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Abstract

In this paper, we aim to develop a suitable ho-
motopy theory and fundamental groups of finite
topological graphs by Khalimsky arcs. The notions
developed are considered for the investigation oy
the algebraic invariants of topological graphs for
their topological and graphical classifications. The
present work is a precursor of approaching the gen-
eral homotopy theory, fundamental groups, and
fized (and almost fixed) point theorems [6] of topo-
logical graphs.

1 Topological Graphs and Khalim-
sky Arcs

In order to relate topology with graphs, as pro-
posed by Smyth in [3, 4], a topological space may
be considered as the limit of an inverse sequence
of finite graphs. The graphs in such a sequence
are considered as increasingly better discrete rep-
resentations of the space, and that the sequence as
a whole approximates the space is justified math-
ematically by the fact that the space may be de-
rived from its limit via a quotienting operation.
Thus a formal framework, topological graphs, is
a structure which embodies topology as well as a
binary relation, thereby constituting a generaliza-
tion of ordered topological spaces to accommodate
standard topological spaces and general graphs.

A topological graph (X, T, R) is a structure such
that T" is a topology, R is a closed reflexive binary
relation satisfying (Vu,v € T,z € u & R(u) C
v =y € v) = xRy. A graph morphism from
the topological graph (X,Tx,Rx) to the topo-
logical graph (Y, Ty, Ry) is a continuous function
w.r.t. the topologies T'x and Ty, which is relation
preserving. For a topological graph G = (X, T, R),
we say G is compact Hausdorff if (X,T) is com-
pact Hausdorff. Moreover, G is said to be con-
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Figure 1: Khalimsky digital line

nected if for every partition {u,v} of X into T-
open sets, there exist x € u,y € v such that xRy
or yRxz. For more information about topological
graphs, please refer [3, 4, 5, §].

Note 1.1. Without any further notice, the topo-
logical graphs are finite; the maps between two
topological graphs are graph morphisms.

We say a connected topological graph G sat-
isfying the COTS (connected ordered topological
space [2]) condition if and only if for any three
distinct points x,y,z € G, one of {x,y, 2} sepa-
rates the other two.

Definition 1.2. [5] A continuum is a compact
connected topological graph. A linear topologi-
cal graph is a connected locally connected (read
as usual) topological graph satisfying the COTS
condition. An arc is a second countable contin-
uum satisfying the COTS condition.

The so-called Khalimsky integer line is defined
to be the set of all integers Z with its natural
order together with its interval alternating topol-
ogy Tia, where Tj, is a topology defined by sets
of types (—o0, 2i],[2j,00),%,j € Z (or alternately
(—00,2i —1],[2§ — 1,00),4,5 € Z) as a subbasis.
The Khalimsky digital line then can be defined as
a finite connected subspace of the Khalimsky in-
teger line. Fig.1 shows a portion of a standard
Khalimsky digital line.
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A,

Figure 2: Khalimsky arc

From Theorem 2.7 of [2], for any Khalimsky
digital line A with two end points a and b, there
are only two natural linear orderings < and >
(=<71) such that we can embed into A. For con-
venient, we may say that we travel A from the
point a to the point b if @ < b, and we denote it
by 4Ap; otherwise we denote it by A, if and only
ifa > b.

Theorem 1.3. [7] Let A be a Khalimsky digital
line with at least three points. Then A has two
end points which are both closed or open (but not
both) w.r.t. the topology of COTS if and only if ({A

mod 2) = 1, where $A is the numbers of points of
A.

Notice that a Khalimsky digital line is not nec-
essarily an arc by regarding it as a topological
space, i.e., with identity relation, since it is not
compact if it contains infinite points. With the
specialization pre-ordering embedded into a Khal-
imsky digital line, regarded as its relation, we can
convey a Khalimsky digital line into a directed
graph. As for a good example we can convey the
Khalimsky digital line in Fig. 1 into a directed
graph in Fig. 2.

Definition 1.4. [7] G = (B, T, R) is a Khalimsky
arc if B is the set of all points of a Khalimsky
digital line A, T' is the interval topology induced
by the linear ordering < (or =) of A, and R is
the specialization pre-ordering < induced from the
COTS topology of A.

2 Homotopy of Topological Graphs
by Khalimsky Arcs

The material presented in this section can be
found in [7].

For any point ¢ of a Khalimsky digital line , Ay,
we denote the successor (resp. predecessor) of ¢
by ¢+ (resp. ¢—) the immediate adjacent point of
¢ such that c— < ¢ < ¢+ when ¢ ¢ {a,b} and
c— = a if and only if ¢ = a & ¢+ = b if and only
if c = 0. Let A be a Khalimsky arc and ¢ € A.
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A A

Figure 3: A, B € p&

We say c is a minimal point of A if and only if
c<c— & c¢ < c+, and c is a mazimal point if
and only if c— < ¢ & ¢+ < ¢. It is obvious that
c+ and c— (if exists) are minimal (resp. maximal)
if and only if ¢ is maximal (resp. minimal) when ¢
is any point of a Khalimsky arc:

Lemma 2.1. Let A be a Khalimsky arc with at
least three points. Then A has two end points
which are both minimal or mazimal (but not both)
if and only if (44 mod 2) = 1.

