Cole’s Parallel Sorting Algorithm
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sorting algorithms because it achieves an O(logN) time complexity by using O(N) processors under the EREW model. This algorithm is a merging algorithm whose entire process looks like a tree as know in Fig. 2-8. For the convenience of discussion, throughout this section, we shall assume that the number of data elements N is 2k for some constant k. Under this assumption, the depth of the tree is k+1. Initially, all of the data are sorted in the leaf nodes of the tree. Again for convenience of later discussion, we shall denote the level of the leaf nodes L0, the level of the predecessors L1 and so on. Each node performs merging and the tree produces the final result, which is sorted sequence, in the top node of thee tree. It is also assumed that all nodes can access a memory bank concurrently. The most significant contribution of Cole’s parallel sorting algorithm is that he invented a special parallel merging scheme with time-complexity O(1). This is why Cole’s parallel sorting algorithm is an O(logN) algorithm.

Although we say that processors are organized as a tree, it is not true that each node corresponds to a processor. In fact, as we shall see at the end of this section, each node corresponds to a set of processors, all working in parallel.

Before we present our parallel merging step, let us give a brief description of the basic principles of this algorithm as follows:

(1) This parallel sorting algorithm is executed by a set of processors organized as a tree, as show in Fig. 2-8.

(2) Suppose that at time t, two neighboring nodes Na and Nb in Level Li with a common parent node Nc have assembled some elements. Then there are two possibilities:    

Case 1: Type 1 Merging: Na and Nb have assembled less than 2i, but more than or equal to four, elements.

Case 2: Type 2 Merging: Na and Nb have assembled 2i elements.

In this case, Nc will start a 3-step merging process as follows:

Step 1. If 2i < 4, do nothing; otherwise, pick up every forth element from sorted sequences in Na and Nb and merge them.

Step 2. If 2i < 2, do nothing; otherwise, pick up every second element from sorted sequences in Na and Nb and merge them.

Step 3. Pick up every element from sorted sequences in Na and Nb and merge them.

One may say that the Type 2 merging is a continuation of the Type 1 merging. Normally, we execute Type 1 merging. As soon as we have assembled 2i data elements, we start Type 2 merging. Note that the first step of Type 2 merging is exactly the same as a Type 1 merging step.

(3) For each node Nc’ the merging step executed at time t+1 will use the result of merging obtained at time t. This is quite critical because the way we 

utilize the previous information guarantees the following:

(a) Each step takes O(1) time.

(b) After nodes Na and Nb in level Li have already assembled 2i elements, three steps are sufficient to merge the two sorted sequences into one sorted sequence.

In the following, let us illustrate Cole’s parallel sorting algorithm by an example involving 16 elements. We deliberately skip some of the critical details because at this moment, we only want to give the read a high-level picture of the algorithm.

Let the sequence to be sorted be

24, 20, 11, 3, 12, 19, 21, 4, 8, 31, 25, 5, 10, 16, 23, 30.

The entire sorting process is now presented as follows:

t=0.

Initially, each node in L0 stores one element.

t=1.
In each node of L0, there is 20=1 element. Each node in L1 starts a Type 2 3-step merging. Since 2i=1 < 4, we do nothing. That is, no node in L1 performs any merging.

t=2.
Similarly, since 2i < 2, we do nothing.

t=3.
Each node in L1 picks up every element in its descendants in L0 and merges them. Since each node in L0 contains only one element, each node in L1 merges two elements. Thus we have eight sorted sequences:


(24) and (20) merged into (20,24).

(11) and (3) merged into (3,11).

(12) and (19) merged into (12,19).

(21) and (4) merged into (4,21).

(8) and (31) merged into (8,31).

(25) and (5) merged into (5,25).

