§Graph Theory

� EMBED Visio.Drawing.4  ���

undirected graph
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      subgraph:



node: a, b, c, d, e, f

edge: (a, b), (a, c), (b, c), (b, e), (c, d), (c, f), (d, e), (d, f), (e, f)

adjacency matrix:
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�directed graph ( digraph):
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Fig.1



weighted graph:
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weight matrix:
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path

cycle

connectivity matrix C:



�Cjk= 	 1	 if there is a path of length 0 or more from vj to vk

	0	otherwise



C: reflexive and transitive closure of G.

connectivity matrix of Fig. 1:
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How to compute the connectivity matrix?

Matrix multiplication

﹡	→ ( (AND)

+ 	→ ( (OR)

g. 	Z = X•Y

		Zij= (xi1(y1j)((xi2(y2j)(�((xin(ynj)



the algorithm:

	matrix B

		bjk=ajk	for j(k

		bjj=1

that is,

�bjk=		1	if there is a path of length 0 or 1 from 					vj to vk

			0	otherwise



B2 represents paths of length 2 or less.

B4

…

Bn



g. in Fig.1
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complexity: O(logn) matrix multiplications

�Connected components
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Assign each vertex a component number which is the smallest vertex label in the same component.



Step 1: Compute the connectivity matrix.
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Step 2: In each row, find the smallest label.

			component 0: v0, v1, v5

			component 2: v2, v3

			component 4: v4

complexity: same as that for computing the connectivity matrix.

g. on hypercubes

	time: O(log2n)

	processor: n3





another method for finding connected components � vertex collapse

(ref. D.S. Hirschberg, A.K. Chandra and D.V. Sarwate, �Computing Connected Components  on Parallel Computers�, CACM, 1979, Vol.22, No.8, pp.461-464.)



Initially, each vertex is a supervertex.

Do the following steps for logn times.

Step 1: 	Find the lowest-numbered neighboring supervertex for each vertex.

Step 2:	Connect each supervertex root to a new root. ( Find the smallest neighboring supervertex for each supervertex. )

Step 3:	All newly connected supervertices are collapsed into large supervertices.



Note: Each supervertex is identified by its lowest-numbered member vertex (root).



time: O(log2n). (each step takes O(logn) time.)

processor: n2



Transitive closure can be solved by this method with the same complexity.



�g.

�

�All pairs shortest path
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a sequential method � dynamic programming

� EMBED Equation.2  ���: 	the length of a shortest path from vi to vj going through no vertex of label greater than k.



for k=0 to n-1 do

	for i=0 to n-1 do

		for j=0 yo n-1 do
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time: O(n3)



�a parallel method � matrix multiplication an algorithm similar to that computes the connectivity matrix.



� EMBED Equation.2  ���:	the length of the shortest path from vi to vj going through at most k-1 intermediate vertices
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in matrix multiplication:

* →   + 

+ →min

We can compute D1,D2,D4,D8,�,Dn-1.

complexity: O(logn) matrix multiplications

e.g. on hypercubes

	time: O(log2n)

	processor: n3



�Minimum spanning trees
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a sequential algorithm � Prim�s algorithm 

( a greedy method)

edge	cost	spanning tree
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(1,2)	10	
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(2,6)	25	
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(3,6)	15	
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(6,4)	20	
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(3,5)	35	







a parallel algorithm � Prim�s algorithm

	EREW PRAM

	N = n1-x	: # of processors

		0 < x < 1

In each iteration, we have to find a minimum. And, (n-1) iterations are needed.

time: O(nx) in each iteration

		( O(logn)  for minimum finding)

total time: O(n1+x).
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