Let & be the collection of all Khalimsky arcs A
which satisfy the condition (4 mod 2) = 1. By
Lemma 2.1, A is a Khalimsky arc with two end
points which are both minimal or maximal (or a
singleton Khalimsky arc, which is a Khalimsky arc
containing a single point). Therefore it is clear
that & can be classified into two classes whose
intersection is a set containing all singleton Khal-
imsky arcs. One class denoted by p& contains all
elements of & with two minimal end points (and
all singleton Khalimsky arcs); the other class de-
noted by ¢S contains all elements of & with two
maximal end points (and all singleton Khalimsky
arcs).

Definition 2.2. Let A, B € p& such that fA =n
with two end points a and a’, and §B = m with
two end points b and b’. We define AVB € pS to
be a Khalimsky arc with n + m — 1 points such
that the first n — 1 points of AVB are considered
as points of A and the last m — 1 points of AVB
are considered as points of B. And the topology
of AVB is the interval topology of the points of
AV B, where the concatenation point of AVB is
one of {aVb,aVbd',a'Vb,a’'vb'} which is depended
on the initial and final points of A and B. The
operator is called lexicographic union or oriented
UNLON.

Clearly AVB defined in Definition 2.2 is well-
defined as the concatenation point of AVB is al-
ways minimal. For example, the Fig 4 shows
the lexicographic union of two Khalimsky arcs
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AVB
Figure 4: AVB € p6&

A, B € pG in Fig 3. Moreover, we can extend Def-
inition 2.2 into any arbitrary finite lexicographic
union of Khalimsky arcs in p&. Also it is easy to
check Definition 2.2 is still valid if we replace p&
by ¢S.

Definition 2.3. Let A € p&,B € ¢G be two
Khalimsky arcs, and G is a topological graph. We
call the maps f: A— G and g : B — G a p-path
and a c-path of G respectively.

Theorem 2.4. Let G; (X,Tx,Rx) and
G2 = (Y,Ty,Ry) be topological graphs. Then
(X X Y,Txxy,Rxxy) 1is a topological graph,
where Txxy is the product topology of Tx and
Ty, Rxxy {((Iay)v(xlvyl)) | (xvx/) €
Rx & (y,y') € Ry }.

We denote Gl X G2 = (X X KTXXY7RX><Y)'
From Theorem 2.4, it is easy to check that T'x xy is
Hausdorff if T'x and Ty are Hausdorff, and Rxxy
is symmetric if Rx and Ry are symmetric.

Definition 2.5. Let (X,Tx,Rx),(Y,Ty,Ry)
be topological graphs, f and g are maps of
(X,Tx,Rx) into (Y,Ty,Ry). We say f is p-
homotopic to g if there exists a Khalimsky arc
A € p6, and a map H : (X,Tx,Rx) x A —
(Y, Ty, Ry) such that H(z,a) = f(x),H(x,b) =
g(x) for all z € X, where a, b are end points of A.
We write f =P g if f is p-homotopic to g.

Similarly, we have c-homotopy if we replace A €
pS by A € ¢ in Definition 2.5. We denote f =€ g
if f is c-homotopic to g.

Definition 2.6. With notations and terminology
are same as Definition 2.5, we say f is homotopic
to g if f is p-homotopic to g or f is c-homotopic
to g. we denote f ~ g if f is homotopic to g.

Definition 2.7. Gl (X,Tx,Rx),GQ
(Y, Ty, Ry) are topological graphs, and f,g are
maps of G into Ga. We say f and g are p-
homotopic (resp. c-homotopic, homotopic) rela-
tive to G, G is a subgraph of Gj, if there ex-
ists a Khalimsky arc A € p& (A € ¢6, A € 6),
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and a homotopy H : G; X A — G2 such that
H(w,c) = f(w) = g(w) for all w € G & ¢ € A.
The homotopy H is called a p-homotopy (resp. ¢
homotopy, homotopy) relative to G and we write

f =% g (resp. f =Gy, f~ag).

It is clear that we have f ~° g & f =% g,
frge frEg and fr~ge frggif and
only if G = 0.

Theorem 2.8. With notations and terminology
are same as Definitions 2.5, 2.6, and 2.7, the ho-
motopy &P (resp. ~°, ) and ~¥, (resp. ~&, ~¢)
are equivalence relations.

3 Khalimsky Fundamental Groups
of Topological Graphs

This section is an extension of the previous sec-
tion Homotopy of Topological Graphs by Khalim-
sky Arcs. In this section, we develop the theory of
fundamental groups of topological graphs mainly
based on the Khalimsky arcs with two end points
which are both minimal (€ p&). This may be
due to the reason that two minimal end points are
closed in the original COTS topology of the Khal-
imsky digital lines. However, it should be empha-
sized that the Khalimsky arcs with two maximal
end points (€ ¢G) are also suitable for the same
development.

Definition 3.1. Let A, B € p&, and f : Ay —
G, g: .Bqg — G be two p-paths of G with f(b) =
g(c). We call the map f*g: AVB — G such that

f(x), ifexeA,
frglx) = f)=g(c), ifz=0bve,
g(z), if x € B,

the product of f and g.