(10) and (16) merged into (10,16).
(23) and (30) merged into (23,30).
Nodes in L1
t=4.
In each node of L1, there are 21=2 elements. Therefore the 3-step Type 2 merging process starts. However, since 2i=2 < 4, we do              nothing.
t=5.    Since there are two elements in every node of L1, we can pick up every second element of these sorted sequences. Each node in L2 accepts the second element from its two descendants in L1 and merges them. Thus in L2, we have

(24) and (11) merged into (11,24).
(19) and (21) merged into (19,21).
(31) and (25) merged into (25,31).
(16) and (30) merged into (16,30).

Nodes in L2
t=6.
Each node in L2 accepts all of its descendants and merges them. This merging is done with the knowledge obtained in t=5.
(20,24) and (3,11) merged into (3,11,20,24) with knowledge (11,24).
(12,19) and (4,21) merged into (4,12,19,21) with knowledge (19,21).
(8,31) and (5,25) merged into (5,8,25,31) with knowledge (25,31).
(10,16) and (23,30) merged into (10,16,23,30) with knowledge (16,30).
Nodes in L2
We shall not explain how the previously obtained knowledge can be used. We only like to emphasize here that this is critical for this algorithm. After the whole picture is presented, we shall then explain the scheme in detail.
t=7.
Note that every node in L2 has already assembled 22=4 elements. Therefore, from now on, each node in L3 starts a Type 2 3-step merging procedure. Each node in L3 accepts every fourth element from its descendants. We have
(24) and (21) merged into (21,24).
(31) and (30) merged into (30,31).
Nodes in L3
t=8.
Each node in L3 accepts every second element from its descendants in L2 and merges them. Thus, we have

(11,24) and (12,21) merged into (11,12,21,24) with knowledge (21,24). 

(8,31) and (16,30) merged into (8,16,30,31) with knowledge (30,31).
Nodes in L3
t=9.
At this time instance, there are two actions performed by nodes in L3 and L4 respectively.

Action 1. Each node in L3 accepts every element from its descendants in L2 and merges them. Thus we have

(3,11,20,24) and (4,12,19,21) merged into (3,4,11,12,19,20,21,24) with knowledge (11,12,21,24).

(5,8,25,31) and (10,16,23,30) merged into (5,8,10,16,23,25,30,31) with knowledge (8,16,30,31).
Nodes in L3

Action 2. Since at the end of t=8, each node in L3 contains four elements, but less than 23=8 elements, each node in L4, performs the Type 1 merging. It accepts every fourth element from its descendants in L3 and merges them. Thus we have

(24) and (31) merged into (24,31).
The node in L4
t=10.
Since there are 23=8 elements in nodes in L3, the following Type 2 3-step merging takes place:

Each node in L4 accepts every fourth element from its descendants in L3 and merges them.
(12,24) and (16,31) merged into (12,16,24,31) with knowledge (24,31)
The node in L4
t=11.
Each node in L4 accepts every second element from its descendants in L3 and merges them.

(4,12,20,24) and (8,16,25,31) merged into (4,8,12,16,20,24,25,31) with knowledge (12,16,24,31)
The node in L4
t=12.
Each node in L4 accepts every element from its descendants in L3 and merges them.

(3,4,11,12,19,20,21,24) and (5,8,10,16,23,25,30,31) merged into (3,4,5,8,10,11,12,16,19,20,21,23,24,25,30,31) with knowledge (4,8,12,16,20,24,25,31).
The node in L4
The reader can see that at t=12, the sorting is completed and the node in L4 contains the sorted sequence. Let us now review the entire sorting process. We note that there are totally 3xlog2l6=3x4=12 steps. Furthermore, at t=3i, for i=l, 2, 3 and 4, the nodes in Li successfully merged 2i elements.

The following table, Table 2-1, illustrates how nodes in each level of the tree merge elements accepted from their descendants:
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Time


	
	

	
	　
	1 2 3
	4 5 6
	7 8 9
	10 11 12

	Level


	L1
	0 0 2
	　
	　
	　

	
	L2
	　
	0 2 4
	　
	　

	
	L3
	　
	　
	2 4 8
	　

	
	L4
	　
	　
	2
	4 8 16


Table 2-1


Note that at t=9, nodes in both L3 and L4 are performing merging. L4 is performing Type 1 merging and we have underlined it.


