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ABSTRACT. The string-to-string correction problem is to determine the distance between two strings
as measured by the minimum cost sequence of “‘edit operations”’ needed to change the one string
into the other. The edit operations investigated allow changing one symbol of a string into another
single symbol, deleting one symbol from a string, or inserting a single symbol into a string. An al-
gorithm is presented which solves this problem in time proportional to the product of the lengths of
the two strings. Possible applications are to the problems of automatic spelling correction and de-
termining the longest subsequence of characters common to two strings.
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1. Introduction

Morgan [1] considers four editing operations which can be applied to keypunched words
in order to undo certain common keypunch errors. His paper describes a technique for
finding those language tokens (usually complier key words, such as BEGIN or WRITE)
which lie a distance of one edit operation away from the given, presumably incorrect,
input token.

Based on three of Morgan’s operations, we define a general notion of ‘“‘distance” be-
tween two strings and present an algorithm for computing the distance in time propor-
tional to the product of the lengths of the strings. The operations we consider are: (1)
changing one character to another single character; (2) deleting one character from the
given string; (3) inserting a single character into the given string.

This notion of edit distance and the efficient algorithm for computing it have obvious
applications to problems of spelling correction and may be useful in choosing mutually
distant key words in the design of a programming language. The algorithm may also be
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used, as a special case, to find the longest subsequence of characters common to two
strings.

2. Edit Distance

Let A be a finite string (or sequence) of characters (or symbols). 4 (z) is the ¢th character
of string A; A(i :7) is the ith through jth characters (inclusive) of A (so A{ :5) = A{i)
AE+ 1) -+ A(J)),and A{Z :7) = A, the null string, if 7 > ;. | A | denotes the length
(number of characters) of string 4.

An edit operation is a pair {a, b) = (A, A) of strings of length less than or equal to 1
and is usually written ¢ — b. String B results from the application of the operation
a—btostring A, written A = Bviaa — b, if A = car and B = ¢br for some strings
g and 7. (Readers familiar with for mal language theory will note the similarity between
an edit operation and a production of a grammar.) We call a — b a change operation if
a ¥ Aand b ¢ A;a delete operation if b = A; and an insert operation if @ = A.

Let S be a sequence s;, Sy, -+ - , Sm Of edit operations (or edit sequence for short). An
S-derivation from A to B is a sequence of strings Aq, A1, -+, A, such that A = A,,
B=A,,and A;, = A;via s; for 1 < 1 < m. We say S takes A {o B if there is some
S-derivation from 4 to B.

Now let v be an arbitrary cost function which assigns to each edit operation @ — b
a nonnegative real number v (a — b). Extend v to a sequence of edit operations 8 = s,
S2, -, Sm by letting v(8) = X7 v (s:). (If m = 0, we define v(S) = 0.) We now let
the edst distance 8§ (A, B) from string A to string B be the minimum cost of all sequences of
edit operations which transform A into B. Formally, 8 (4, B) = min{~v (S) | S is an edit
sequence taking 4 to B}.

We will assume henceforth that v(a — b) = &§(a, b) for all edit operations ¢ — b.
(Equivalently, we may assume that y{(ea —a) = 0 and y(@a—b) + v(b — ¢) >
v (a — ¢).) This leads to no loss of generality with respect to the class of distance func-
tions we are considering, for if 8 is the distance function associated with a cost funetion 7+,
it is easily verified that 8 is also the distance function associated with the cost function ¥’
defined by 7' (@ — b) = 8(a, b), and v has the desired property.

Note that if § were symmetric and strictly positive on each edit operation ¢ — b for
which a = b, then v would be a metric on the space of all strings—hence our use of the
term “distance.” We remark also that cost functions which depend on the particular
characters affected by an edit operation might be useful in spelling correction, where for
example because of the conventional keyboard arrangement it may be far more likely
that a character “A” be mistyped as an “8”’ than asa “Y.”

