCC(1,n) — H; be another
subgraph called Hs. Clearly, ¢ and d are in Hs.
By Lemma 5, there exist two Hamiltonian paths
Py of Hy and Q(c q) of Hy. Therefore, we can
obtain two disjoint paths P, and Q. q) with
|Plap)] = Qe,ay| = 2°" — 1.

Subcase 1.1.2 u, # u,

Without loss of generality, let v, = p; and v,
= gon. Let 1 < 4,57 < 27! and let H; be a
subgraph of HCC(1,n) consists of 2 x 2"~ x
2" vertices of V(CQ.(u,p;)) U V(CQn(T,q;))
(See Fig. 6(b)). Let HCC(1,n) — H; be another
subgraph called Hs. Clearly, ¢, d are in Hs. By
Lemma b5, there exist two Hamiltonian paths
Py of Hy and Q(c q) of Ha. Therefore, we can
obtain two disjoint paths P, and Q. q) with
|Plap)] = Qe,ay| = 22" — 1.

Subcase 1.2 a and b are both in CQ,,(ua,v,), ¢
is in CQp(ue,ve), and d is in CQy(ug, vg)-
Subcase 1.2.1 u, = u. = uy
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Figure 6: Hlustration of Subcase 1.1.

Without loss of generality, let v, = p1, v = pPon-1,
and vg = pan. Let 1 < 4,5 < 2" 1 and let H; be
a subgraph of HCC(1,n) consists of 2 x 2771
x 2" vertices of V(CQn(u,p;)) U V(CQn(a,q;))
(See Fig. 7(a)). Let HCC(1,n) — H; be another
subgraph called Hy. Clearly, ¢, d are in Ho.
By Lemma 5, we can find a Hamiltonian path
Py of Hi. Then by Lemma 6, there exists a
Hamiltonian path Q. q4) of Ha. Therefore, we can
obtain two disjoint paths P, and Q. q) with
|P(a,b)‘ = |Q(c,d)| =227 — 1.

Subcase 1.2.2 (u, = u.) # uq

Without loss of generality, let v, = p1, v = pan,
and vg = gon. Let 1 < 4,5 < 2771 and let H; be
a subgraph of HCC(1,n) consists of 2 x 2771
x 2™ vertices of V(CQy(u,p;)) U V(CQn(T,q;))
(See Fig. 7(b)). Let HCC(1,n) — H; be another
subgraph called Hy. Clearly, ¢, d are in Hs.
By Lemma 5, we can find a Hamiltonian path
Py of Hi. Then by Lemma 4, there exists a
Hamiltonian path Q. q4) of Ha. Therefore, we can
obtain two disjoint paths P(,p) and Q(.q) with
|Papy| = [Qea)) = 2" — 1.

Subcase 1.2.3 u, # (u. = uqg)

Without loss of generality, let v, = p1, v. =
gon-1, and vg = ggn. Let 1 < 4,5 < 27! and
let H; be a subgraph of HCC(1l,n) consists
of 2 x 2771 x 27 vertices of V(CQpu(u,p;)) U
V(CQn(u,q;)) (See Fig. 7(c)). Let HCC(1,n)
— H; be another subgraph called H;. Clearly,
¢, d are in Hy. By Lemma 5, we can find a
Hamiltonian path P, ) of Hi. Then by Lemma
6, there exists a Hamiltonian path Q. 4 of
H,. Therefore, we can obtain two disjoint paths
P(a,b) and Q(c,d) with |P(a,b)| = |Q(c,d)| =22n _ 1,

Subcase 1.3 The four vertices a, b, ¢, and
d belong to four CQ,s.

Subcase 1.3.1 u, = up = u. = Uy

Without loss of generality, let v, = p1, vp = p2,
Ve = Pon-1, and vg = pon. Let 1 < 4,5 < 2771
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Figure 7: Illustration of Subcase 1.2.

and let H; be a subgraph of HCC(1,n) consists
of 2 x 2771 x 2" vertices of V(CQu(u,p;)) U
V(CQn(u,q;)) (See Fig. 8(a)). Let HCC(1,n)
— H; be another subgraph called Hs. Clearly,
¢, d are in Ho. By Lemma 6, there exist two
Hamiltonian paths P, ;) of Hy and Q. q) of Ha.
Therefore, we can obtain two disjoint paths P, p)
and Q(c,d) with |P(a,b)| = |Q(c,d)| =2 — 1.

