§Interconnection Networks

· The hypercube (n-cube)
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4-cube
N=16
r-dimensional hypercube :

  number of nodes : 


  number of edges : 


  

 : binary representation of a node identifier

  Node 

 and node 

 are connected  (have a link).
Each node has r links.

The diameter of the hypercube is r.

The hypercube is node symmetric and edge symmetric.
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isomorphism of two graphs 

 and 
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there exist 2 1-1 and onto functions 









such that


rule(1) : e=(u, v) 

 ( g(e) = (f(u), f(v)) 



rule(2) : two edges 

 in 

 have a common node if and only if 

 and 

 do.

G and H are said to be isomorphic

example:
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node automorphism of a graph G :


Rule (1) and 

.

edge automorphism of a graph G :


Rule (2) and 

.

Node (edge) smmetric : for every pair of nodes (edges) x and y, there exists a node (edge) automorphism of the graph that maps x into y.
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· Routing :
g.


11010 


source

↓
11011

↓
11001 

↓
10001


destination

length of routing path = Hamming distance

· Broadcasting
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Number of steps in one-port broadcasting: r

· The hypercube has a Hamiltonian cycle.

(A linear array is embedded in the hypercube.)

The sequence of Gray codes :
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· Embedding of a 

 array in 4-cube.
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· The hypercube is the cross product of smaller cubes, and the cross product of linear arrays.
A graph G = (V, E) is the cross product of graphs, G1=(V1,E1), G2=(V2,E2), …, GK=(VK,EK)

if 

 and 

E = {{

, 

} | 

 j such that 

 and 

 for all 

}.

Notation : 


e.g.




· Containment of complete binary trees

The (N-1)-node complete binary tree is not a subgraph of the N-node hypercube.


Why ?

(1)  The hypercube is a bipartite graph.




dark node : even parity;



number of dark nodes : (N/2)

(2)  A cmplete binary tree is a bipartite graph.
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number of odd node 


· embedding : 


from a guest graph G to a host graph H.

dilation : max{ length of u and v in H | (u, v) 

 G }

expansion : 


congestion : max. number of edges in G using a single edge in H.

load : max. number of nodes in G embedded in a single node in H.

e.g.
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dilation : 3

expansion : (3/4)

congestion : 3

load : 2

Embedding of a (2N-1)-node complete binary tree in an N-node hypercube :
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· Butterfly, cube-connected cycle and Bene

 network

e.g.

three-dimensional butterfly :
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r-dimensional butterfly :


number of nodes : (r+1)2r

number of edges : r2r+1
node (w, i) and node 

 are connected 

if 


(1) 


(2) (w=

) or (w and 

 differ in bit 

).

the binary representation is : 



.

The degree of each node is bounded.

If we merge all butterfly nodes in the same row, then we obtain a hypercube.

Routing :
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The unique path of length r from (010, 0) to (100, 3) in an r-dimensional butterfly. Each level is traversed once. Cross edge are used from level i to level i+1 to change the (i+1)st bit of the row.

r-dimensional cube-connected cycle :

  Each node in r-cube is replaced by a r-cycle.




· Bene

 network :

consisting of back-to-back butterflies
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A three-dimensional Bene

 network.

r-dimensional Bene

 network : 2r+1 levels, each with 

 nodes.

Rearrangeable network :

There exist edge-disjoint paths for mapping any permutation of inputs to the outputs.

The Bene

 network is a rearrangeable network; 

replace each node by 

 switch (2 inputs, 2 outputs).

e.g.







proof : by induction on r.




on each switch at first (last) level : one to upper, one to lower

(1, 6)u => (3, 5)l => (4, 8)u => (8, 7)l => (7, 3)u => (2, 4)l => (5, 1)u => (6, 2)l 

node-disjoint paths for any permutation:

The path connecting (1,6) should go through upper subnetwork, then the path connecting (3,5) shuld go through the lower subnetwork, and etc.

one input on the node at the first level

one output on the node at the last level

e.g.





proof : by induction on r.


Inputs i and 

 use different subnetworks.


Output i and 

 use different subnetworks.

e.g.

(1, 3)u => (2, 1)l =>(4, 2)u => (3, 4)l 

u : upper network

l : lower network

· The shuffle-exchange and de Bruijn graphs

r-dimensional shuffle-exchange graph :


number of nodes : 



number of edges : 


two nodes u and v are connected if 

(1)  u and v differ in the right most bit (exchange edge)

or

(2)  u is a left or right cyclic shift of v. (shuffle edge)

e.g. 3-dimensional shuffle-exchange graph




diameter : 2r - 1

routing: 


e.g.







r-dimensional de Bruijn graph:


number of nodes : N = 



number of edges : 

 directed edge


u1u2u3…ur connects to 

u2u3…ur0 and u2u3…ur1

e.g. 3-dimensional de Bruijn graph :
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r-D de Bruijn can be obtained from (r+1)-D shuffle-exchange (SE). 

i. e., u2u3…ur0 and u2u3…ur1 in SE are merged to form u1u2…ur in de Bruijn.