3. Traces

To simplify our problem of finding the edit distance between two strings 4 and B, we
define a cost function on some structures called traces and show that traces have the
properties:
(P1) for every trace T from A to B, there is an edit sequence S taking 4 to B such
that ¥ (S) = cost(T);
(P2) for every edit sequence S taking A to B, there is a trace T from A to B such that
cost (T) < v(8).
Thus, §(4, B) is equal to the minimum cost trace from A to B, so we will be able to
confine our attention to finding minimum cost traces.
Intuitively, a trace is a description of how an edit sequence S transforms 4 into B but
ignoring the order in which things happen and any redundancy in S.
Consider the diagram:

StringA: 2 y z w t w x 2z x

StringB: y w x 2z x y x w
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A line in this diagram joining character position 7 of A to position j of B means that B(j)
is derived from A (%), either directly if A{Z) = B{j) and S leaves A (i) unchanged or indi-
rectly if S applies one or more change operations to A(z). Certain character positions of A
are untouched by lines in our diagram; these positions represent characters of A deleted
by S (either directly or perhaps as the result of one or more change operations followed
by a delete). Similarly, certain positions of B are untouched by lines; these positions
represent characters inserted into A by S.

Formally, a trace from A to B (or trace when the strings A and B are understood) is a
triple (T, A, B), where T is any set of ordered pairs of integers (¢, j) satisfying:

1) 1< |4land1 <7< |B;

(2) for any two distinet pairs (41, 7i) and (¢, 5) m T, (a) &1 = % and j1 # Ju ; (b)
0 < qiff i <j.

A pair (3, ) deseribes a line joining position ¢ of A to position j of B, and we say (¢, )
touches those positions. Condition (1) ensures that our lines actually touch character
positions of the respective strings. Condition (2a) ensures that each character position of
either string is touched by at most one line; condition (2b) ensures that no two lines
cross. Where there is no confusion, we will not distinguish between the triple (7', 4, B)
and the set of pairs 7.

Let T be a trace from A to B. Let I and J be the sets of posmons in A and B respec-
tively not touched by any line in 7. We define the cost of T':

cost (T) = ('_:;ér v(AG) — Bi)) + ;{ v(A@ — A) + ; v (A — B(y)).

Thus, the cost of T is just the cost of the edit sequence S taking A to B which consists
of a change instruction A(z) — B(j) for each pair (z,7) € T, a delete instruction A7) — A
for every position 7 in 4 not touched by a line in 7, and an insert instruction A — B{j)
for every position j in B not touched by a line in T. Hence, property (P1l) of traces
follows.

Traces may be composed. Let T be a trace from A to B and let T, be a trace from
B to C. 1t is readily verified that T = T, 0 T, is a trace from A to C, where o denotes
ordinary composition of relations.'

Lemma 1. Cost(Tio T2) < cost(Ty) + cost(T:), where Ty is a trace from A to B and
Ty is a trace from B to C.

The proof relies on our assumption that ¥ (@ — b) = §(a, b) and is omitted.

To verify that property (P2) holds for traces, we show by induction on m that if
S = s, 8, , ssis a sequence of edit operations and (4,, 41, -+, Ax) is an S-
derivation (from 4, to A,), then there is a trace T from 4, to 4, such that cost (T') <
v(S).

Im=0letT={(1)]|1<i<]|A4,]|} be atrace from 4, to A, . Then cost(T) =

= v (8) and the induction hypothesis holds.

If m > 0, by induction, there is a trace Ty from 4, to A, such that cost(T)) <
(1, ", Sma). Amy = Am via s, = a — b, so there are strings ¢ and 7 such that
A,y = carand 4, = ob7. Let T, be the trace from 4 ,,—; to 4 ,, defined by

T, = {G)|1<i<|oBU{Gi+ad)]||oa]+1<i<[AnaJUL,
whered = |b| — |a| € {—1, 0, 1} and

I = {(o|+1,{a| 4+ 1)} if smisa change instruction;
T\ otherwise.

Clearly, T, is a trace and cost (T:) = v(@a —b) = v(sm).
Nowlet 7= Tyo T, . Tisatrace from Apto A,, . By Lemma 1,

cost (T) < cost(Ty) + cost(Te) < ¥(s1, -~ , Smea) + ¥(sm) = ¥(8),
so property (P2) holds for S. By induction, it holds for all sequences S.
1T T, = {(i, )| (¢, k) € Tiand (k, j) € T, for some kj.
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From properties (P1) and (P2) of traces, we have:
TaeorEM 1. 8(A, B) = min{cost(T) | T is a trace from A to B}.