Subcase 1.3.2 (u, = up = ) # ug

Without loss of generality, let v, = p1, vp = p2,
Ve = pon, and vg = gon. Let 1 < 4,5 < 2771
and let H; be a subgraph of HCC(1,n) consists
of 2 x 2771 x 27 vertices of V(CQu(u,p;)) U
V(CQn(u,q;)) (See Fig. 8(b)). Let HCC(1,n)
— H; be another subgraph called H;. Clearly,
¢, d are in Hy. By Lemma 6, there exists a
Hamiltonian path P, ) of Hi. Then by Lemma
4, there exists a Hamiltonian path Q. q4) of Ho.
Hence, we can obtain two disjoint paths P,
and Q(c,d) with |P(a,b)| = |Q(c,d)| =22n _ 1.

Subcase 1.3.3 (uqs = up) # (ue = uqg)

Without loss of generality, let v, = p1, vp = p2,
Ve = Qon-1, and vg = gon. Let 1 < 4,5 < 2771
and let H; be a subgraph of HCC(1,n) consists
of 2 x 2771 x 27 vertices of V(CQ,(u,p;)) U
V(CQn(4,q;)) (See Fig. 8(c)). Let HCC(1,n)
— H; be another subgraph called Hs. Clearly,
¢, d are in Hy. By Lemma 6, there exist two
Hamiltonian paths P, ;) of Hy and Q. q) of Ha.
Therefore, we can obtain two disjoint paths P, p)
and Q(c,d) with |P(a,b)| = |Q(c,d)| =22" — 1.

Subcase 1.3.4 (u, = u.) # (up = uqg)

Without loss of generality, let v, = p1, vp = q1,
Ve = pon, and vg = gon. Let 1 < 4,5 < 2771
and let H; be a subgraph of HCC(1,n) consists
of 2 x 2771 x 2™ vertices of V(CQpu(u,p;)) U
V(CQn(u,q;)) (See Fig. 8(d)). Let HCC(1,n)
— H; be another subgraph called Hs. Clearly,
¢, d are in Hy. By Lemma 4, there exist two
Hamiltonian paths P, ;) of Hy and Q. q) of Ha.
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Therefore, we can obtain two disjoint paths P, p)
and Q(c,ay With |Plap)| = [Q(e.a)) = 2*" — 1.

& [@H
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Figure 8: Illustration of Subcase 1.3.

Case 2 a and c are in the same CQ,,.
Subcase 2.1 The four vertices a, b, ¢, and d
belong to the same CQ,,.
Without loss of generality, v, = p;. By Lemma
3, there exist two-equal-disjoint paths P(’a’b) and
’(C,d) of CQn(u,p1). Without loss of generality,
let x = (u,p1,w,) be the neighbor of b on P(’a)b)
and y = (u,p1,w,) be the neighbor of d on Q’(c)d).
Moreover, let w, = ¢ and w, = ¢2. Then, let
P(/a,b) = <a7 P(a,x)a Z, b> and Q/(c,d) - <C’ Q(c,y)a Y,
d). Let Hy be a subgraph of HCC(1,n) consists
of V(CQn(u,p;)) U V(CQn(u,q;)) with 3 < 4,5
< 27! 41 and let HCC(1,n) — CQu(u,p1)
U CQn(uaPQ) U CQn(ﬂ7q1) U CQn(ﬂ7q2) U
H; be a subgraph called Hs. Without loss of
generality, let b’ be in H; and d” be in H,. For
two distinct vertices 1 = (u,p2,q1) and y; =
(u, p2, g2), by Observation 1, there exist two paths
Pz.2,) traverses every vertex of V(CQn(u,q1))
U {z,71} and Q(y,,,) traverses every vertex of
V(CQn(a,q2)) U {y,y1} (See Fig. 9). Let x4
and yo be two arbitrary vertices in CQ,(u,p2)
with @, yo ¢ {z1,y1}, ¢4 € Hy, and y§ € Hs.
By Lemma 3, there exist two-equal-disjoint paths
Pz, 25) and Q(y, o) of CQp(u,p2). Whether g
and b” are in the same CQ,, by either Lemma
5 or Lemma 6, there exists a Hamiltonian path
Py pry of Hy. Similarly, whether y3 and d” are
in the same CQ,, by either Lemma 5 or Lemma
6, there exists a Hamiltonian path Qyy 4v) of Ha.
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Therefore, we can obtain two-equal-disjoint paths
P(a,b) = <a//7 P(a,r)7 z, P(z,m1)> T, P(rl,z2)7 T2, x/zla
Pay ), V", 0) and Qe.a) = (¢ Qe ¥ Qyan)»
Y15 Qyr,y)s Y2, Y25 Qryy,amy, 475 d).

