§Generating Permutations and Combinations
· Permutations
 # of m-permutations of n items:

       


 3-permutations of {1,2,3,4} in lexicographic order:

1 2 3, 1 2 4, 1 3 2, 1 3 4,

1 4 2, 1 4 3, 2 1 3, 2 1 4,

2 3 1, 2 3 4, 2 4 1, 2 4 3,

3 1 2, 3 1 4, 3 2 1, 3 2 4,

3 4 1, 3 4 2, 4 1 2, 4 1 3,

4 2 1, 4 2 3, 4 3 1, 4 3 2.

· generating permutations lexicographically
m-permutations of {1,2,...,n}:

first permutation: 1 2 ... m

last permutation: n n-1 ... n-m+1

All permutations except the last permutation are updatable ( can be used to generate the next permutation).

The updatable condition for a permutation (P1P2 ... Pm):

( j, (Pi < j ( n and j is not used at the left of Pi.

The updating algorithm:
Let Pi be the rightmost element and j be the smallest index satisfying the updatable condition.

Pi  ( j
Pi+1 ( the first position which is not used.

(
(
Pi+k ( the kth position which is not used.

(
(
Pm ( the (m-i)th position which is not used.

e.g. 5-permutations of {1,2,3,4,5,6,7,8,9}:

(
(
8 1 3 6 4  Pi=4,  j=5

8 1 3 6 5  Pi=5,  j=7

8 1 3 6 7  Pi=7,  j=9

8 1 3 6 9  Pi=6,  j=7

8 1 3 7 2

(
8 1 3 7 9  Pi=7,  j=9

8 1 3 9 2

(
8 1 3 9 7  Pi=3,  j=4

8 1 4 2 3

(
· numbering permutations
For the permutation (P1P2...Pm), the sequence {r1, r2, ..., rm} is defined as follows:




where [Pi<Pj]=  1  if Pi < Pj

0  otherwise

The string r1r2...rm can be seen as a mixed radix integer:

0 ( rm ( n-m 

0 ( rm-1 ( n-m+1 

:

0 ( r2 ( n-2 

0 ( r1 ( n-1

rankp(P1,P2,...,Pm) =

.

e. g. 3-permutations of {1,2,3,4}

P1P2P3
r1r2r3
rankp

1 2 3
0 0 0
1

1 2 4
0 0 1
2

1 3 2
0 1 0
3

1 3 4
0 1 1
4

1 4 2
0 2 0
5

1 4 3
0 2 1
6

2 1 3
1 0 0
7

2 1 4
1 0 1
8

2 3 1
1 1 0
9

2 3 4
1 1 1
10

2 4 1
1 2 0
11

2 4 3
1 2 1
12=1+1×3×2+2×2+1

:
Given d = rankp( P1, P2, ..., Pm ), how to obtain ( P1 P2 ... Pm) from d?




for i =1, 2, ..., m
e. g. d=12

12-1 = 11




Pi = ri + i - di  where di is the smallest nonnegative integer such that




e. g.  d=12

P1= r1 + 1 - d1 = 1+1-0 =2

P2= r2 + 2 - d2 = 2+2-d2 = 4

P3= r3 + 3 - d3 = 1+3-d3 = 1+3-1=3

time : O(mn).

· Parallel permutation generators

(I) horizontal parallelism

parallel within one permutation sequential for different permutations (see the text book for details)

processors: m
time: O(nPmlogm)

(II) vertical parallelism

e. g.  n=5, m=3 , # of processors: N=13




 rankp

1

2

3

processor 1

4

5

6


7


8

processor2

9


10


:

:

time = 


processors: N
(III) permutation generator for few processors

suppose m = n = N

e.g. m = n = N = 4

permutations

1 2 3 4

   (

 processor 1 

1 4 3 2

2 1 3 4

   (

 processor 2

2 4 3 1

3 1 2 4

   (

 processor 3

3 4 2 1

4 1 2 3

   (

 processor 4

4 3 2 1

· Combinations
# of m-combinations of n items:




3-combinations of {1,2,3,4} in lexicographic order:

1 2 3, 1 2 4, 1 3 4, 2 3 4

· generating combinations lexicographically
m-combinations of {1, 2, ..., n}:

first combination:12...m

last combination:(n-m+1)(n-m+2)...n

The updatable condition for a combination (c1c2...cm):

( j, (1( j ( m, cj < n - m + j

The updating algorithm:

step1: Find the largest j satisfying the updatable condition.

step2: cj ( cj + 1

step3: cj+1 ( cj + 1, cj+2 ( cj+1 + 1, ..., cm ( cm-1 + 1

e.g. 3-combinations of {1, 2, 3, 4, 5, 6}

(
1 3 4

1 3 5

1 3 6

1 4 5

· numbering combinations
m-combinations of {1, 2, ..., n}

(d1 d2...dm) = complement of (c1 c2...cm)

di = (n+1)-cm-i+1
order(c1 c2...cm)=


rankc(c1 c2...cm) =nCm(order(complement(c1 ...cm))

e.g. 3-combinations of {1, 2, 3, 4, 5}

c1 c2 c3  d1 d2 d3
order(d1 d2 d3)  rankc

1 2 3   3 4 5
        9

      1

1 2 4   2 4 5         8

      2

1 2 5
  1 4 5         7 

      3

1 3 4
  2 3 5         6

      4

1 3 5 
  1 3 5 
        5

      5

1 4 5 
  1 2 5 
        4 
      6

2 3 4
  2 3 4
        3

      7

2 3 5
  1 3 4
        2 
      8

2 4 5
  1 2 4
        1

      9

3 4 5
  1 2 3
        0 

   10

order(345)= 
[image: image1.wmf]9
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3 4 5

4 5   4 5 fixed, 1-combinations of {1,2}

 5   5 fixed, 2-combinations of {1,2,3}

3-combinations of {1, 2, 3, 4}

Given g =order(d1d2...dm), how to obtain (d1d2...dm) from g?

di is equal to the largest j such that

(i) i ( j ( n

(ii) 


e.g. g=9

4C3 = 4   d3 = 4+1 = 5

9-4=5

3C2 = 3   d2 = 3+1 = 4

9-4-3= 2

2C1 = 2   d1 = 2+1 = 3

time: O(mn)

Given a rankc, how to calculate (c1c2...cm)?

Step1: x ( nCm － rankc

Step2: Let order (d1d2...dm) = X.

       Obtain d1d2...dm
Step3: Get the complement of (d1d2...dm).

time: O(mn).

· Parallel combination generators
(I) horizontal parallelism

parallelize the updating algorithm

parallel within one combination

sequential for different combinations

processors: m

time: O(nCm logm).

(II)vertical parallelism

e.g. n=7, m=2 , N=4: # of processors

(nCm/N( = ( 21/4 (= 6

rankc

1

2

3

4     processor 1

5

6

7

8

9

10    processor 2

11

12

(
time: O(mn + (nCm/N( m)

processors: N
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