4. Computation of Edit Distance

Now return to the diagrammatic representation of a trace T from A to B. Let A = A,4,,
B = BB, , and suppose no line of 7' connects a character of A; to a character of B; for
t# 7,1, 7 € {1, 2}. Then a trace (T, A, B) can be split into two traces (Ty, 41, B;)
and (T, A, , B;) as illustrated.

A, A,
f‘A—\ r A )
X y z wt wx 2z x
T Tw: | | \
y w x zZ x Yy x w
\w__} L_w___l
B, B,

Furthermore, cost (T) = cost(T1) + cost (T:), so if T is a least cost trace from A to B,
then 7' is a least cost trace from A; to B;, 7 € {1, 2}.

Every trace T from A to B can in fact be split into two traces T and T, as above such
that the lengths of A, and B; are each at most one but they are not both zero. This is the
key idea for the following theorem, upon which the edit distance algorithm is based.

Notation. Let A and B be strings. Define 4 (Z) = A(l :3), B(j) = B{l:j), and
D@, j) = 8(40),B()), 0< 1< |A]|,0<j<|B|. We note that by Theorem 1,
D (4, 7) is also the cost of the least cost trace from A4 (z) to B(J).

THEOREM 2.

D@, j) = min{D(@ — 1,7 ~ 1) + v(A{® — B()),
DG — 1,7) + v(A@) = A),
DG~ 1) + y(A— BG))
Joralli,j, 1<i<|A|,1<j<|B].

Proor. Let T be a least cost trace from 4 (Z) to B(j). If A®) and B(j) are both
touched by lines in T, they must both be touched by the same line, since otherwise these
lines in T would cross. Then at least one of the following three cases must hold:

Case 1. A(i) and B(j) are joined by a line of T'(l.e. (7, 7) € T). Then the cost of T is
mo=D@E — 1,5 — 1) + v(A@E) — B(j)), corresponding to the cost of transforming
A — 1) to B(j — 1) plus the cost of changing A{) to B{j).

Case 2. A{)isnot touched by any line in 7. Then thecost of Tism, = D — 1, 7) +
v (A{)y — A), corresponding to the costs of transforming A @ — 1) to B(j) and delet-
ing A3).

Case 3. B(j)is not touched by any linein 7. Then the cost of Tismy = D(,j — 1) +
v (A — B(j)), corresponding to the costs of transforming A (z) to B(j — 1) and inserting
character B(j).

Since one of the three cases above must hold and D (7, §) is to be a minimum, D (z, j) =
min (my , my, mg). O .

Tueorem 3. D(0, 0) = 0; D@3, 0) = 2 iuv(A{) — A); and D(O, j) =
diuvY(A—=Bn),1<i<|A]land1 <j<|B]|.

Proor. The only (and hence least cost) trace from A (z) to B(j) when either 7 or
7 = 01is &, and hence no lines touch 4 (¢) or B(j). The theorem foliows immediately
from the definition of the cost of a trace. O

Theorems 2 and 3 justify that Algorithm X (below) correctly computes D (%, j) for
0<i<|Aland0<j< B

AGLORITHM X

1. D0, 0] := 0;
2. fori:=1to|A|do D[:,0] := D[i ~ 1,0] + v(4 (Z) - A);
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3. forj :=1to |B|de D0, j] := D[0,j — 1] + v(A - B (j));
4. fori:=1to |A| do

5 for j := 1 to |B| do begin

6 m = Dli — 1,7 — 1] 4+ v(4 &) — B());

7. my := DIt — 1, j] + v(A{@) — A);

8. ms := D[i, j — 11 + v(A — B{));

9, DIz, 71 := min(m, , ms, my);

10. end;

By inspection, we see that the total amount of time used by Algorithm X is propor-
tional to the number of assignment statements executed (exclusive of those implicit in
the for-loops). This number isexactly 1 + |A | 4+ |B| + 4 X |4 | X | B, so the to-
tal timeisO(| A | X | B]).

If an actual trace T from A to B of least cost is desired, Algorithm Y will print the
pairs in T using only the information stored in array D by Algorithm X.