<|

Figure 9: Illustration of Subcase 2.1.

Subcase 2.2 a, b, and ¢ are in CQ,(uq,v,); d is
in CQn(ud, Ud).

Without loss of generality, let v, = p;. Let y
= (u,p1,wy) be a vertex with y ¢ {a,b,c} and
wy # vq. Without loss of generality, let w, =
q1- By Lemma 3, there exist two-equal-disjoint
paths P('a,b) and Q’(c,y) of CQn(u,p1). Assume x
= (u,p1,w;) is the neighbor of a or b on P(’a’b)
with w, # vg. Without loss of generality, let x
be the neighbor of b on P’a,b) and let w, = ¢2,

then let P(’a,b) = (a, Paaz), =, b). Let Hy be a
subgraph of HCC(1,n) consists of V(CQy, (u,p;))
U V(CQy(i,qj)) with 3 < i,j < 277! 4+ 1 and
let HCC(1,n) — CQun(u,p1) U CQp(u,p2) U
CQn(t,q1) U CQn(u,q2) U Hy be a subgraph
called Hy. Without loss of generality, let b” be
in H; and d be in Hy. For two vertices x;
(u,p2,q2) and y1 = (u,p2,q1), by Observation
1, there exist two paths P .,) traverses every
vertex of V(CQn(4,q2)) U {z,z1} and Q(y,y,)
traverses every vertex of V(CQ,(@,q1)) U {y,y1}
(See Fig. 10). Let zo and ys be two arbitrary
vertices in CQn(u,p2) with z2, y2 & {z1,y1}, 25
€ Hy, and y§ € Hy. By Lemma 3, there exist
two-equal-disjoint paths P, ;,) and Q(y, 4,) of
CQn(u,pz). Whether zf and b” are in the same
CQ,, by either Lemma 5 or Lemma 6, there
exists a Hamiltonian path Py vy of Hy. Next
we consider the position of d in two conditions:
(1) ug = uq and (2) ug # uq. By Lemma 4, there
exists a Hamiltonian path Qyy 4y of H if ug =
Ug. If ug # uq, whether yff is in CQy, (@, vq4), there
exists a Hamiltonian path @,y 4) of Hs by either
Lemma 5 or Lemma 6. Therefore, we can obtain
two-equal-disjoint paths P = (a, P, ,
P(Ug’zl)7 T, P(I17I2), o, .7;/2/, P(x’Q’,b”)y b”, b> and
Qeed) = (6 Que)s ¥> Quywn)s Y15 Quynva)s Y20 V2,
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Quyy.a)> d)-

q] q,

. =
/ )
d
y

Figure 10: Illustration of Subcase 2.2.

QI

Subcase 2.3 a and c are both in CQy(ua,vs); b
and d are both in CQ,,(up, vp).

