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Abstract

We consider the satisfiability problem on Boolean formulas in conjunctive normal form. We show
that a satisfying assignment of a formula carfdaend in polynomial time with a success probability
of 2-7(1=1/(1+logm)) ‘\yheren andm are the number of variables and the number of clauses of the
formula, respectively. If the number of clauses of the formulas is boundefl foy some constant,
this gives an expected run time Of( p(n) - 21(1~1/(1+clogm)) for a polynomialp.
0 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The satisfiability problem of Boolean formulas in conjunctive normal form (CNF-SAT)
is one of the best known NP-complete problems. The problem remains NP-complete even
if the formulas are restricted to a constant number?2 of literals in each claus&{SAT).
In recent years several algorithms have been proposed to solve the problem exponentially
faster than the’2time bound, given by an exhaustive search of all possible assignments to
then variables. So far research has focused in particular8AT, whereas improvements
for SAT in general have been derived with respect to the numbeaf clauses in a
formula [2,7]. The best known time bound for unbounded clause size with respect to the
number of variables is"2¢v" for a constant > 0 [6]. The result is derived from the much
stronger time bound®~1/% known fork-SAT [5].
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Theorem 1 [5]. There exists a randomised algorithm such that for every formula F' € SAT

(1) The algorithm on input F outputs a satisfying assignment with probability at least
2-7(1=1/k) ‘where k is a bound on the number of literals in each clause.

(2) The running time of the algorithm is polynomially bounded in the size (number of
literals) of the formula.

The question arises whether time-bounds of the fan@*1~®), for somea > 0,
are possible for formulas with unbounded clause size. A partial answer in this direction
was given in [1]. If the number of clauses is linearly bounded, i.e., lessdihdor some
constant > 1, then satisfying assignments can be found in tifi&2 for some constant
a > 0 depending om. (It suffices to choose such that

H (o) < 1/6c,

whereH («) is the entropy function.)

2. A probabilistic algorithm for CNF-SAT

As usual, we use to denote the number of variables of a formi#laandm to denote
the number of clauses. The size of a clause is the number of literals it contains-Let
be some constant. A satisfiable formula is in $#) if the number of clauses is bounded
by n¢. We use log to denote the smallest integer larger than the logarithm with base 2
of n.

Input CNF-FormulaF on variablesvq, xo, .. ., Xn

choose uniformly at random
a permutationr of 1,2, ..., n
a stringy € {0, 1}

let ip=F
for i =1ton do
let x denote ther (i)th variablexy ;)
if F;_1 containsx in a unit clause
set the truth value of to 1
elseif F;_j contains the negation afin a unit clause
set the truth value of to O
else set the truth value of to theith bit of y
let F; denote the formula which is derived from_1 by
deleting all literals set to O
deleting all clauses which contain a literal setto 1
if F, contains the empty clauseitput fail
else (F, is empty)output truth assignment aofq, xo, ..., Xn

Fig. 1. Algorithm of Paturi, Pudlak and Zane (PPZ-Algorithm).
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Theorem 2. There exists a randomised algorithm A such that for every formula F € CNF-
SAT

(1) The algorithm A oninput F outputs a satisfying assignment with probability at |east
27n(lfl/(l+logm))_

(2) Therunning time of A is polynomially bounded in the size (number of literals) of the
formula.

Proof. Using a probabilistic polynomial-time algdtm of Paturi, Pudlak, and Zane [5]
a satisfying assignment of a formula can foeind with success probability of at least
2-n(1=1/k) if every clause of the formula contains at méditerals. In the following we
use PPZ-algorithm to refer to this algorithm (see Fig. 1).

Let F denote some satisfiable formula in CNFdenote the number of variables and
mo denote the number of clauses Bf The algorithm to find a satisfying assignment is
defined as follows.

Input CNF-FormulaF

LetCy,..., C, denote the clauses &f
fori=1tom do
if the size ofC; is larger than H logmg
let clauseD; contain the first 1 logmg literals of C;
else let clauseD; be equal taC;
Run the PPZ-algorithm on inpdt = A\, D;
if the PPZ-algorithm yields a (satisfying) assignmeutput a
elseif all clauses are of size at most lag output fail
else
uniformly at random choose a claude of size 1+ logmg
set the truth value of all literals iD; to O
let F’ denote the formula which is derived fromby
deleting all literals set to 0
deleting all clauses which contain a literal set to 1
recursively call the algorithm with formula’

First we note that any assignment satisfyiobg= A", D; also satisfiesF. The
converse, however, is not true.

Let a* denote some (unknown) satisfying assignmeng'ofVe distinguish two cases.
Either G is satisfiable or not. IfG is satisfiable, then the PPZ-algorithm will find a
satisfying assignment with the required probability.

Now assumé is not satisfiable, i.e., at least one claus&aif size 1+ logmg evaluates
to false unden™*. Leti be the smallest index such that evaluates to false. The probability
thatD; is selected by the algorithm is at leagii. In this case the truth assignments given
to the 1+ logmg variables ofD; is identical to the truth assignments undér Hence, the
derived formulaF’ is satisfiable and* restricted to the remaining variables is a satisfying
assignment of”’.
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Let j denote the number of recursive calls, until all clause€ iare true undea*. If
we require that in each iteration the first clause of sizelégmg which is false undes*
is selected, therj is a fixed number for every formul& and assignment*. This follows,
since in this case, the literals which are set to 0 are determined deterministically. Note
that the number of clauses which evaluate to false uatién, e.g., the initial call of the
algorithm might be larger or smaller than

Let p denote the probability that aftgr recursive calls the formul& is satisfiable.
Thenp can be estimated by

1/ <
p>= >/ Iogmo'
mo

Since in each recursive call, the PPZ-alon is used to find a satisfying assignmentaf
the probability that a satisfiabbhssignment will be found in thgh recursive call is at least

p - 2~ (n=j (1+logmo)) (1-1/(1+logmo))
The success probability of the algorithm is therefore at least
o—jlogmo | o—(n—j(1+logmo))(1-1/(1+logmo))
— 2—J(+logmo)(1-1/(1+logmo)) | 9—n(1-1/(1+logmo))+j(1+logmo)(1-1/(1+logmo))
— o—n(1-1/(1+logmo)) 0

The probability to find a d#sfying assignment can be amplified by running the
algorithm several times. The expected number of iterations until a satisfying assignment is
found (with some constant probability) is the inverse of the success probability.

Corollary 3. Satisfying assignments of formulas in CNF-SAT can be found in expected
time

0(p(n + m) . 2}1(171/(14»'09141))),
where p is some polynomial and n an m are the number of variables and clauses of the
formula, respectively.

A special case occurs when the number of clauses is polynomially bounded in the
number of variables.

Corollary 4. Let ¢ > 1 be some constant. Satisfying assignments of formulas in SAT (n¢)
can be found in expected time
0(p(n) . 2n(lfl/(l+clogn))),
where p is some polynomial.
It remains an open question, whether a similar time bound can be achieved by a

deterministic algorithm. Further, it would be interesting to know whether the time bound
could be improved to’21~% for some constant > 0 [3,4].
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