Suppose that there are 64 elements, then it takes 3log264=3x6=18 steps to complete the sorting. The parallel sorting algorithm would then behave as described in Table 2-2.

	
	
	
	Time


	
	
	
	

	
	　
	1 2 3
	4 5 6
	7 8 9
	10 11 12
	13 14 15
	16 17 18

	Level


	L1
	0 0 2
	　
	　
	　
	　
	　

	
	L2
	　
	0 2 4
	　
	　
	　
	　

	
	L3
	　
	　
	2 4 8
	　
	　
	　

	
	L4
	　
	　
	2
	4 8 16
	　
	　

	
	L5
	　
	　
	　
	2 4
	8 16 32
	　

	
	L6
	　
	　
	　
	　
	2 4 8
	16 32 64


Table 2-2

This time, there are more Type 1 actions. They occur at t=9, 11, 12, 13, 14, 15. We have again underlined all of the Type 1 actions.


We have described the high level behavior of Cole’s parallel sorting algorithm. We pointed out earlier that when we merge two sequences, we always utilize some previously obtained information. In the following, we shall explain how this is done.


Imagine that we are going to merge the following two sorted sequences:
3, 4, 11, 12, 19, 20, 21, 24
and


5, 8, 10, 16, 23, 25, 30, 31.
Suppose that we have picked every second element from the above two sequences and have already obtained the following sorted sequence from them:




4, 8, 12, 16, 20, 24, 25, 31.
Then we can use this information to partition the two sequences as follows:
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Thus, instead of merging two sorted sequences, we shall merge eight subsequences in parallel:

(3,4) with (NIL)





(3,4)

(NIL) with (5,8)





(5,8)

(11,12) with (10)





(10,11,12)

(NIL) with (16)





(16)

(19,20) with (NIL)




(19,20)

(21,24) with (23)




(21,23,24)

(NIL) with (25)





(25)
(NIL) with (30,31)




(30,31)

We now define what it means by a good sampler. Let A and B be two sorted sequences. A is a good sampler of B if and only if between every k+l consecutive elements in {-∞} U A U {+∞}, there are at most 2k+l elements in B. For instance, if A1 consists of every second element of B, then A1 is a good sampler of B. On the other hand, if A2 consists of every fourth element of B, then A2 is not a good sampler of B. Yet, A2 is a good sampler of A1. Furthermore, note that there can not be more than three elements of B between two consecutive elements of {-∞} U A U {+∞}.
Given two sorted sequences J and K, if L is a good sampler of both J and K, then we can use L to partition J and K into J1J2...Ja+1 and K1K2...Ka+1 where L={e1, e2,..., ea}, as illustrated in the following figure:
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Then, for all Ji and Ki, there are at most 3 elements in Ji and Ki. As we shall see later, we can merge J and K in O(1) time by using |J| + |K| processors.
Let us now examine the sorting procedure described in this section. It can be easily seen that at each time step, for each pair of sorted sequences to be merged, there is a good sampler for both of these two sequences. For instance, consider t=9. There is one pair of two sorted sequences:

3, 11, 20, 24

and

4, 12, 19, 21

The good sampler is



11, 12, 21, 24

which divides the two sequences and we shall merge the following subsequences instead:

(3,11) and (4)

(NIL) and (12)

(20) and (19,21)

(24) and (NIL)

In the following, we shall prove the correctness of Cole’s parallel sorting algorithm.  Essentially, we shall prove that whenever two sorted sequences are to be merged, there is a good sampler available for both of these sorted sequences.

