§Merging

two sorted sequences:
A={a1, a2, ... , ar}, B={b1, b2, ... , bs}
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one single sorted sequence:

C={c1, c2, ... , cr+s}

e.g. A={2, 3, 4, 6}, B={1, 5, 7, 8}
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C={1, 2, 3, 4, 5, 6, 7, 8}

· a sequential merging algorithm

two-way merging:

2  3  4  6  
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1  5  7  8 

time O(r+s)

when r = s = n, time: O(n)

lower bound: Ω(n)

· Merging on CREW
e.g. A={2, 3, 4, 6, 11, 12, 13, 15, 16, 20, 22, 24}

B={1, 5, 7, 8, 9, 10, 14, 17, 18, 19, 21, 23}

4 processors, N = 4, r = s = 12

Step 1: Select N-1 elements of A which divides A into N subsequences of the same size.

A'={4, 12, 16}.

same work for B:

B'={7, 10, 18}.
Step 2: For each element in A', perform binary search on B'. For each element in B', perform binary search on A'. Then, A' and B' are merged.

V={4, 7, 10, 12, 16, 18}

Step 3: Q(1)=(1, 1): first group
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Step 4: P1 merges a1~ a4 and b1~ b2 

P2 merges a5~ a5 and b3~ b6
P3 merges a6~ a9 and b7~ b8 

P4 merges a10~ a12 and b9~ b12
time complexity: O( 

+log n), N

n

Step 1: O(1)

Step 2: O(log N)

Step 3: O(log n)   (r = s = n)

Step 4: O(

)
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# of elements in C between Vi and Vi+1

2n/N

# of elements in C between Vi and Vi+2

4n/N

cost = t(n)*p(n)

= O(

+log n)*N

= O(n + N log n)

The algorithm is cost optimal when N

n/log n.

· Merging on EREW

simulate the merging algo. on CREW

Each memory location is replaced by a binary tree with N leaves, N: # of processors. The memory size is increased from M to M(2N-1).

Multiple broadcasting is executed.
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2 stages:

ascent stage:

The left son marks its parent first, then the right son marks its parent if its parent has not been marked.

descent stage:

The left son reads from its paraent first, then the right son does.

time for one broadcast:

O(log N)

time for merging on EREW:

t(n)=O(log N) 
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memory: O(Nn).

· Finding the median of two sorted sequences

e.g. A={2, 5, 7, 10}, B={1, 4, 8, 9}

merged sequence C={1, 2, 4, 5, 7, 8, 9, 10}

5 is the median of C, 5 is from A.

median pair: (ax, by)

if ax is the median of C, then by is the largest 

(by)                 (ax)

element in B

ax
(A) (by)

(ax, by)=(5, 4)

algorithm (sequential) :

prune and search

(similar to binary search)

a: median of A

b: median of B
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time: O(log n), |A| =|B| =n

· Faster merging on EREW

A={a1, a2, ... , ar}, B={b1, b2, ... , bs}

Stage 1: Partition A and B into A1, A2, ... , AN and B1, B2, ... , BN such that

(i) all |Ai| + |Bi| have the same amount (r + s)/N

(ii) Ai, Bi
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How to partition?

Repeatedly find the median of two sorted sequences
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Each time, # of partitions is doubled.

log N iterations are required to have N partitions.

Stage 2: All pairs Ai and Bi are merged independently and simultaneously.

time complexity:

t(n)=O(

+ log2 n)  r = s = n.

cost=t(n)*p(n)=O(n + N log2 n) 

The algorithm. is cost optimal when N 

 n/log2 n

· Odd-even merging

e.g. two sorted sequences: {3, 5, 7, 9}

and {2, 4, 6, 8}

Step 1: Merge {3, 7} and {2, 6} into {2, 3, 6, 7}.

Merge {5, 9} and {4, 8} into {4, 5, 8, 9}.

Step 2: Compare and exchange


[image: image16.png]™ > 0

O n

o = <




The result is {2, 3, 4, 5, 6, 7, 8, 9}

(1, 1)-merger (comparator):
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(2, 2)-merger:
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time required by an (n, n)-merger:

t(1)=1,         n=1

t(n)=t(n/2)+1,    n>1

( t(n)=1+log n = O(log n)

processors:

p(1)=1,             n=1

p(n)=2p(n/2)+(n-1),   n>1

( p(n)=1+n log n = O(n log n)

proof of correctness:

method I :




# of elements

di+1 in C : at least 2(i-1)+1+1=2i

at most 2i+1

# of elements

ei in C : at least 2i

at most 2i+1

C2i

di+1

C2i+1
C2i

ei

C2i+1




 C2i=min(di+1, ei)

C2i+1=max(di+1, ei)
method II :

 (ref. The Art of Computer Programming, Vol.3 , Sorting and Searching, by Knuth, 1973)

<Theorem> Zero-one principle 
If a network with n input lines sorts all 2n sequence of 0's and 1's into nondecreasing order, it will sort any arbitrary sequence of n numbers into nondecreasing order.
Assume

a1, a2, ... , an   contains  k  0's

b1, b2, ... , bn   contains  m  0's

Then

d1, d2, ... , dn   will contain 
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e1, e2, ... , en   will contain 
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Case 1: The difference is 0.
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Case 2: The difference is 1.
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Case 3: The difference is 2.
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