Definition 3.2. Let f: A— Gandg: B — G be
two p-paths of G, where A, B € p&. We say f is
path-homotopy to g if there exist Khalimsky arcs
C,D € p6, and surjective maps f :C = Ag:
C — B, and a homotopy H : .,C¢, X goDd, = G
such that H(c,do) = fo f(c), H(c,dy) = g o g(c),
and H(co,d) = [ o f(co) = gog(co), H(cr,d) =
fofler) =gogle), forall ¢ € C,d € D. We
denote f, ~Fg if the p-path f is path-homotopy
to the p-path g.

In other words, two p-paths f : A — G and
g : B — G are said to be path-homotopy if there
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exists an extended Khalimsky arc .,C., € p& with
two surjective maps f : C — A, g: C — B such
that f o fz*{’cwl}g og.

Lemma 3.3. , =P is reflexive.

Proof. Let f:,Ay — G be a p-path, then clearly
the Khalimsky arc A and the identity map id 4 :
A — A satisfy foidy = fx'za nf = foida.

Therefore ), ~* is reflexive. O

Lemma 3.4. , =P is symmetric.

Proof. Let f, ~Pg, where f: A— Gand g: B —
G are two p-paths of G, we claim g, = f.

By Definition 3.2, f, ~Pg means that there ex-
ists a Khalimsky arc .,C., € pS and two surjec-
tive maps f : ;,Ce, = A,§ : ¢,Ce, — B such that
fofz?c[hcl}gog. From Theorem 2.8, %?00701} is an
equivalence relation (hence symmetric). Therefore
we have g o.gz*{’cm}f o f, and which implies , ~*
is symmetric. o

Lemma 3.5. , =P is transitive.

Proof. Suppose fp~*g and g, ~Ph, where f :
A—G,g:B— G,and h: C — G are p-paths of
G.

The relation f, ~Pg means that there exist
Khalimsky arcs q,Dg,, e, Pe, € pS, and two sur-
jective maps f : qoDa, = A,§ : ayDa, = B,
and a homotopy H : 4,D4, X ¢y Fe;, — G, such
that H(d,eo) = f o f(d), H(d,e1) = g o §(d), and
H(dg,e) = fo f(do) = go g(do), H(dr,e) =
fof(d)=gog(dy), foraldeD,eeE.

The relation g, ~Ph means that there exist
Khalimsky arcs 1o Mm, , ngNn, € p6S, and two sur-
jective maps g : mqMm, — B,fz CmoMm, — C,
and a homotopy K : ;o My, X ngNp, = G, such
that K(m,no) = go g(m),K(m,n1) = ho h(m),
and K (mg,n) = gog(me) = hoh(my), K (mq,n) =
gog(my) =hoh(mi), forallme M,n € N.

As g and § are surjective maps, hence they
define a same path which itself is the Khalim-
sky arc B, therefore ¢ and § are path-homotopy.
By the definition of g, =g, there exist Khalim-
sky arcs ¢,9s,,41%; € p6S, and two surjective
maps g/ : 50851 — doDdlvg” : 50851 — moan
and a homotopy L : 4,Ss, X ¢,1t, — DB, such
that L(s,to) = gog'(s), L(s,t1) = go g’(s), and
L(so,t) = gog'(so) = gog'(s0), L(s1,t) =
Ggog'(s1)=gog”(s1), forallse St eT.
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Define F': 4, S5, x I — G by

H(g'(s),i), ifiekE,
F(s,i) = { g(L(s,i)), ifieT,
K(g"(s),i), ifie N,

where I = ¢ Ee, VTt Vo Ny, € p6.

F is well-defined as if x = e Vtg, then we have
F(s,z) = H(g'(s),e1) = gog(g'(s)) = g(go
9'(s)) = g(L(s,t0)) = F(s,z). And if x = t1Vny,
then we have F'(s,z) = g(L(s,t1)) = g(gog”(s)) =
903("(s)) = K(g"(s), n0) = F(5,).

Clearly fog’: 4, Ss; = Aand hog” : 5, S5, = C
are surjective maps as f, ¢, h, and ¢” are surjec-
tive maps.

We claim F' is a homotopy relative to {so, s1}
of fo(fog) and ho (hog"). It is trivial that
F' is relation-preserving. Moreover, with a simi-
lar proof of Theorem 2.8, F' can be shown to be
continuous by the pasting lemma.

For showing F(s,tg) = f o (f o ¢/(s)) and
F(s,ny) = ho (hog"(s), it is trivial as we
have F(s,t)) = H(g'(s),t) = f o f(g/(s)) =
fo(feogl(s) and F(s,n) = K(g"(s),m) =
hoh(g"(s)) = ho (hog"(s)).

For showing F(sg,i) = (f o (f 0 ¢'))(so) = (ho
(hog"))(s0) and F(s1,i) = (f o (f o g'))(s1)
(ho(hog"))(s1), we have the following equations:

(1) F(so,1)

Hg(s0)7)
fof(do)

= H(dp,i) = I RS IR
gog(do)

9(L(s0,17))

) (9o (o) = 9(ad)
= I i1eT,
9(go 9" (s0)) = g(g(mo))

K(g"(s),1)
gog(mo)

= K(mog,i) = I i €N,
h o h(mg)

(2) and (3), it is clear

(fo(fog))(so) = (ho

From the equations (1),
that we have F'(sq,i) =
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(h o g"))(so). The proof of showing F(s1,i) =

(fo(fog))(s1) = (ho(hog"))(sy) is similar.
Therefore we have fo (fog’)x?s[bsl}ho (hog"),

and which implies f, ~Ph by Definition 3.2. O

Theorem 3.6. , = is an equivalence relation.