Note that there are two types of merging as indicated at the beginning of this section.  Let us now examine Type 2 merging first.  To facilitate our discussion, we need some definitions.  Given a sorted sequence X, let F4(X) denote the sorted sequence consisting of every fourth element of X and F2(X) denote the sorted sequence consisting of every second element of X.  Let M(X,Y) denote the result of merging X and Y.  We shall assume that there are two nodes Na and Nb in level Li and the condition for Type 2 merging is satisfied.  That is, they have assembled 2i elements.  The Type 2 3-step merging consists of the following steps: 

Step 1.  Merge F4 (Xa) and F4 (Xb) where Xa and Xb denote the sorted sequences sorted in Na and Nb respectively.  We now temporarily assume that there is a good sampler available for this merging.  This assumption will later be proved to be valid. 

Step 2.  Merge F2 (Xa) and F2 (Xb) using M(F4 (Xa), F4 (Xb)) as a good sampler for them.  The merged result is M(F2 (Xa), F2 (Xb)).

Step 3.  Merge Xa and Xb busing M(F2 (Xa), F2 (Xb)) as a good sampler for them. 

In the following, we shall show that in Step 2 and 3, M(F4 (Xa), F4 (Xb)) and M(F2 (Xa), F2 (Xb)) are indeed good samplers for sequences to be sorted.  We need the following lemma first.

Lemma 2-1

Let X and Y be merged into M(X,Y).  Suppose X’ and Y’ are to be merged later.  If X and Y are good samplers of X’ and Y’ respectively, then M(X,Y) is a good sampler of both X’ and Y’.

The above lemma can be easily proved and its proof is omitted here.

We can now apply this lemma.  Note that in Step1, F4(Xa) and F4(Xb) are merged into M(F4(Xa), F4(Xb)).  In Step 2, F2(Xa) and F2(Xb) are to be merged.  By definition, F4(Xa) and F4(Xb) are good samplers of F2(Xa) and F2(Xb) respectively.  Therefore, by using Lemma 2-1, M(F4(Xa), F4(Xb)) is a good sampler of both F2(Xa) and F2(Xb). Using similar arguments, we can also show that the result obtained in Step 2, namely M(F2(Xa), F2(Xb)), is a good sampler for Xa and Xb which are merged in Step 3.

We have proved that in Steps 2 and 3 of the Type 2 merging, good samplers are available for merging.  In the following, we shall discuss Type 1 merging which is executed by a node in Li+1 whenever the descendants of this node have assembled more than or equal to four elements, but less than 2i elements.  Let us consider Table 2-2.  In Table 2-2, many mergings are Type 1 mergings.  For instance, for nodes in L6, the mergings executed in t=13, 14 and 15 are all Type 1 mergings.  They are executed because at t=12, 13 and 14, nodes in L5 have assembled more than or equal to four elements, but less than 25=32 elements.

For all of the Type 1 mergings, there is a common characteristic which we describe as follows:

At t=s, let there be two nodes at level Li which merge XA and YA and XB and YB respectively as illustrated as below:

t=s

M(XA, YA)                   M(XB, YB)

                                                         

       XA                              YA          XB                           YB

Suppose that the condition for Type 1 merging is satisfied for both M(XA, YA) and M(XB, YB). Then at t=s+1, F4(M (XA, YA)) and F4(M (X
B, YB)) are merged by a node in Li+1.  Then result is denoted as V.

t=s+1 

V=M(F4(M (XA, YA)), F4(M (XB, YB)))

                 F4(M (XA, YA))            F4(M (XB, YB)

                                                    

                  M (XA, YA)                M (XA, YB)

At t=s, XA , YA, XB and YB become XA’, YA’, XB’ and YB’ respectively. 

Thus, new results are obtained, as follows: 

t=s+1

M(XA’, YA’)                   M(XB’, YB’)

                                                         

       XA’                            YA’         XB’                            YB’
Assume that at t=s+2, the condition of Type 1 merging is again satisfied.

