§Fourier transforms

Fourier transform

� EMBED Equation.2  ���, where � EMBED Equation.2  ���

inverse Fourier transform:
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discrete Fourier transform (DFT):
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inverse DFT:
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DFT can be computed in � EMBED Equation.2  ��� time by a sequential straightforward method.

DFT can be solved by the divide-and-conquer strategy (FFT, Fast Fourier Transform) in � EMBED Equation.2  ��� time.

�An application of the FFT ( polynomial multiplication
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{b0, b1, � , bn-1} is the DFT of {a0, a1, �, an-1}.
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{a0, a1, �, an-1} is the inverse DFT of {b0, b1, � , bn-1}.

Polynomial multiplication:
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The straightforward product requires � EMBED Equation.2  ��� time.



�A fast polynomial multiplication:

Step 1: Let N be the smallest integer that N=2q and N(2n-1.

Step 2: Compute FFT of {� EMBED Equation.3  ���}

�

N

Step 3: Compute FFT of {� EMBED Equation.3  ���}

�

N

Step 4: Compute � EMBED Equation.2  ���, j=0,1,�,N-1, where � EMBED Equation.3  ���

Step 5: � EMBED Equation.2  ���

Compute inverse DFT of {h(w0),h(w1), �,h(wN-1)}. The resulting sequence of numbers are the coefficients of h(x).



details in Step5:

Let � EMBED Equation.2  ���

{b0,b1,b2,�,bN-1} is the inverse DFT of {h(w0),h(w1),�,h(wN-1)}. {h(w0),h(w1),�,h(wN-1)} is the DFT of {b0,b1,b2,�,bN-1}, and � EMBED Equation.2  ���.

time: O(NlogN)=O(nlogn), N<4n.

�sequential FFT

q. n=4, w=ei2π/4 , w4=1, w2=-1

b0=a0+a1+a2+a3

b1=a0+a1w+a2w2+a3w3

b2=a0+a1w2+a2w4+a3w6

b3=a0+a1w3+a2w6+a3w9

another form:

b0	=(a0+a2)+(a1+a3)

b2	=(a0+a2w4)+(a1w2+a3w6)

		=(a0+a2)-(a1+a3)

When we calculate b0, we shall calculate (a0+a2) and (a1+a3). Later, b2 van be easily calculated.

Similarly,

b1	=(a0+ a2w2)+(a1w+a3w3)

		=(a0-a2)+w(a1-a3)

b3	=(a0+a2w6)+(a1w3+a3w9)

		=(a0-a2)-w(a1-a3).



g. n=8, w=ei2π/8, w8=1, w4=-1

b0=a0+a1+a2+a3+a4+a5+a6+a7

b1=a0+a1w+a2w2+a3w3+a4w4+a5w5+a6w6+a7w7

b2=a0+a1w2+a2w4+a3w6+a4w8+a5w10+a6w12+a7w14

b3=a0+a1w3+a2w6+a3w9+a4w12+a5w15+a6w18+a7w21

b4=a0+a1w4+a2w8+a3w12+a4w16+a5w20+a6w24+a7w28

b5=a0+a1w5+a2w10+a3w15+a4w20+a5w25+a6w30+a7w35

b6=a0+a1w6+a2w12+a3w18+a4w24+a5w30+a6w36+a7w42

b7=a0+a1w7+a2w14+a3w21+a4w28+a5w35+a6w42+a7w49

(

b0=(a0+a2+a4+a6)+(a1+a3+a5+a7)

b1=(a0+a2w2+a4w4+a6w6)+ w(a1+a3w2+a5w4+a7w6)

b2=(a0+a2w4+a4w8+a6w12)+ w2(a1+a3w4+a5w8+a7w12)

b3=(a0+a2w6+a4w12+a6w18)+ w3(a1+a3w6+a5w12+a7w18)

b4=(a0+a2+a4+a6)-(a1+a3+a5+a7)

b5=(a0+a2w2+a4w4+a6w6)-w(a1+a3w2+a5w4+a7w6)

b6=(a0+a2w4+a4w8+a6w12)-w2(a1+a3w4+a5w8+a7w12)

b7=(a0+a2w6+a4w12+a6w18)-w3(a1+a3w6+a5w12+a7w18)

rewrite as:

	b0=c0+d0				b4=c0-d0=c0+w4d0

	b1=c1+wd1			b5=c1-wd1=c1+w5d1

	b2=c2+w2d2			b6=c2-w2d2=c2+w6d2

	b3=c3+w3d3			b7=c3-w3d3=c3+w7d3



	c0=a0+a2+a4+a6

	c1=a0+a2w2+a4w4+a6w6

	c2=a0+a2w4+a4w8+a6w12

	c3=a0+a2w6+a4w12+a6w18

Let x=w2=ei2π/4

	c0=a0+a2+a4+a6

	c1=a0+a2x+a4x2+a6x3

	c2=a0+a2x2+a4x4+a6x6

	c3=a0+a2x3+a4x6+a6x9

Thus, {c0,c1,c2,c3} is FFT of {a0,a2,a4,a6}.