A de Bruijn sequence of length 

 is a string of 

 bits for which every substring of r bits appears once, including wraparound.

e.g. 8-bit de Bruijn sequence : 00010111

00010111 corresponds to the Hamiltonian cycle of 3-D de Bruijn graph :

000

001

010

101

011

111

110

100

000

diameter : r

routing :

10011

00111

01111

11111

11110

11100

(source)









(destination)

correct one bit at each step.

Faster routing :




We do not need to correct the L-string.

Routing path :

10011

00111

01110

11100

(source)



  (destination)

In undirected de Bruijn graphs, u1u2…ur-1ur connects to 0u1u2…ur-1, u1u2…ur-1, u2u3…ur0 and u2u3…ur1

routing :

e.g. source
V = 1011011

L-string : 1011

    destination
W = 1011010
R-string : 10

We do not need to correct the L-string or R-string.

L-path : V

 0110110

 1101101

 W

R-path: V

 0101101

 1010110

 1101011

 0110101

 W

if | L-string | > | R-string | then L-path, otherwise R-path.

Shortest routing :

V = 1011011 

 0101101 

 1011010

V: v…v xx…x v…v
sl       sr
W:w…w xx…x w…w
dl   n    dr

| RLR-path | = 

 + 

 + 2

 = (r - n) + 

 + 


| LRL-path | = 

 + 

 + 2

 = (r - n) + 

 + 


min{| RLR-path |,| LRL-path |}=the length of the routing path.

Testing all possible X’s, we can find the shortest path.

Computation time : 
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r-dimensional k-ary de Bruijn graph :


number of nodes : kr

degree : 2k
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The two-dimensional 3-ary de Bruijn graph. There is a directed edge from node 

 to node 

 for all 

.

· Star graphs
· permutations

permutations of 3 elements : 





 EMBED Equation.2  


 EMBED Equation.2  





 EMBED Equation.2  


 EMBED Equation.2  

If 

 and 

 then 


e.g








cycle representation :




Theorem : Every permutation is a multiplication of disjoint i-cycles, 

.

e.g.



transposition : a cycle of length 2, 

e.g. ( 1  6 )

















 EMBED Equation.2  







e.g.










The multiplication of cycles is non-communicative.

e.g.












The multiplication of disjoint cycles is communicative.

e.g


· Cayley graphs


 : a finite group with a binary operation *.



 : a generation set for 



if 

, then 

. 

identity 

.

Given 

, a Cayley graph G = (V, E) is defined as that V corresponds to the group 

 and E = { (x, y) | x, y 

 V, 

, 

 }.

Let 

 be a set of transpositions generating a permutation group 

.

Transposition graph TG(V,() : 

for 

, 

.

e.g.

The hypercube is a Cayley graph generated by 

.

Transposition graph for the hypercube :
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hypercube : 




· Star graph
generating set 


transposition graph :







Sn : n-star,  Sn = ( Vn, En )










Vn: the set of all permutations of (1 2 3 … n)

En:


number of nodes : n!

degree of each node : n-1

Thm: diameter = 


decomposition : Sn = n * Sn-1, n-1 ways.




There are no cycles of odd length in Sn.

S3 is the smallest cycle in Sn.

Sn is edge symmetric and node symmetric.

There are n-1 node disjoint paths between 2 nodes in Sn.

Sn is optimally fault tolerant.
A comparison between the hypercube and the star graph

graph
dimension
nodes
degree
diameter
average distance

n-cube
n



n
n
n/2

n-star
n
n!
n-1







Hypercubes
Star Graphs

dimension
nodes
degree
diameter
dimension
nodes
degree
diameter

7
128
7
7
5
120
4
6

8
256
8
8
6
720
5
7

9
512
9
9
6
720
5
7

10
1024
10
10
7
5040
6
9

11
2048
11
11
7
5040
6
9

12
4096
12
12
7
5040
6
9

routing from a node to the identity :

e.g. 
source node : 

( 2 4 6 1 3 5 )

 

destination node : 
( 1 2 3 4 5 6 )
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(a) 
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(b) 
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Theorem: The minimum distance 

, from 

 to identity permutation:






c : number of cycles of length 

 2



m : number of symbols not in correct position.

· Broadcasting :
Two phase :

  Phase 1 : send message to relay nodes

  Phase 2 : send message to the leader node of each substar.

Then, apply the two phases recursivbely.




phase1    phase2

g2, g3, …, gn-1, gn can be generated by a recursive doubling scheme in phase 1.

Broadcasting in S9 :

Phase 1 :




Phase 2 :
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time : O(n log n)
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