§Prefix Computation

· Prefix Computation Problem

Given : 
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     and an associative operator (
Compute

    s0=a0
    s1=a0(a1
    (
    si=a0(a1(((ai
    (
    sn-1=a0(a1(((an-1
or

    s0=a0
    s1=s0(a1
    (
    si=si-1(ai
    (
    sn-1=sn-2(an-1
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e.g. prefix sums(partial sums)
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· Parentheses Matching Problem

Check whether the parentheses are valid.

     ( ( ( ) ( ) ) )          :valid

     ( ) ) (             :invalid

Solution :

      ( :     +1

      ) :     (1

      


Apply the prefix computation
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   the valid condition :
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 EMBED Equation.3  [image: image5.wmf]
· The Visibility Problem in Digital Images
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Parallel visibility in direction D

[image: image6.png]



Each pixel must perform :
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where * is an intersection operator

· The Knapsack Problem

Given :  weight  :  
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        profits  :  
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        capacity :  M 

maximize  
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e.g.  M = 6
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Answer : 


The greedy method

step 1 : Sort 
[image: image13.wmf]w
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step 2 : Put the objects into the knapsack.

Prefix computation method

step 1 : Sort

step 2 : 

 step 3 : Each object determines whether it will be put into the knapsack.

e.g.  M = 6


[image: image14.wmf]10

6

2

1

:

w

2

3

4

5

:

p

3

2

1

0

:

i

i

i


Answer : 
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· The First Order Linear Recurrence Problem
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· Horner’s Rule for Polynomial Evaluations




Rewrite as :





 EMBED Equation.2  [image: image17.wmf])
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where 
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the general formula :
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where 
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· Evaluations of Newton’s Polynomials
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Rewrite as :
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where 
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1

n

i

0

,

c

a

,

x

x

b

1

i

n

i

1

1

n

-

£

£

=

-

=

-

-

-


the general formula :
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where 
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The prefix sun method is often used to calculate addresses in parallel algorithms 

P0
P1
P2
P3
P4
P5
P6
P7










after some operations:

P0
P1
P2
P3
P4
P5
P6
P7



X

X
X



          X : discarded

P0
P1
P2
P3
P4
P5
P6
P7

0
1
0
1
0
0
1
1

(








0 for P0







new address : (prefix sums) :

P0
P1
P2
P3
P4
P5
P6
P7

0
1
1
2
2
2
3
4

· Shared Memory Model

Method I (EREW PRAM)
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Method II (CREW PRAM)
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· The Binary Tree Model
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processors : 2n-1

time : O(log n)

· The Mesh-Connected Model

x0
x1
x2
x3

x0
A01
A02
A03

x4
x5
x6
x7

x4
A45
A46
A47

x8
x9
x10
x11

x8
A89
A8,10
A8,11

x12
x13
x14
x15

x12
A12,13
A12,14
A12,15

(a) initially            (b) after step 1

x0
A01
A02
A03

x0
A01
A02
A03

x4
A45
A46
A07

A04
A05
A06
A07

x8
A89
A8,10
A0,11

A08
A09
A0,10
A0,11

x12
A12,13
A12,14
A0,15

A0,12
A0,13
A0,14
A0,15

 (c) after step 2         (d) after step 3

processors : n

time : O(

)

· Unshuffle connection
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Results :

step 1
*









S0
S12
S34
S56
S01
S23
S45
S67


*



*




step 2
S0
S14
S01
S25
S02
S36
S03
S47


*

*

*

*


step3
S0
S1
S2
S3
S4
S5
S6
S7

* denotes the processor with mask = 0, otherwise mask = 1.

mask = 0 : output of  Pi = Si
mask = 1 : output of  Pi = Si-1+Si
step 1: Processor 

i, mask = 0 

step 2: Processor 

i, mask = 0

step 3: Processor 

i, mask = 0

· The Hypercube Model  [Kim and Lee 1990]
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i and 

 differ exactly 2 bits.

e.g.
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another hypercube method :
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Each processor has two buffers.

One stores the partial result for itself, the other one stores the partial result for other processors.