Proof. Directly follows from Lemmas 3.3, 3.4,
and 3.5. (]

Let G be a topological graph and f is a p-path
of G. We denote the equivalence class of f by [f] =
{glfp =Pg, g is a p-path of G}. By the naturalistic
of the equivalence relation , ~*, clearly we have
either [f] = [g] or [f] N [g] = O for any pair of
p-paths f and g.

If f*g is a well-defined product of two p-
paths f and g, we define the product of two path-

homotopy classes [f] and [g] by [f] * [g] = [f * ¢]-

Theorem 3.7. The product * is well-defined on
path-homotopy classes.

Proof. Let fi, =P fa and g1, ~"g2 such that f; *
g; is well-defined for 4,5 = 1,2, where f;
a(i)oAsgy, = G5 b(j)oBZ(j)l — @G are p-paths
of G. We claim f;* g, =P fx g for i,5,k, 1 =1,2.
Clearly it is sufficient to show that fixg1, =P faxga
only, since , =P is an equivalence relation.

The relation fi, ~Ffo means that there exist
Khalimsky arcs .,C¢,,d,Dd, € pS and two sur-
jective maps fi : ¢Cep, — AL fo i ¢,Ce, — A2
and a homotopy H : .,C., X 4,Dq, — G such that
H(e,dy) = f1 0 fl(c),H(c,dl) = f20 fa(c) and
H(co,d) = f10 filco) = fao fa(co), H(cr,d) =
fiofi(er) = fao fa(er) forall c € C,d € D.

The relation g1, ~Pg> means that there exist
Khalimsky arcs o Mm, , ngNn, € pS and two sur-
jective maps §1 : mg Mm, — B, 2 : mgMm, — B?
and a homotopy K : My, X ngNp, — G such
that K(mv ng) = glogAl(m), K(mvnl) = g2og2(m)
and K(mo,n) = g1 o gi(mo) = g2 o ga(mo),
K(my,n) = g1 o gi(m1) g2 © ga(mq) for all
mée M,n € N.

Firstly we show fi o fi(c1) = g; © gj(mo) for
i,j = 1,2. Tt is clear f1 o fi(c1) = fa 0 fa(c1)
and g1 o g1(mg) = g2 © ga(mg) by the relations
fip ° f2 and g1, ~Pgo. Moreover, fio fi(c1) =
fi(a(i)1) and g; o g;(mo) = g;(b(j)o) since f; and
g; are surjective maps (hence filer) = a(i); and

Gi(mo) = b(j)o. Therefore we have fiof;(c1) = g;o
gi(mo) as fi(a(i)1) = g;(b(4)o) by the assumption
that f; x g; is well-defined.
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Define F': X xY — G by

H(z,y), ifxe€Ce,y € aoDay,
Flo,y) = K(x,ng), ifz € mgMm,,y € d4yDud,,

H(z,dy), ifz€¢Ceyy € ngNnys

K(z,y), ifz€mgMm,y € ngNns

where X = (Ce, VingeMm,,Y = 4,Dd,VnoNn, €
pGS.

For the following proof, let 4,5 = {1,2}. We
have F' is well-defined as:

e F(c1Vmyg,y) is unique for all y € Y

H(Clay)

= fio filcr), if Dy,,
F(ei,y) = fio fi(er), ity € ayDay

H(Clvdl)

:fiofi(cl)7 ifye’ﬂoana

K(momo)
F(mo,y) = 4 -9 °95mo) ity € aDas,

K(m07y)

:gjogj(mo)v ifyenoan,
so we have F(ec1,y) = fi o fi(Cl) —
g;i © gj(mo) = F(mo,y),  hence

F(Clvm07y) = F(Clay) = F(m07y)7 which
shows F'(c1Vmy,y) is unique for all y € Y.

e F(x,d;1Vng) is unique for all z € X:

H(w,dl)
) = fao fa(x), if x € ,Ce,
F(Iad1> - H(x,no)
=giogi(x), ifx € gMm,
= F(xz,n0)
so we have F(x,d1Vng) = F(z,d1) =

F(xz,n0), hence F(x,dyVng) is unique for all
e X.

Clearly fz and ¢g; are p-paths of
(a(i)oA;(i)l)v(b(j)oBi(j)l)7 therefore we have
fi * J; X — AWBJ is well-defined as

fix gjlervmo) = filer) = a1 vb(j)o = gj(mo).
Also we have f; * g; is surjective as f; and ¢; are
surjective.