Subcase 2.3.1 u, = up

Without loss of generality, let v, = p; and vy
= py and let = (u,p1,wy) and y = (u,p1,wy)
be two vertices with z, y ¢ {a,c}. Without
loss of generality, let w, = ¢ and wy, = ¢2. By
Lemma 3, there exist two-equal-disjoint paths
Ploz) and Q¢ ) of CQp(u,p1). Then, let Hy be a
subgraph of HCC(1,n) consists of V(CQy(u,p;))
U V(CQn(t,q;)) with 3 < i,j <2771 +1 and
let HCC(1,n) — CQun(u,p1) U CQp(u,p2) U
CQn(tu,q1) U CQn(t,q2) U Hy be a subgraph
called Hs. For two vertices x1 = (u,ps,q1)
and y1 = (u,pan,q2), by Observation 1, there
exist two paths P, ,,) traverses every vertex of
V(CQn(t,q1)) U {z,21} and Qy,,) traverses
every vertex of V(CQ,(@,q2)) U {y,y1} (See Fig.
11). Let w and z be two vertices in CQ,,(u,p2)
with w, z ¢ {b,d}, w’ € Hy, and 2’/ € Hs. By
Lemma 4, there exist two Hamiltonian paths
Py, wrry of Hy and Q(y, .y of Ha. Therefore, we
can obtain two-equal-disjoint paths P = (a,
P(a,gg)7 X, P(Z,ml), T, P(wl,wu), w”, w, P(w,b) b>
and Q(c,d) = <C7 Q(c,y)a Y, Q(y,yl)a Y1, Q(yl,z”)a Z/,a
2, Q(z,d)v d>

<

Figure 11: Ilustration of Subcase 2.3.1.

Subcase 2.3.2 u, # up
Without loss of generality, let v, = p; and v, =
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gon. Let © = (u,p1,w;) and y = (u,p1,wy) be
two distinct vertices with x, y ¢ {a,c} and w,,
wy # v,. Without loss of generality, let w, = ¢1
and w, = ¢2. By Lemma 3, there exist two-equal-
disjoint paths P, ,) and Q) of CQu(u,p1).
For two distinct vertices x1 = (u,p2,q1) and y; =
(u, p2, g2), by Observation 1, there exist two paths
Pz.0,) traverses every vertex of V(CQn(u,q1))
U {z,71} and Q(y,,,) traverses every vertex of
V(CQn(T,q2)) U {y,y1} (See Fig. 12). Let t =
(1, gon,wy) and z = (U, gon,w,) be two distinct
vertices with ¢, z ¢ {b,d} and w;, w, # v,.
Without loss of generality, let w; = pon and w,
= pon-1. By Lemma 3, there exist two-equal-
disjoint paths Py and Q..q) of CQy(u,qan).
For two distinct vertices t1 = (@, gon—1,pan) and
z1 = (@,qgn—1,pan—1), by Observation 1, there
exist two paths P, ) traverses every vertex of
V(CQn(u,pan)) U {t1,t} and Q(,.) traverses
every vertex of V(CQn(u,pan-1)) U {z1,z}.
Then, let H; be a subgraph of HCC(1,n) consists
of V(CQu(u.pi) U V(CQu(dq;)) with 3 <
i,j < 2" 1 and let HCC(1,n) — CQy(u,p1) U
CQTL(uaPQ) U CQn(ﬂJh) U CQn(ﬂan) U Hl U
CQn(u,pan-1) U CQn(u,p2n,) U CQnx(a, q2n—1) U
CQ, (1, gon) be a subgraph called Hy. Let x5 and
y2 be two arbitrary vertices in CQ,,(u,p2) with
T2, y2 ¢ {1,901}, v5 € Hy, and yy € Ho and let £
and zy be two arbitrary vertices in CQ,, (@, gan—1)
with ta, 20 ¢ {t1,21}, t§ € Hy, and 2§ € Hs.
By Lemma 3, there exist two-equal-disjoint
paths P, 5,) and Q4. of CQn(u,p2) and
two-equal-disjoint paths P, ;) and Q.,,.,) of
CQn(@,qon-1). By Lemma 4, there exist two
Hamiltonian paths P,y ) of Hi and Q(yy .y) of
H;,. Therefore, we can obtain two-equal- dlbjOIIlt
paths P(a,b) = <aa P(a@)v x, P(:Lwl)v L1, P(wl,wz)v
T2, Ty, P(xg,tg), t5, ta, Py tr)s trs Preyays s Pep)s
b) and Qe.y = (e Qe v Q(y y1)r Y1 Qya,ya)»
Y2, yé/7 Q(y2 28 ) 22’ 22, Q(zz z1)s #ls Q(21,2)7 2
Qza), d

ql qz
” L
X, 2]
/ \ S \
p— 10 -/
' (;;/ IZ ) //
Q( 7 \'/
2,

Figure 12: Illustration of Subcase 2.3.2.