· Broadcasting on a Hypercube
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one-port communication
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Broadcasting on a hypercube with 8 processors.

· Gray Code Representations

[image: image36.png]000 001
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The address mapping of Gray code for a hypercube with eight processors.

Processor 4 is represented by (110), it holds a4, not a6.

In a subcube of size 

, the first and the last processors differ in the (j-1)th bit.

For two neighboring subcubes of size 

, the last processor of the left subcube and the first processor of the right subcube differ in the jth bit.

Gray code :
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· Prefix Computation on the Hypercube

implementation of the CREW method.

time complexity :

the time required for finishing the last point and the time required for the last broadcast

= 2d-1+d-1

= 3d-2, where p=


= O(log p)

Fig. 5 Prefix computation on a hypercube with 16 data elements

· Data Routing

Transfer (i from PE(Bi) to PE(Gi), where Bi and Gi are the binary representation and the Gray code of i respectively.


[image: image38.wmf]1

d

j

0

,

i

i

g

)

g

g

(

G

)

i

i

(

B

1

j

j

j

0

1

d

i

0

1

d

i

-

£

£

Å

=

=

=

+

-

-

K

K



source


destination(Gi)

i
Bi
step 1
step 2
step 3

0

1
0000

0001
0000

0001
0000

0001
0000

0001

2

3
0010

0011
0011

0010
0011

0010
0011

0010

4

5

6

7
0100

0101

0110

0111
0100

0101

0111

0110
0110

0111

0101

0100
0110

0111

0101

0100

8

9

10

11

12

13

14

15
1000

1001

1010

1011

1100

1101

1110

1111
1000

1001

1011

1010

1100

1101

1111

1110
1000

1001

1011

1010

1110

1111

1101

1100
1100

1101

1111

1110

1010

1011

1001

1000

Routing paths on a hypercube of 16 processors.

Algorithm : 

For j = 0 to d-2 do

If ij+1=1 then PE
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· An Adaptive Algorithm

Assume there are p processors and n data elements, n>p.

For example, p=4, n=8.

step 1 : PE(B0) = PE(00) : s0 = a0(a1
PE(B1) = PE(01) : s1 = a2(a3
PE(B2) = PE(10) : s2 = a4(a5
PE(B3) = PE(11) : s3 = a6(a7
step 2 : Route si from PE(Bi) to PE(Gi)

step 3 : Prefix computation

PE(G0) = PE(00) : w0 = s0
PE(G1) = PE(01) : w1 = s0(s1
PE(G2) = PE(10) : w2 = s0(s1(s2
PE(G3) = PE(11) : w3 = s0(. . .(a3
step 4 : Send wi-1 from PE(Gi-1) to PE(Gi)

step 5 : Route wi-1 from PE(Gi) to PE(Bi)

step 6 : PE(B0) = PE(00) : do nothing

PE(B1) = PE(01) : compute w0(a2
                      w0(a2(a3
PE(B2) = PE(10) : compute w1(a4
                      w1(a4(a5
PE(B3) = PE(11) : compute w2(a6
                      w2(a6(a7
· Faulty Nodes Detection

Assume

1.  There is one faulty node in the hypercube.

2.  The faulty node can be detected by all of its neighbors.

 Initiate node : the neighbor of the faulty node which differs in the leftmost bit.

 The initiate node broadcasts the information.

e.g.
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· The Renumber Method

Each processor performs XOR on its original number with the original number of the faulty node.

e.g.

original
new
Gray code interpretation

000(110(110        (4)

001(110(111        (5)

010(110(100        (7)

011(110(101        (6)

100(110(010        (3)

101(110(011        (2)

110(110(000        (0)  faulty

111(110(001        (1)

· Data Routing After Renumbering

e.g. faulty node : 110

step 1 : group 1 <1 X X>, left to right

      


step 2 : group 2 <0 X X>, right to left

      


e.g. d=6, 001011 is faulty.
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· A More General Detection Mechanism 

 B = (bd-1...b1b0), a partition of a d-cube.

