§Selection

S={a1, a2,  ... , an} 

rank of ai: # of elements in S smaller than ai.

e.g. S={8, -3, 2, -5, 6, 0}

rank of -3: 1

rank of 0: 2

the kth smallest element: the rank of it is k-1

if  k= 
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 the median of  S

lower bound of selection (sequential algo. ): Ω(n)

The simplest method:

Sort the data.

time: O(n log n).

A sequential algorithm (find the kth smallest)

(ref. Fundaments of computer Algorithms. by Horowitz and Sahni)

Step 1: Select a pivot, m

Step 2: Partition S into 3 subsets:

S1={i 
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S2={i 
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S3={i 
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Step 3: If  
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 k, then find the kth smallest element in S1.

else if 
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 k, then the answer is m

else find the (k-
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[image: image17.wmf])th smallest element in S3.

time complexity:

worse case: O(n2)

average: O(n)

A more efficient sequential algorithm use the prune-and-search approach 

(In some books, this approach is classified as the divide-and-conquer approach. )

procedure SEQUENTIAL SELECT (S, k)

Step 1: if 
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else subdivide S into 
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[image: image21.wmf]/Q subsequences of Q elements each (with up to Q-1 leftover elements)

end if.     (Q is a small constant. )

Step 2: Sort each subsequence and determine its median.

Step 3: Call SEQUENTIAL SELECT recursively to find m, the median of the 
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Step 4: Create three subsequences S1, S2, and S3 of elements of S smaller than, equal to, and larger than m, respectively.

Step 5: if 
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 k then {the kth element of S must be in S1}

call SEQUENTIAL SELECT recursively to find the kth element of S1
else if 
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  k then return m

else call SEQUENTIAL SELECT recursively to find the 

(k- 
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end if

end if.   (
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time complexity:
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Step 3: t(n/Q)

Step 5: t(3n/4)
t(n)=cn+t(n/Q)+t(3n/4)

choose Q so that n/Q + 3n/4 < n

Take Q=5

t(n)= cn + t(n/Q)+t(3n/4)

Assume t(n) 
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 c1n for some constant c1
t(n)
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 cn+c1(n/5)+c1(3n/4)

 =cn+c1(19n/20)

Let c1=20c

t(n)
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 c1(n/20)+(19n/20)

=c1n
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 t(n)=O(n)  in the worst case

· broadcasting on an EREW SM SIMD computer

procedure BROADCAST (D, N, A)

Step 1: Processor P1
(i) reads the value in D,

(ii) stores it in its own memory, and

(iii) writes it in A(1).

Step 2: for i=0 to (log N-1) do

for j=2i+1 to 2i+1 do in parallel

Processor Pj
(i) reads the value in A(j-2i),

(ii) stores it in its own memory, and (iii) writes it in A(j).

end for 

end for.    (
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time:  O(log N)

· Prefix sums on an EREW SM SIMD computer

given a1, a2, ... , aN
compute  S1=a1
S2=a1+a2
S3=a1+a2+a3
    :

    :

SN=a1+a2+...+aN

a sequential method:

S1=a1

for i=2 to N do

Si=Si-1+ai
a parallel algorithm on EREW:

procedure ALLSUMS (a1, a2, ... , aN)

for j=0 to log N-1 do
for i=2j+1 to N do in parallel
Processor Pi
(i) obtain ai-2j from Pi-2j through shared memory and

(ii) replaces ai with ai-2j+ai
end for

end for.  (
time:  O(log N)

processors:  N

parallel prefix sums on EREW:
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· Parallel selection on an EREW SM SIMD computer

N processors

n data elements 
[image: image44.wmf],  N=n1-x  ,  0<x<1

find the kth smallest element

procedure PARALLEL SELECT (S, k)

Step 1: if |S| 
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 4 then P1 uses at most five comparisons to return the kth element 

else
(i) S is subdivided into |S|1-x subsequences Si of length |S|x each, where 1
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|S|1-x, and

(ii) subsequence Si is assigned to processor Pi
end if.

Step 2: for i=1 to |S|1-x do in parallel
(2.1)  {Pi obtains the median mi, i.e., the  
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th element, of its associated subsquence}    

SEQUENTIAL SELECT (Si, 
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(2.2) Pi stores mi in M(i)

end for.

Step 3: {The procedure is called recursively to obtain the median m of M}

PARALLEL SELECT (M, 
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Step 4: The sequence S is subdivided into three subsequences:

L={si
[image: image51.wmf]Î

S: si<m},

E={si
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S: si=m}, and 

G={si
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S: si>m}.

Step 5: if |L|
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 k then PARALLEL SELECT (L, k)

else if |L|+|E|
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k then return m

else PARALLEL SELECT (G, k-|L|-|E|)

end if 

      end if.  (
if  |S|
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4,  3 comparisons are enough to find the largest or smallest.

2 more comparisons are enough to find the second largest or second smallest.
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analysis

Step 1: |S| and k are broadcast.

time: O(log n1-x)

Step 2: sequential selection

time: c2nx
Step 3: t(n1-x)

Step 4:Prefix computation is used to calculate the positions.
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Step 5: t(3n/4)

Thus t(n)=c1 log n+c2nx+t(n1-x)+c3nx+t(3n/4)

 =O(nx)         for n>4

processors: P(n)=n1-x
cost=P(n)*t(n)=O(n)

  N=n1-x=n/nx< n/log n       
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  nx >log n

The algorithm is cost optimal when N< n/log n.

The algorithm is also adaptive.
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