The following merging takes place：

t=s+2

M(F4(M(XA’, YA’)), F4(M(XB’, YB’)))


            V1= F4(M (XA’, YA’))        V2= F4(M (XB’, YB’))

                                                  

                M (XA’, YA’)                M(XB’, YB’)

The whole problem is: At t=s+2, is there a good sampler for V1 and V2? As expected, we can show that V, which is obtained at t=s+1, is a good sampler for both V1 and V2.  To prove this, we actually try to prove that F4(M (XA, YA)) is a good sampler of V1= F4(M (XA’, YA’)) and F4(M (XB, YB)) is a good sampler of V2.  By applying Lemma 2-1, we shall be able to show that V is a good sampler of V1 and V2. 
Before we formally prove the above property, let us describe the above property through an example.  Consider t=8 of our above example. 

At t=8, we have, at Level L3, 

    XA = (11,24),     YA = (12,21)

    XB = (8,31),      YB = (16,31)

    M (XA, YA) = (11,12,21,24)

    M (XB, YB) = (8,16,30,31)

At t=9, we have
    F4(M (XA, YA)) = (24)

    F4(M (XB, YB)) = (31)

    V = M(F4(M (XA, YA)), F4(M (XB, YB))) = (24,31)

Also at t=9, we have

    XA’ = (3,11,20,24)          YA’ = (4,12,19,21)

    XB’ = (5,8,25,31)           YB’ = (10,16,23,30)

    M (XA’, YA’) = (3,4,11,12,19,20,21,24)

    M (XB’, YB’’) = (5,8,10,16,223,25,30,31)

Note that XA, YA , XB and YB are good samplers of XA’, YA’, XB’, and YB’ respectively. 

At t = 10, we have

     V1= F4(M (XA’, YA’)) = (12,24)

     V2= F4(M (XB’, YB’)) = (16,31)

What we shall prove is the following: 

     F4(M (XA, YA)) = (24) is a good sampler of V1 = (12,24)

     F4(M (XB, YB)) = (31) is a good sampler of V2 = (16,31)

and     V = (24,31) is a good sampler of both V1 = (12,24) and V2 = (16,31). 

As will become clear later, we have to answer the following question first: Given sorted sequences X, Y, X’ and Y’, where X is a good sampler of X’ and Y is a good sampler of Y’, for r consecutive elements e1, e2, …, er in M(X, Y), how many elements there are between e1 and er in M(X’,Y’)?  We shall later show that there are at most 2r+2 such elements. Before formally proving Lemma 2-2 which contains the main result, let us have and informal discussion of the problem. 

Consider the following set of data: 

X = {2,7,30,50}, 

Y = {6,10,32,36}

X’ = {1,2,5,7,20,30,40,50}

Y’ = {4,6,8,10,29,32,35,36}. 

Clearly, X is a good sampler of X’ and Y is a good sampler of Y’. 

M(X, Y) = {2,6,7,10,30,32,36,50}

M(X’,Y’) = {1,2,4,5,6,7,8,10,20,29,30,32,35,36,40,50}

Consider the subsequence {2,6,7,10,30} in M(X,Y) which consists of 5 elements. The corresponding subsequence in M(X’,Y’) is 

2, 4, 5, 6, 7, 8, 10, 20, 29, 30

In this subsequence, 2, 5, 7, 20 and 30 and from X’ and 4, 6, 8, 10 and 29 are from Y’.

For the subsequence e1, e2, …, e5 which we are considering, we note that both e1=2 and e5=30 are from X. Among e1, e2, …, e5 in M(X,Y), there are 3 consecutive elements from X. Since both e1 and e5 are from X which is a good sampler of X’ and there are 3 consecutive elements form X, there are at most 2(3-1)+1=5 elements in X’ between e1 and e5. They all lie between e1 and e5 in M(X’,Y’). In summary, we may say that there are at most 5 elements between e1=2 and e5=30 in M(X’,Y’) which are from X’.