Similarly, {d0,d1,d2,d3} is FFT of {a1,a3,a5,a7}.



�In general, let w=ei2π/n (assume n is even.)

		wn=1, wn/2=-1

bj	=a0+a1wj+a2w2j+�+an-1w(n-1)j,		0(j(� EMBED Equation.2  ���-1

	={a0+a2w2j+a4w4j+�+an-2w(n-2)j}+

		wj{a1+a3w2j+a5w4j+�+an-1w(n-2)j}

=cj+wjdj

bj+n/2	=a0+a1wj+n/2+a2w2j+n+a3w3j+3n/2+� 

+an-1w(n-1)j+n(n-1)/2

	=a0-a1wj+a2w2j-a3w3j+�+an-2w(n-2)j-an-1w(n-1)j

	=cj-wjdj

	=cj+wj+n/2dj



procedure SEQUENTIAL FFT(A, B)

	if n=1 then b0←a0

else		(1) SEQUENTIAL FFT (a0,a2,�,an-2,u0,u1,�,u(n/2)-1)

(2) SEQUENTIAL FFT (a1,a3,�,an-1,v0,v1,�,v(n/2)-1)

(3) z←1

(4) for j=0 to n-1 do

(4.1)bj←ujmod(n/2)+z(vjmod(n/2))

2)z←z×w

 end for

end if.  (



time complexity:

T(n)	=2T(n/2)+O(n)

		=O(nlogn)

�Computing DFT on mesh of trees

DFT can be expressed as a matrix-by-vector multiplication:

� EMBED Equation.2  ���

mesh of tree:

	The processors in each row(column) are interconnected to form a binary tree.

	P(k, j) is connected to 	P(k, 2j),	P(k, 2j+1)

									P(2k, j),	P(2k+1, j).

�

�

How to compute wk ?

	w13=w1+4+8 , 13=1101(binary)

Broadcasting, wk and summation can be done in O(logn) time.

time: O(logn)

processors: n2

�FFT on mesh

n=22s

2s×2s array (� EMBED Equation.2  ���×� EMBED Equation.2  ��� array)

�

�g. n=4=21×21

�

c0=(a0+a2)+a1+a3

c1=(a0+a2)-(a1+a3)

c2=(a0-a2)+w(a1-a3)

c3=(a0-a2)-w(a1-a3)

routing steps:

	2(1+2+4+�+2s-1)=2(2s-1)=O(� EMBED Equation.2  ���)

time: O(� EMBED Equation.2  ���)

FFT on shuffle networks

Y0,Y2,Y4,�,YN-2: DFT of a0,a2,a4,�,an-2

Y1,Y3,Y5,�,YN-1: DFT of a1,a3,a5,�,an-1

g. N=8

Step 1: 

	A0=a0+a4,	A4=a0-a4, DFT of a0,a4

	A2=a2+a6,	A6=a2-a6, DFT of a2,a6

	A1=a1+a5,	A5=a1-a5, DFT of a1,a5

	A3=a3+a7,	A7=a3-a7, DFT of a3,a7

Step 2:

� EMBED Equation.2  ���� EMBED Equation.2  ���Step 3:

C0=B0+B1=a0+a4+a2+a6+a1+a5+a3+a7

C1=B2+wB3=a0-a4+w2a2-w2a6+w(a1-a5-w2a3-w2a7)

C2=B4+w2B5=a0+a4-a2-a6+w2(a1+a5-a3-a7)

C3=B6+w3B7=a0-a4-w2a2+w2a6+w3(a1-a5-w2a3+w2a7)

C4=B0-B1=a0+a4+a2+a6-(a1+a5+a3+a7)

C5=B2-wB3=a0-a4+w2a2-w2a6-w(a1-a5+w2a3-w2a7)

C6=B4+w2B5=a0+a4-w2a2-w2a6-w3(a1+a5-a3-a7)

C7=B6-w3B7=a0-a4-w2a2+w2a6-w3(a1-a5-w2a3+w2a7)

the butterfly architecture to compute DFT

�

the index patterns:

	a(i)	A(i)	A(i)	B(i)	B(i)

	0	0	0	0	0

	4	4	2	4	1

	2	2	4	2	2

	6	6	6	6	3

	1	1	1	1	4

	5	5	3	5	5

	3	3	5	3	6

	7	7	7	7	7

stages	1	1	2	2	3

	input	output	input	output	input

�the rearranged index patterns:

	a(i)	A(i)	A(i)	B(i)	B(i)

	0	0	0	0	0

	4	4	2	4	1

	1	1	4	2	4

	5	5	6	6	5

	2	2	1	1	2

	6	6	3	5	3

	3	3	5	3	6

	7	7	7	7	7

Stages	1	1	2	2	3

	input	output	input	output	input



shuffle network:

�

�implementation by using one column of processors:

�

registers						processors
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