= \

<

Subcase 2.4 a and c¢ are both in CQy(uq,vs); b
is in CQp (up, vp); d is in CQy (ug,vq).
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Without loss of generality, let v, = p;. Let
= (u,p1,wg) and y = (u,p1,wy) be two distinct
vertices with z, y ¢ {a,c}, ws, wy, # v, and
Wy, Wy # vq. Without loss of generality, let
w; = g2 and w, q1- By Lemma 3, there
exist two-equal-disjoint paths P, ,) and Q)
of CQn(u,p1). For two distinct vertices xz; =
(u,p2,q2) and y1 = (u,pa,q1), by Observation 1,
there exist two paths P(I’wl) traverses every vertex
of V(CQn(u,q2)) U {z,z1} and Q(y,,,) traverses
every vertex of V(CQ,(4,q1)) U {y,y1} (See Fig.
13). Let Hy be a subgraph of HCC(1,n) consists
of V(CQn(u,p;)) U V(CQn(u,q;)) with 3 < 4,5
<277l 41 and let HCC(1,n) — CQy(u,p1) U
CQn(u,p2) U CQyu(t,q1) U CQy(u,q2) U Hy be
a subgraph called Hy. Without loss of generality,
let b be in H; and d be in Hy. Let zo and yo
be two distinct vertices with o, yo ¢ {z1,y1},
afy € Hy, and y§ € Hs. Next we consider the
position of b and d in three conditions: (1) up =
Ug = Ug, (2) up = u, and ug # ug, and (3) (up
= uq) # uq. If up = ug = u,, we can obtain two
Hamiltonian paths P,y ) of Hy and Qyy a) of
Hy; by Lemma 4. If up, = u, and uqg # ug, we
can obtain a Hamiltonian path Py ;) of Hi by
Lemma 4 and whether ¢4 and d are in the same
CQp, we can obtain a Hamiltonian path Q,z 4
of Hy by either Lemma 5 or Lemma 6. Moreover,
if (up = ug) # uq, whether 24 and b are in the
same C(Q,,, we can obtain a Hamiltonian path
Py py of Hy by either Lemma 5 or Lemma 6.
Similarly, whether g4 and d are in the same CQ,,,
we can obtain a Hamiltonian path @,y 1) of Hz
by either Lemma 5 or Lemma 6. Therefore, there
exist two-equal-disjoint paths P, ) = (a, Pz,
z, P(a:,:vl)’ L1, P(II,I2)7 L2, ‘r/2/7 P(ac’z’,b)v b> and

Qed) = (& Qrey) ¥ Quyy)s Y1 Qyrya)s Y2, Y95
Qyy a)> d)- U

Figure 13: Illustration of Subcase 2.4.

After verifying Theorem 1, we ready to prove
our main result. We present our main result as
Theorem 2 that HCC(k, n) is globally two-equal-
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disjoint path coverable for £k > 1, n > 5.

Theorem 2 Fork > 1,n > 5, HCC(k,n) is
globally two-equal-disjoint path coverable.

Proof. We verify this theorem by induction on
k. Theorem 1 provides our base case of this the-
orem. By induction hypothesis, we can assume
HCC(k,n) is globally two-equal-disjoint path cov-
erable. Next we have to verify HCC(k + 1,n) is
globally two-equal-disjoint path coverable. Let a,
b and ¢, d be two distinct source-destination pairs
of HCC(k+1,n). We establish two disjoint paths
Papy and Q(c q)- Furthermore, the two disjoint
paths must satisfy [P ) = [Q(c,a)| = 287" — 1.
According to the relative positions of the four ver-
tices, we divide the proof into the following four
cases.

Case 1 a, b, ¢, and d are all in the same
HCC(k,n), say Hi(i), i € {0,1}, of HCC(k +
1,n).