 X= (xd-1...x1x0) be a node of the d-cube.

 equivalence class of X
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 e.g. B = (01011). B will partition the hypercube into four subcubes. One of the subcubes : (00100), (00101), (00110), (00111), (01100), (01101), (01110) and (01111)

FC[PE(id-1...ij...i0)]

(current partition known to PE(id-1...ij...i0)

FN[PE(id-1...ij...i0)]

(faulty node with the smallest identifier known to PE(id-1...ij...i0)

FC[PE(id-1...ij...i0)] = (#)

FN[PE(id-1...ij...i0)] = (#) except the faulty nodes.
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e.g. Assume that PE(01110), PE(01101) and PE(00101) are faulty nodes.

(FC = (01011) and FN = (00101).

Faulty nodes : 01110, 01101, 00101

Algorithm :
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e.g.
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Algorithm Fault-Detection (at most d-1 faulty nodes)

Step 1：For j = 0 to d-1 Do
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If 
[image: image49.wmf])

i

i

i

(

PE

0

j

1

d

K

K

-

 is a faulty node then 
[image: image50.wmf])

i

i

i

(

PE

0

j

1

d

K

K

-

 

performs Procedure Condense.

End-Do.
Step 2：For j = 0 to d-1 Do
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 exchanges its data with 
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Each processor performs Procedure Condense.

End-Do.
Step 3：Perform step 2 once more.

The algorithm can find the smallest subcube in which all faulty nodes are.

Time : O(log n), 

.

· Prefix Computation in a Faulty Hypercube

The first case : at least one bit in FC is 0.

( the smallest faulty subcube is not bigger than a half of the original hypercube. 

Procedure Renumbering

Step 1: Let j be the rightmost bit position which is 0 in FC.

Let k be the leftmost bit position which is 1 in FC.

Exchange bit j with bit k in FC, FN and the identifier of each processor.

Step 2: Each PE(X..X1kX..X0jX..X) routes its data via 

PE(X..X0kX..X0jX...X) to PE(X..X0kX..X1jX..X)

Each PE(X..X1kX..X0jX..X) rotes its data via

PE(X..X1kX..X1jX..X) to PE(X..X1kX..X0jX..X).

Step 3: Repeat Steps 1 and 2 until j ( k .

Step 4: Each processor performs the ( operation on the

new identifier of FN and the new identifier of itself

to find its final identifier.

e.g. Assume that PE(01110), PE(01101) and PE(00101) are faulty nodes.

( FC = (01011) and FN = (00101).

after renumbering (‘1’ is put on the right positions)

( FC = (00111) and FN = (01001) 

( (i4i3i2i1i0) ( (i4i2i3i1i0).

equivalence class (subcube) ( a bigger solid node logically.

time : O(log n).

new FC = (00111)

  original      i3 ( i2   ( 01001   ( new FN )

   00000  (  00000  (  01001

   00001  (  00001  (  01000

   00010  (  00010  (  01011

   00011  (  00011  (  01010

   00100  (  01000  (  00001          $

   00101  (  01001  (  00000      *   $

   00110  (  01010  (  00011          $

   00111  (  01011  (  00110          $

   01000  (  00100  (  01101

   01001  (  00101  (  01100

   01010  (  00110  (  01111

   01011  (  00111  (  01110

   01100  (  01100  (  00101          $

   01101  (  01101  (  00100      *   $

   01110  (  01110  (  00111      *   $

   01111  (  01111  (  00110          $

The second case, FC = (111...1).

( The faulty nodes are spread in the whole hypercube.

FC = (111...1).

 two faulty nodes(1XX...X) and (0XX...X) split the hypercube.

 apply the divide-and-conquer strategy.
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Procedure Split

Step 1 : Using the leftmost bit of identifiers, divide the full cube into two subcubes with equal sizes : the lower subcube (LC) and the higher subcube (HC).

Step 2 : Recursively compute the prefix computation in LC and HC. Note that each subcube stop the recursive call while it reaches the situation of case 1.

Step 3 : The node which holds the final result of LC broadcasts its result to all nodes in HC by applying Algorithm Fault-Detection with a simple Procedure Condense, i.e., the function of Procedure Condense is reduced to only reception and delivery of message.
time complexity
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