Following we prove F' is a homotopy relative to
{co,ma1} of (fixgr)o(fixg1) and (f2xg2)o(f2%g2)-

We claim (fi* gj) o (fi*g;) = (fio fi) (g 03)
first, where (f; o fi) * (gjog;) : X — A'VB? is
defined by (fio fi)*(gj04))(x) = (fio fi)(z) if v €
C, (fiefi)*(gjeodj)(x) = (gjog;)(x) if z € M, and
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(fio f2) * (g5 © G5)(e1Vmo) = a(i)oVb(j)1. Clearly
the definition of (f; o f;) * (g o ¢;) is well-defined,
and in fact it is a surjective map. If z € C, then
we have (f; * g;) o (fi * g;)(x) = (fi * g;)(fi(x)) =
filfi(x)) = fio fi(z) = (fio fi) * (g 0 gj)(x). If
x € M, then we have (f; * g;) o (fi * ¢;)(z) =
(fi x 95)(4; (@) = g;(d;(x)) = gj o gj(x) = (fio
fi) * (g;j o gj)(x). Moreover, we have (f; * g;) o
(fixgi)(x) = a(i)oVb(i)r = (fio fi)* (gj 0 g;)(x) if
x = ¢1Vmyg. Therefore we have (f;*g;)o(fi*g;) =
(fi o fi) * (g5 © dj)-

By the definition of F, it is trivial that F
is relation-preserving. Moreover, similar to the
proof (3) of Theorem 2.8, F' can be proved to be
continuous by the pasting lemma.

For showing F(z,dp) = (fl % g1) o (f1* ¢1)(x)
and F(z,n1) = (f2 * g2) o (f2 * g2)(x), we have
) = { Koo TR oA e )
= (fiofi) = (91 o g1)(x)
= (frxg1) o (f1 % G1)(x);
x,dy 50 fa(x if ©
F(a,m) { Kx: 3)—{;2052((;2) if;veej\i }
= (fzof)*(92°92)(l’)
= (fa*xg2)o ( * g2) ().
For showing F(co,y) = (fZ % gi) o (fi % gi)(co)
and F(my,y) = (fi * g:) o (fi * §:)(m1), we have
o Fl(co,y) = (fi*gi)o (fi*di)(co) :
H(007y)
= fio fileo)
Frow -] e vep
= fio fi(co)
= fi(a ()0 , ifyenN
= fila(i)o) = (fi * gs)(a(i)o)
= (fi*g:) o (fi* gi)(co)-
o F(m1,y) = (fi*gi) o (fi*gi)(ma):
K(mq,no)
:giogi(ml) '
= gi © gi(ma)
=gi(b(i)1), ifyeN
= gi(b(i)1) = (fi = 9:)(b(i)1)
= (fi* gi) o (fi di)(m).
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Therefore we have shown (f; * ¢1) o (fl *
gAl)z’f{’Cmml}(fQ % ga) o (f2%go)3, and hence we have
f1 % g1p =P fa x g2, which implies * is well-defined
on path-homotopy classes.

O

Definition 3.8. Let G be a topological graph and
A € p&. For z € G, we say the p-path e; : A —
G, ey(a) = z for all a € A is constant (based
at x). For any p-path f : .By — G, we call the
constant p-path e, (resp. e,) is a left (resp. right)
identity p-path of f if f(c) = x (resp. f(d) = y).
We denote the left (resp. right) identity p-path of
f eBa— G by €f(c) (resp. ef(d)).

Theorem 3.9. Let A € pS, and f : 4yAu, = G
be a p-path of G. Then we have [ef )] * [ ] =
[f]= U1+ [eg(an]-

Proof. We shall prove that [ef (4] * [f] = [f] only,

since the proof of [f] = [f] * [ef(q,)] is similar.
Let ef(q,) be a constant p-path with co-domain
any Khalimsky arc 4, By, € p&. We claim ej(q,) *
f I — G is path-homotopy to f, where I =
boBb1 vaoAal

Let f I — 4,Aq, be defined by f(z) = aq if
z€B, f(z) =agif x = b1Vag, f(z) =z ifz € A,
and i¢d; : I — I be an identity map from [ into I.
Clearly f and id; are surjective maps.

It is easy to check that (e, * f) o idr and
fo f are homotopic relative to {bg, a1}, since for
any x € I, we have

(€f(ag) * f) o idr(x) = (ef(ap) * )(7)

f(ao) ifze B
= f(ao) if £ =b1Vag

f(z), ifreA
= fo f(2).

hence (ef(qy) * f) 0idr and fo f define the same
function, which implies (ef(q,) * f) 0 idr and f of
are automatically homotopic relative to {bg, a1}
by the reflexivity of the equivalence relation ~%.

Therefore we have ey, * fp = f, and hence

[ef ()] * [F] = [f]- O

Definition 3.10. Let f : ,,A,, — G be a p-path
of the topological graph G. We call the p-path g :
a1 Aay — G, Ff(a) = Fg(a),Va € A, the inverse
p-path of f, where F' is the forgetful functor which
forgets the bmary relation. We denote the inverse

p-path of f by f

31n fact I is a homotopy relative to {co, c1Vmo, m1} of
(fi*g1) o (f1 % 41) and (f2 * g2) o (f2 * g2).
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Lemma 3.11. f: ; A, — G and g : v, By, —
G are p-paths of the topological graph G, and f
? are the inverse p-paths of f and g respectively.
Then we have fp, =Pg if and only if f, ~P .

F
Proof. We shall prove (f,~Pg) = (f, %p?)
only, the inverse proof is similar.

The relation f, ~Pg means that there exist
Khalimsky arcs .,C¢,,d,Dd4, € pS and two sur-
jective maps f : Cey — A0 : (,Cey — B
and a homotopy H : .,Cc, X 4,D4, — G such
that H(c,dp) = f o f(c),H(c,d1) = g o g(c) and
H(097d) = fo flco) = gogle), H(cr,d) =
fof(er)=gog(er) forallce C,d e D.