Without loss of generality, let a, b, ¢, and d are
all in Hg(0). By the hypothesis, there are two
disjoint paths (a, Pp,b) and {(c,Qo,d) in Hg(0),
where |Py| = |Qo] = 2F2"~1 — 1. Let (w,z)
be an edge on Py and (y,z) be an edge on Qy,
and then let Py = (a, P},w,z, P2,b) and Qo
= {¢,Q},y,2,Q%,d). Besides, we also have two
paths P; joining w” and z” and Qi joining y”
and 2" with length 2¥+2"=1 — 1 in Hj(1). Let
P (a, P}, w,w”, Pr,2",z, P2,b) and Q =
(c,Q8,y,y",Q1,2",2,Q3%, d). Hence it’s obvious
that P and @ are two disjoint paths of length
2k+2n 1. (See Fig. 14)

H,(0)

HCC(k+1,n)

Figure 14: Illustration of Case 1 in Theorem 2.

Case 2 a, b, and ¢ are in the same HCC(k,n),
say Hp(i), i € {0,1}, of HCC(k + 1,n); d is in
Hy (7).

Without loss of generality, let a, b, and ¢ be in
H(0) and d be in Hp(1). Then let y be a vertex
in Hi(0) with y ¢ {a,b,c,d”}. By the hypothesis,
there are two disjoint paths (a, Py, b) and (¢, Qo, )



The 27th Workshop on Combinatorial Mathematics and Computation Theory

in Hy(0), where |Py| = |Qo| = 2FF27~1 —1. Let
(w,x) be an edge on Py that w # d”’ and x #
d", and then let Py = {(a, P}, w,x, P3,b). Simi-
larly, we also have two paths P; and @; of length
2k+2n—=1 _ 1 with end vertices w”, z”, y" and d
in Hg(1). Note that w”’ # d and z” # d.
Let P = (a, P}, w,w", Pi,2",2,P3,b) and Q =
(¢, Qo,y,y",Q1,d). Therefore, it’s obvious that P
and @ are two disjoint paths of length 28+27 — 1.
(See Fig. 15)

H.0)

HCC(k+1,n)

Figure 15: Illustration of Case 2 in Theorem 2.

Case 3 a and b are both in the same HCC(k,n),
say Hy(i), i € {0,1}, of HCC(k + 1,n); ¢ and d
are both in Hy ().

Without loss of generality, let a and b be in Hy(0);
and let ¢ and d be in Hy(1). There exist two dis-
joint paths Pg p) and Q(c,q) with [Pgp)| = [Qc,a)l
= 2k+2n _ 1. (See Fig. 16)

H,(0) H (1)

/!
P \ 9
J

< / d
—

b

a

HCC(k+1,n)

Figure 16: Ilustration of Case 3 in Theorem 2.

Case 4 a and c are both in the same HCC(k,n),
say Hy(i), i € {0,1}, of HCC(k + 1,n); b and d
are both in Hy(i).

Without loss of generality, let a and ¢ be in Hy(0);
and let b and d be in Hi(1). Then let w and z be
arbitrary two vertices in Hy(0) except a and ¢ and
w” ¢ {b,d}, 2" ¢ {b,d}. By the hypothesis, there
are two disjoint paths (a, Py, w) and (¢, Qo, ) in
H;,(0), where |Py| = |Qo| = 2F*+?"~1 — 1. By the
hypothesis again, there are also two paths P; and
Q1 of length 2F+27—1 _ 1 with end vertices w”, b,
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z” and d in Hi(1). Let P = (a, Py, w,w"”, Py, b)
and Q = (¢, Qo,x,2v,Q1,d). Accordingly, it’s ob-
vious that P and @ are two disjoint paths of length

2k+2n 1. (See Fig. 17) O
H,(0) H, (1)
a h
T

w. 0 0 /I

HCC(k+1n)

Figure 17: Illustration of Case 4 in Theorem 2.

4 Conclusion

The problem of many-to-many disjoint paths
in networks is important and has received some
attention because of its application in high perfor-
mance and fault-tolerant routings. In this paper,
we discussed the two-equal-disjoint path coverable
problem and verify the hierarchical crossed cube
HCC(k,n) are globally two-equal-disjoint path
coverable for k > 1 and n > 5.
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