ALGORITHM Y
i = |Al;j = |B];
while(z # 0 & j # 0) do
if D4, j] = Dls — 1, j1 + v(A{i) > A) theni =i — 1;
else if D[z, j] = D[i,j — 1] + v(A — B(j)) then j := j — 1;
else begin
print((Z, j)};
ti=1—1; ji=j—~1;
end;

PN G =

In order to prove that Algorithm Y works correctly, we consider for every pair of
natural numbers I and J the behavior of the algorithm when started at step 2 with
variables 7 and j initialized to I and J respectively. Let T (I, J) be the set of pairs printed
by the algorithm if the execution eventually terminates, and T'(I, J) is undefined other-
wise.

TuroreM4., IfO<S<I<|A|and0< J <|Bl,then T, J) isdefined, T = (T(I,J),
A(T), B(J)) s a trace, and cost (T) = D, J). ’

Proor. We proceed by induction on the sum I + J.

The theorem is vacuously true for I + J < 0.

Now let 7 > 0 and suppose the theorem holds for all I, J' such that I' 4+ J' < r.
Let I 4+ J = r. If either I or J is 0, step 2 terminates immediately and T(, J) = &
is the only trace from A (I') to B(J); hence its cost is minimal. If neither I nor J is zero,
we have three cases:

Case 1. The test in step 3 succeeds. Then D(I,J) = DI — 1,J) + vA{T) — A).
The algorithm then proceeds by decrementing ¢ and returning to step 2. Variable ¢ now
has the value I — 1, and j is unchanged. By induction, T(I — 1, J) is defined, and
T= (T —-1,J),A(I — 1), B(J)) is a trace of cost D(I — 1, J). No output was
produced before returning to step 2,.s0 T(I, J) = T(I — 1, J),and T' = (T {, J),
A (), B(J)) is a trace. Then

cost (T') = cost(T) + v(AUI) — A) = DU — 1, J) + v(AI) — A) = D{, J).

Case 2. The test in step 3 fails but the one in step 4 succeeds. The proof for this case
is exactly analogous to case 1.

Case 3. The tests in steps 3 and 4 both fail. Hence D(I, J) = D(I — 1,J) + v(A{I) —>
AN and D{I,J) # DI, J — 1) 4+ v{(A — B{J)). By Theorem 2, it must be the case
that DI, J) = DI — 1,J — 1) + v(A{) — B(J)).

The block from steps 5-8 is then executed. This causes the pair (I, J) to be printed,
and when step 2 is reentered, both 7 and j have been decremented. By induction, T (I — 1,
J — 1)isdefined,and T = (T — 1,J — 1),4A(I — 1), B — 1)) is a trace of cost
DU —-1,J—1).Hence, TU,J) = {I, N} UTT—-1,J —1),and T = (TU, J),
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A (), B(J)) is a trace. Then

cost(T') = cost(T) + y(AUI) — BUY) = DU — 1, J — 1) + v(A{) — B(J))
= D(,J).

Hence, in all three cases, the theorem holds for I and J. By induction, the theorem
holds forall T and J. O

Algorithm Y when started at the beginning first enters step 2 with ¢ = | A| and
J = | B|. By Theorem 4, it eventually terminates and prints the pairsin ({4 |, | B|]),
which is a least cost trace from A to B as desired.

We note that in all three cases of the proof of Theorem 4, either Z or j (or both) is
decremented, and Algorithm Y terminates when either reaches 0. Hence, the loop is
executed at most | A | 4 | B| times, so the total running time of Algorithm Y is O
(4] + |BD.

5. Longest Common Subsequences

Let U and V be strings. U is a subsequence of V if there exist integers 1 <y < rp < - -
< 1. £ | V|such that U@y = V({r), 1 <1< n = |U|. Given two strings 4 and B,
U is a common subsequence of A and B if U is a subsequence of both 4 and B.

Let p (A4, B) be the length of the longest common subsequence of 4 and B. It is im-
mediate from the definition of a trace that p (4, B) is also the maximum number of pairs
(4,7) in any trace from A to B for which A{z) = B{j). Let T be such a trace.

Define v so that the cost of an insert or a delete operation is 1, and let the cost of
a change operation @ — b be 0 if @ = b and 2 if @ # b. Under this cost assign-
ment, cost(T) = |A| + |B| — 2p(4, B). T is a least cost trace from 4 to B,
so cost(T) = 8(A, B). Hence, p(4,B) = (4| + |B| — 8(4, B))/2 can be com-
puted in time O(| A| X | B|) using Algorithm X. The longest common subsequence
itself can be found easily from T which in turn can be obtained using Algorithm Y.
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