For showing ?p AP define f : ¢, Coy = a, Aag
and g : ¢,Cey — 5, By, by f(c) = f(c) and g(c) =
g(c) for all ¢ € C. Clearly f and § are surjective
maps.

Moreover, it is easy to check that ? o f(c—l—) =
fof(e=)and g og(ct) =gog(c—) forall c € C.
Remember that we have defined ¢+ = c and ¢— =
c if ¢ is the final point and the initial point of C
respectively.

Define K : ., C¢y X 4oDa, — G by

K(c+,d) = H(e—,d),
forallce C,d € D.

We check K is a homotopy relative to {c1, co} of

f fand g 0g. Clearly K is a map. And we have

K(ct.do) = H(e—,do) = f o f(e=) = T o f(ct)
and K(c+,d1) = H(c—,d1) = go g(c >—<§°
g(c+). Finally K is trivially relative to {c1,co}

as H is relatlve to {c1,¢0}. So we have shown
Fof~ S

Hence we have (f, ~Fg) =

} g og, and Wthh implies fp ~PYy q .
(prpg) O

Theorem 3.12. f:,,A,, — G is a p-path of the
topological graph G, and f : 4, Aey — G is the in-
verse p-path of f. Then we have [f]*[?] = [€f(ao)]
and [7] x [f] = [ef(al)], where €f(qy) * by B, = G
and ef(qy) * ¢oCe, — G are the left and right iden-
tity p-paths of f respectively.

Proof. We shall only prove that [f]*[?] = [ef(a0)],
the proof of [?] * [f] = [ef(ay)] is similar.

By Lemma 3.11, the problem of showing [f] *
[f] = [ef(a)] is equivalent to show that f x
7,, ~Peg(q). Define g : I — 4 By, and h : I —
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a0 Aay Vay Agg by

. g - ao, ifi € B7
) i, ifieB,. . o
g(z) = h(l) = 3 %o, if i = blVCLO,
b1, others; .
i,  others.

where I = p,Bp, Voo Ao, Vay, Aao- 1t is clear that g
and h are surjective maps.
In order to show ey(4q)p =P f * f ,we define H :

I X gyAa, = G by

ef(ao) o g(i), if 1 € B,
oh(i), ifi<a,
oh(a), ifi=a,, ifi€ qAa,,
H(i,a) = oh(a), ifi > a.
oh(i), ifi=<a,
ha), ifi=a,, ifi€q Aq;
7om),ﬁi>m

where the ordering < defined in the definition of
His wrt. g4, -

It is easy to check that H is well-defined,
since we have H(b1Vaog,a) = e,) © g(b1Vag) =

ef(ao)(bl) = f(ao) = f © h(QO) = H(b1VCI<42, CL) and
H(aVar,a) = fohla) = f(a) = Fla) =
f oh(a1) = H(a1Vay,a). Also it is trivial that H

is continuous and relation-preserving. Hence H is
a map.
For showmg H is a homotopy of ef(4,) © g and

(f = f)oh we have

€f(ag) © g(Z), ifieB
foh(ao)
= f(ao)
H(i,ao) = <:_€f(ao) 09(2)7 ifi e aoAal
f (O_h(GO)
= [ (ao) = f(ao)
= €f(ag) © 9(1), ifi €4, Aag
- ef(ao) © g(l>
€f(ao) © g(i)
= <f_GO) = foh(i)
H(iya1) =< = f oh(i), ifieB
Fohi), £ € g Au,
F o h(i), i€ o Aug
= ((foh) = (F om)(@) = (f ) o h(d).

(1) ©f(ao) © 9(bo) = €f(ap)(bo) = f(ao),
(f* f)oh(bo) = (f=* f)(ao) = f(ao);
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hence we have H (by, a) = €f(q) 0 g(bo) = (f* ?) °
h(bg), and

H(ag,a) = T o hlag) = f (a0) = f(ao),
(2) § €f(a0) © 9(a0) = ef(ao)(;) = f(ao),
(f * f)ohlag) = (f * f)(ao) = f(ao);
hence we have H(ag,a) = ey 09(ao) = (f*?)o

h(ao).

Therefore we have shown that H is a hogotopy
relative to {bo, a0} of ef(qe) 0 g and (f * f)oh,
which implies e,y = f * f. Hence we have

715 [F] = e5(an))- 0

Theorem 3.13. f: ,,Aq, > G, g : .8y, — G,
and h : .,Ce;, — G are p-paths of the topological
graph G, then we have ([f]*[g])*[h] = [f]*([g]*[h]).

Proof. The proof of this theorem is much easier
than the similar case of the classical homotopy
theory in algebraic topology.

We claim (f % g) * hy, =P f % (g = h). In fact,
we shall show that (f xg)xh = f* (g *h), and
then (f % g) * h is automatically path-homotopic
to fx(g=*h).

Clearly we have f % g : 4044, Vo, By, — G and
gxh:p, By, Ve, Cey = G are defined by

f(x), ifxeA,

(1) fxg(x) = { flar) = g(bo), if = a1Vbo,
g(x), if z € B;
g(x), ifx € B,

(2) g*h(z) = ¢ g(b1) = h(cp), if x =b1Vcy,
h(z), itrxeC.