Using the same argument, we can conclude that since there are 2 elements from Y between e2 and e4 in M(X,Y) and Y is a good sampler of Y’, there will be at most 2(2-1)+1 = 3 elements between e2 and e4 in Y’.  However, can we conclude that there are at most 3 elements from Y’ between 2 and 30 in M(X’,Y’)? Obviously not, because between e1=2 and e5=30 in M(X’,Y’), there are 5 elements from Y’. They are 4, 6, 8, 10 and 29.

What went wrong with our reasoning with Y’? Let us examine

     2,6,7,10,30 
in M(X,Y). We note that 2, 7 and 30 are from X and 6 and 10 are from Y.  Since the starting and terminating elements are both from X, no element smaller than 2 and larger than 30 in X’ needs to be considered. In other words, we only have to know how many elements there are between 2 and 30 in X’.  The elements from Y are 6 and 10.  Unfortunately, in Y’, elements smaller than 6, for instance 4, and elements larger than 10, for instance 29, although not appearing in Y’ between 6 and 10, can still appear between e1=2 and e5=30 in M(X’,Y’).  In other words, we just can not simply ask now many elements there are in Y’ between 6 and 10; this is insufficient.

Still, we may have an upper bound.  There must be an element in the subsequence -∞, Y, +∞ which is smaller than 6 and an element in -∞, Y, +∞ which is larger than 10.  In our case, they are -∞ and 32 respectively.  We may consider the four consecutive elements =∞, 6, 10, 32 and ask how many elements there are between them in Y’.  We note that they are 4, 6, 8, 10 and 29 and these elements are exactly those elements from Y’ which appear in M(X’,Y’) between e1=2 and e5=30.  In general, we should select two elements from -∞, Y, +∞ and add them to the consecutive elements in Y.  The first element is the element which is smaller than 6 and the second one is larger than 10.

Let there be h elements form X and j elements from Y among e1, …, er.  If both e1 and er are from X, then we need to consider 2(h-1)+1 elements in X’ and 2((j+2)-1)+1=2(j+1)+1 elements in Y’.  Totally, there are at most 2(h-1)+1+2(j+1)=2(h+j)+2=2r+2 elements between e1 and er in M(X’,Y’).

Suppose that e1 is from X and er is from Y, we can use similar reasoning to prove that we need to consider h+1 elements from X and j+1 elements from Y.  Thus there are at most 2h+1+2j+1 elements between e1 and er in M(X’,Y’).  They add up to 2r+2 elements.

We can now prove the following Lemma.

Lemma 2-2.

If X is a good sampler of X’ and Y is a good sampler of Y’, then between r consecutive elements in M(X,Y)> there are at most 2r+2 elements in M(X’,Y’).
Proof：

Let these r elements be denoted as e1, …, er.  Assume that h of them is from X and j of them is from Y.  Without losing generality, we may assume that e1 is from X.
Case 1：er is from X.

Since both e1 and er are from X, there are at most h elements among e1,
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 in M(X’,Y’).

Lemma 2-3.

    If X is a good sampler of X’ and Y is a good sampler of Y’, then F4(M(X,Y)) is a good sampler of F4 (M(X’,Y’)).

Proof:
By definition, in k+l consecutive elements 
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 in F4( M(X,Y)), there are 4k+l elements in M(X,Y).  By Lemma 2-2, in the range of (4k+l) consecutive elements in M(X,Y), there are at most 2(4k+l)+2 == 8k+4 elements in M(X’,Y’). Again, by definition, in the range of 8k+4 elements in M(X’,Y’), there

are (8k+4)/4 = 2k+l elements in F4 (M(X’,Y’)).  Thus, F4 (M(X,Y)) is a good sampler of F4(X’,Y’)..
We may now wind up the discussion about whether good samplers exist at all steps. Note that there are two types of mergings:

   (1) For the Type I merging, there are again two cases:

        (a)The first step of this type of merging always involves merging two lists where each list contains one element.   Thus no good samplers are needed for this case.

