§The Concept of Log-Space Completeness



  This concept is similar to that of NP-completeness.

  A P problem is in NC (Nichilas Pippenger) if it can be solved by a parallel algorithm with O(logkn) time by using polynomial number of processors.

  If a problem is in NC, we can build a Boolean circuit with polynomial number of gates to solve it in O(logkn) time.

  NC problems : matrix multiplication, max. finding, sorting, linear systems,�.

  A problem B is log-space complete (P-complete) 

  ( all P problems are log-space reducible to B.

  If B is a log-space complete problem, 

    NC(P ( B is in NC

  Log-space complete problems : 

    circuit value problem, 

depth-first search,

maximum flow problem,�.



B is log-space reducible to A :

We can use a program to transform an instance of B (size = n) to an instance of A by using O(log n) working space.

�Yes� for A ( �Yes� for B.

  Furthermore, we can construct two circuits to solve A and B with depth �and � respectively:

	DB(n) ( d ( log2n + max(DA(m)), m({1,2,�,cnL}

   d ( log2n is transforming circuit, where c, d, L are constants.

The graph representation of the transforming program

  1. read �;		read the one bit input into register 0.

  2. jnz = 5;		if the input is 1, then jump to the fifth 

 					instruction.

  3.write = 1;	if the input is 0, then write a 1 as the 

 					output.

  4. halt;

  5. write	=0; 		if the input is 1, then write a 0.

  6. halt;

(transformation program)

The above program outputs the inverse of the input.

	number of instructions : q = 6

	length of input : n = 1

	working storage : s(n)=1

	total number of states : 


q((n+1)(2s(n) = 6((1+1)(21 = 24 
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�
�program counter�input head position���s

content��next move��� :�(  1,�1,�0  )���(2, 2, 0) = ���������(2, 2, 1) = ���� :�(  1,�1,�1  )���(2, 2, 0) = ���������(2, 2, 1) = ���� :�(  2,�1,�0  )���(3, 1, 0) = ���� :�(  2,�1,�1  )���(5, 1, 1) = ���� :�(  3,�1,�0  )���(4, 1, 0) = ���� :�(  3,�1,�1  )���(4, 1, 1,) = ���� :�(  4,�1,�0  )���halt��� :�(  4,�1,�1  )���halt��� :�(  5,�1,�0  )���(6, 1, 0) = ���� :�(  5,�1,�1  )���(6, 1, 1) = ���� :�(  6,�1,�0  )���halt��� :�(  6,�1,�1  )���halt��� :�(  1,�2,�0  )�not exist���� :�(  1,�2,�1  )�not exist���� :�(  2,�2,�0  )���(3, 2, 0) = ���� :�(  2,�2,�1  )���(5, 2, 1) = ���� :�(  3,�2,�0  )���(4, 2, 0) = ���� :�(  3,�2,�1  )���(4, 2, 1) = ���� :�(  4,�2,�0  )���halt��� :�(  4,�2,�1  )���halt��� :�(  5,�2,�0  )���(6, 2, 0) = ���� :�(  5,�2,�1  )���(6, 2, 1) = ���� :�(  6,�2,�0  )���halt��� :�(  6,�2,�1  )���halt��
�
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The program will output 1 ( there is a path from � to �.

=>transitive closure problem 

  (determine whether a vertex j can be reached from a vertex i or not.)

X : adjacency matrix

If �, then there is a path from i to j.

e.g.

�

�

There is a path from vertex 1 to vertex 3.



The circuit simulation the transforming problem



e.g.

�

�

�

� : AND;	+ : OR
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It takes � matrix multiplication to compute � in parallel, and a matrix multiplication takes � steps.

We can construct a circuit with depth O(log2n) to solve the transitive closure problem.
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Number of states (vertices)

N = q((n+1)(2S(n)

log N = log q + log(n+1) + S(n)

If S(n)(log(n+1), log2N(d((S(n))2

If S(n)<log(n+1), log2N( d(log2n 
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A circuit is not a program. For a program, the size of the input can vary.

Assume that at most one bit is output at each time step.

The size of the output is at most N.

We can design N different circuits �, �, �, � accepting 1-bit, 2-bit, �, N-bit input respectively.



The circuit is designed based upon the processes:

The transformation program can be represented by a directed graph with N vertices.(adjacency matrix : X)

The transitive closure circuit has � output lines �.

� if 1 is output to the ith position

� if not.

� if 0 is output to the ith position

� if not.

   (5)�

=> Zm = 1 ( the program outputs something for the first m bits and nothing on the (m+1)th bit.

i.e. Zm = 1=> m is the output size.


�
(6)If  Zm = 1, the value of � is the same as the ith output bit.

� accepts � as its input.

� accepts �, � as its input.

�

� accepts �, �, �, � as its input.

�

� accepts �, �, �, � as its input.



N = q((n+1)(2log n = c(nL for some constants c, L

	( DB(n) ( d ( log2n + max(DA(m)), m({1,2,�,cnL}



the upper bound of the output size of the transforming program.
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