So from the equations (1) and (2), we have (f *
9)*h: (agAay Voo Bby )VeoCoy — G and fx (g*h) :
a0Aay V(bo Bb, Vo Cey ) = G are defined by

fxg(x), =x€ AVB
(3) (f * g) * h(ZC) = i*hliglo);,) T =b1Veo
h(z), zeC

f(@), T €A,

fla1) = g(bo), == a1Vbo,

= g(x)a T € .B7

g(bl = h(Co), T = b1VCO,

h(x), r € C;
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o
a
(4) fx(gxh)(x)=q L gl* h(be), = = a1Vby
g * h(x), x € BvC
f(z), T € A,
f(al) = g(bo), xr = G1Vb0,
=1 g(2), x € B,
g(b1) = h(co), x=b1Vco,
h(z), z € C;

Therefore from the equations (3) and (4), the
problem of showing (f*g)+xh = fx(gxh) can be re-
duced to a simple problem of showing the associa-
tivity of the operator- lexicographic union Vv, that
is, (aoAal vboBh)vCoCCl = aoAal v(bo Bbl Vo OCl )
By Definition 2.2 of the lexicographic union v, it
is trivial that V is an associative operator. Hence
we have (f xg)«h = f*(g*h). So we have

([F] # [g]) * [n] = [f1 = ([g] * [A])- O

Denote pS,; to be the set of all p-paths in a
topological graph G, and let 7(G) = p&q/p =P.
Hence 7(@G) is the set of path-homotopy classes of
p-paths in G. Then 7(G) becomes a groupoid un-
der the operation *, but loses to be a group due
to the lack of satisfying the closure axiom and the
uniqueness identity axiom. We may call (7(G), )
the Khalimsky fundamental groupoid of the topo-
logical graph G.

Definition 3.14. A pointed topological graph is
a pair (G, z) consisting of a topological graph G =
(X,T,R) and a base point z € X.

By Definition 2.3, we have the following defini-
tion of p-loops.

Definition 3.15. Let ,Ap € p& be a Khalimsky
arc, and (G, x) is a pointed topological graph. We
call the p-path f : A, = (G,x) a p-loop (based
at x) of (G, x) if f(a) = f(b)(= ).

Like the definition of simple loops in general
graph theory, we say a p-loop f : Ay, — G is
simple if f(c) # f(d) for all ¢,d € A\{a,b},c#d.

By Definition 3.1, we have the product of p-
loops based at x is well-defined. That is, for any
pair of p-loops based at z, f : Ay = (G,z) and
g: cBa — (G,x), we have fxg: AVB — (G, x)
the product of p-loops f and g. Moreover, by the
mathematical induction, the product of p-loops
base at x (resp. p-paths) is well-defined for any
positive integer numbers of p-loops based at x

(resp. p-paths), i.e., we have f1 x fo*...x f, =
(fi* fox... % fro1)x fn for any fi1, fo, .., fu-1, fn
the p-loops based at = (or fi, f2,..., fn—1, fn the

p-paths such that the image of the final point of
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fi equal to the image of the initial point of f; 11,
forall1 <i<n-—1).

Let (G, z) be a pointed topological graph and
pS (g ,) be the set of all p-loops in G. Clearly
from Theorems 3.7, 3.9, 3.12, and 3.13, n(G,z) =
PS¢ 2)/p =¥ becomes a group under the opera-
tion *. Therefore we have the following theorem:

Theorem 3.16. (7(G,x),*) is a group.

We call (7(G,z),*) the Khalimsky fundamen-
tal group of the pointed topological graph (G, x).
Sometimes we shall use the notation 7(G, ) to in-
dicate the Khalimsky fundamental group of (G, z)
if there has no other operators.

4 Some Properties of the Khalim-
sky Fundamental Groups of Topo-
logical Graphs

Definition 4.1. A topological graph G is said to
be path-connected if given any pair of points =,y €
G, there exists a Khalimsky arc 5, A4,, € p& and a
p-path f € p&S, such that f(ag) =z and f(a1) =
Y.

Lemma 4.2. Fvery path-connected topological
graph is connected.

Proof. Let G be a path-connected topological
graph. Suppose G is not connected, then there
exists a partition U,V of G such that U,V # 0.
If z € U and y € V, clearly there exists a Khal-
imsky arc o,A4, € p6 and a p-path f € pS,
such that f(ag) = z and f(a1) = y as G is path-
connected. So f~1(U) and f~(V) becomes a par-
tition of 4, A,,. Contradiction, since 4,A4,, is con-
nected. o

Theorem 4.3. Let G be a topological graph, and
x,y € G are two points of G. If there exists a

p-path a from x to y, then (w(G,x),*) is group-
isomorphic to (m(G,y), *).
Proof. We define a map (m(G,x),*) —

(w(G,y), ) by &([f]) = [@] * [f] * [a].
Clearly 1 is well-defined as * is well-defined on
the path-homotopy classes. Moreover, it is trivial
that [%] % [f] * [a] € (7(G,y),*) as f is a p-loop.
We check v is a group-isomorphism between

(7(G, x),*) and (7(G,y),*):