        (b) For the rest of steps of the Type I merging, the above                     discussion showed that good samplers are available for these              steps.
    (2) For the Type 2 merging, the first step of this type of merging is Just an ordinary step of the Type I merging.   Thus good samplers are available as discussed before.  We also showed that good samplers are available for the rest of steps.  It is easy that for those abnormal cases where 2 < 4 and 2 < 2, either no action needs to be taken, or no good samplers are needed because we are merging two lists containing one element each.
       In the following, we shall show that each merging step can be completed in 0(1) time. Before doing so, we need the following lemma which can be easily proved by using the above discussion.

 Lemma 2-4. In Cole's parallel sorting algorithm, at each time step t=s, if X and Y are merged, then there is always a good sampler available for them. Besides, if X’ and Y’ are merged at t=s+l, then X = F2 (X’) is a good sampler of X’. Y = F2(Y’) is a good sampler of Y’ and G’ = M(X,Y) = M(F2(X’), F2Y’)) is a good sampler for both X’ and Y’.

   As we defined before, the rank of a data item e with respect to a sorted sequence S is the numbers of data items in S which are smaller than or equal to e. Let Rank(e,S) denote the rank of e with respect to S.  In the following, we shall prove the following lemma:
Lemma 2-5.  Each merging step of merging X and Y with a good sampler G in Cole's parallel sorting algorithm can be done in O(l) time if the following information is available:

       (l) Rank(e,G) for every data item e in X.
       (2) Rank(e,G) for every data item e in Y.
       (3) Rank(e,X) for every data item e in G.
       (4) Rank(e,Y) for every data item e in G.

 Proof:

     Since we know Rank(e,G) for every e in X, we can find the largest d and the smallest .f in G such that d 
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 f. d and f must be consecutive in G.

     Since we also know Rank(e,Y) for every e in G, we can find the largest c and smallest g in Y such that c 
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 g.  Since G is a good sampler of Y, there are at most three data items between c and g. Thus, e only has to be compared with these three numbers. (See Fig. 2-9) By assigning one processor for each data item in X, we can complete merging each this data item into an appropriate place in Y in O(l) time. Thus the entire merging step of merging X and Y can be done in O(l) time.                Q.E.D                                                      
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   Fig. 2-9. The Finding of Appropriate Elements in Y to Be Compared with an Element in X through the Good Sampler G
      The above lemma shows the critical condition which will guarantee that the merging step can be completed in O(l) time. We now show that indeed that this condition is satisfied at each step.
     For Cole's parallel algorithm, suppose that at time step t=s, X and Y are merged and t= s+1,X’ and Y’ are merged. Let G’ = M(X’,Y’). Then the following information is available when X’ and Y’ are merged. 

(1) Rank(e,X’) for every data item e in G’.

(2) Rank(e,Y’) for every data item e in G’.
(3) Rank(e,G’) for every data item e in X’.

Rank(e,G') for every data item e inY’.

Proof:

    In Cole's algorithm, X is a good sampler of X’ and Y is a good sampler of Y’. Consider any data item e in X. Let Rank(e,G’) be r1. Let Rank(e,X) be r r2. Then Rank(e,Y) =  r1 - r2. But G’ = M(X,Y).   Therefore we can find Rank(e,G') for every e in X during the process of merging X and Y. This means that Rank(e,Y) can be found in 0(1) time for every data item e in X and similarly, Rank(e,X) can be found in 0(1) time for every data item e in Y.

    Besides, since X = F 2(X’) and Y = F2(Y’), Rank(e,X’) = 2*Rank(e,X) for every e in X. Similarly Rank(e,Y’) = 2*Rank(e,Y) for every e in Y. This means that for every e in X(Y), Rank(e,X’)(Rank(e,Y’)) can be found in 0(1) time.

    Consider any data item e in G’.  Without losing generality, we can assume that e is from X. As we discussed above, Rank(e,X’) can be found in 0(1) time. Again, as we discussed above, Rank(e,Y) can also be found in 0(1) time. Thus we can find the largest d and the smallest f in Y such that 
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 f. d and f must be consecutive. Through this, we can then find c and g in Y’ such that c
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 g. Since Y is a good sampler of Y’, there are at most three elements between c and g. Therefore we can find Rank(e,Y’) in 0(1) time.