1. 1 is a group-homomorphism: We have 1 ([f] *
9]) = 0(1fx9]) = [+ =g]+la] = []+([1]+
[9])x[a] = [a]«([f]x[ea]*[g])¥[a] =[]« ([f]*
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([a] * [@]) % [9]) * [a] = ([@] * [f] * [a]) (@] *
9% [a]) = ¥([f]) *1é([g]). Here we have used
the properties of the left identity, inverse and
associativity of the Khalimsky fundamental

groups.
2. ¢ has a inverse: Let ¢ : (7w(G,y),*) —
(v(G, ), %) be defined by ¢((h]) = [a]  [1]
[@]. A similar proof as above can easily

show that ¢ is well-defined and is a homo-
morphism. We claim 1 and ¢ are the inverse

to each other. For each [h] € (7(G,y),*),
We have (¢ ([h])) P(la] * [h] [<_]) =
La h]* * [a] = ([@] * [a]) *

[a]) = [e [][] (). Simi-

larly, for each [f] € ( (G x), x), we shall have
o ([f1) = (1]

Therefore from (1) and (2) above, 1 is a group-

isomorphism of (w(G,z),*) and (7(G,y),*).
Therefore (7(G, z), *) and (7(G,y), *) are group-
isomorphic. O

Lemma 4.4. If G is a path-connected topological
graph, and z,y € G are any two points of G, then
(m(G, x), *) is group-isomorphic to (7(G,y), *).

Proof. Trivial. O

Definition 4.5. A topological graph G is said to
be simple connected if G is path-connected and
(m(G,x),#) is a trivial group for some z € G,
hence for every x € G.

Theorem 4.6. G is a simple connected topological
graph. If f,g € pS with the same initial and final
points, then f, =Pg.

Proof. We claim [f] = [¢g]. Suppose f and g have
initial and final points x and y, then clearly f x ?
is a p-loop based at z. So we have [f * §] = [es].
By the identity and associativity axioms of the

Khalimsky fundamental group, we have [g] = [e,. *
g =[(f+9)xgl=1f+(gxg)]=1[fre,] =]
So we have [f] = [g], and hence f, =g. O

Lemma 4.7. (G,z), (G,
cal graphs, and ® : (G, x) —
®(x) = a'. Then we have

1. f€pSga = (f) €pS (a0
2. fprPg= O(f), ~PD(g).

Proof. (1) is trivial, and we claim (2) only. Since
we have f, ~Pg, suppose H is a homotopy rela-

a') are pointed topologi-
(G',2") is a map with

tive to {co,c1} of fo f and g o §, where f and
g are surjective maps with common domain ,C.,
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and respective co-domains the domains of f and
g. Then clearly ® o H is a homotopy relative to
{co,c1} of (B o f)ofand (®og)og. Sowe have
(f)p =P 2(g). O

Theorem 4.8. (G,x),(G’,2") are pointed topo-
logical graphs, and ® : (G,z) — (G',2") is a map
with ®(x) = «’. Then the map @, : (7(G,x),*) —
(m(G',2'), %), D.([f]) = [®(f)] is well-defined, and
is a group-homomorphism.

Proof. By Lemma 4.7, it is clear that &, is
well-defined. ~ We check that ®, is a group-
homomorphism. Let f,g € pSg ) such that
f i agla, — (G,z) and g : By, — (G, ), then
we have @.([f]#[g]) = . ([f #g]) = [®(f *g)]. As

we have

f(@), reA
O(fxg) = flar) =g(bo), =a1Vby ;)
g(.’L‘), r€B
Do f(x), xeA
=< @(f(a1)) = ®(g9(bo)), z=a1Vbo
o g(l‘), reB
= O(f) = 2(g)

So we have @.([f]  [g]) = [®(f) * ®(g)] = [2(f)] *
[@(9)] = D.([f]) * P«([g]); which shows that P, is

a group-homomorphism. o

With notations are same as Theorem 4.8, we
call ®, the group-homomorphism induced by ®.

Theorem 4.9. (G,xz),(G',2') and (G",z") are
pointed topological graphs, and @ (G,z) —
(G",2") and U : (G',2") — (G",2") are maps such
that ®(z) = 2’ and ¥(z') = ”. Then we have

1. (To®),=0T,09,,

2. idy is the identity homomorphism;
where id : (G,z) = (G, x) 1is the identity map.
Proof. Let f € p& g ;. then we have

L (W0 ®).(f]) = [¥od(f)] = L.(2()
U(.[f]) = . 0 &, ([f]); and

2. id.([f]) = [sd(f)] = [f]-

O

Theorem 4.10. Let (G,z) = (X,T,R,z) and
(G",2") = (X', T',R,2") be pointed topological
graphs, and ® : (G,z) — (G',2') is a map
such that ®(x) = o'. If ® is a homeomor-
phism w.r.t. T and T’, and is an isomorphism
w.r.t. R and R', then the induced homomorphism
o, : (w(G,z),%) — (w(G',2'),%x) is a group-
isomorphism.
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Proof. Let ¥ : (G',2") — (G, ) be the inverse of
®. Clearly we have = ®oV¥ = idg and Yo® = idg.
So we have @, o U, = (® o ¥), = (idg )« and
U,0®, = (Vo d), = (idg)«, where (idgr)«
and (idg). are the identity homomorphism of
(m(G',2'),*) and (7(G, x), *) respectively. There-
fore @, is a group-isomorphism. o
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