(4)      The above discussion shows that for a data item e in G’, if e is from X, then Rank(e,X’) and Rank(e,Y’) can be found in 0(1) time. Using similar arguments, if e is from Y, then Rank(e,Y’) and Rank(e,X’) can also be found in O(1) time. Thus for every data item e in G’, Rank(e,X’) and Rank(e,Y’) can be found in 0(1) time.
       Having found Rank(e,X’) for every e in G’, we can now find Rank(e,G’) for every e in X’. Let X’ = (x1 ,x2, ..., xn) and G' = (g1 ,g2, ..., gn). Let Rank(gi, X’) be ri. Consider gi-1, gi, 
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. By the definition of ranks, x 
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 gi. Besides, since G’ is a good sampler of X’, between gi-1, and gi, there are at most three data items in X’.  Thus we only have to consider
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. In other words, we only have to compare 
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, ignore any data item which is smaller than or equal to gi-1. For the remaining data items, decide their ranks with respect to G’ by comparing them with gi-1, and gi. This can be done in O(1) time.  Thus for every data item e in X’, Rank(e,G’) can be found in O(1) time. Similarly, for each data item e in Y’ Rank(e,G’) can be found in O(1) time.
                                                                         Q.E.D.

       In the above proof, the finding of Rank(e,G’) for every data item e in X’ needs some explanation. Let us illustrate this through an example. Consider X’ = (4,12,20,24) and G’ = (12,16,24,31).   For each data item in G', its rank with respect to X’ is as follows:

       Rank(12,X’) = 2

       Rank(16,X’) = 2

       Rank(24,X’) = 4

       Rank(31,X’) = 4.

     Consider g3 == 24. r3, == 4. We therefore consider x2, x3 and x4. Since x2 =  12 is smaller than g2, we ignore it because it would be decided by consider g2 . As for x3 = 20, it is between g2 = 16 and g3 = 24.  Therefore Rank(20,G’) =Rank(g3,G’) +1 =2+1 = 3.  Finally, for x4 = 24, since it is equal to g3,Rank(24,G’) must be equal to Rank(g3,G’) = 3.

   Consider g4 = 31.   r4 = 4.  We therefore again consider x2, x3 and x4. Since x2, x3 and x4 are all smaller than or equal to g3, they are ignored. It should be clear to the reader why x4 is ignored in this case without any trouble.

The rank of x4 is decided by considering g3.

       Combining the above discussions, we may have the following lemma:

Lemma 2-6.

    The time-complexity of Cole's parallel sorting algorithm is O(logN). In the following, we shall show that the number of processors being used in Cole's parallel sorting algorithm is O(N).   Consider Table 2-2.   At time t=3i, nodes in level L1, L2, ..., Li-1, are all inactive because they have already completed the merging of elements from their respective descendant nodes. For each node in level Li, there are 
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 elements being assembled by using the type 2 merging while for each node in level Li+1,Li+2 ..., there are 
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, ... elements being assembled by using Type 1 merging. For example, for i=3 and t=3i=9, nodes in L1 and L2 are inactive as shown in Table 2-2.   There are 
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 elements being merged for each node in L3 and 
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We have shown that merging m elements with their good samplers can be done by using O(m) processors in O(1) time. Thus at time t=3i, the number of processors necessary for each node in Li is 
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 nodes in Li. Therefore the number of processors in Li, is (c
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, ... respectively.   Thus the total number of processors used at time t=3i is no greater than cN+cN/8+…=8cN/7 = O(N).

Using similar arguments, we can show that the number of processors used in t=3i-1 and t=3i-2 is also O(N). Finally we have the following Theorem. Theorem 2-1 the time complexity of Cole’s parallel sorting algorithm is O(logN) and the number of processors used in it is O(N).
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