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Series A 82 (1998) 112-120] proved that the number of square types contained in a string
of length n is bounded by O(n). The set of all different square types contained in a string
is called the vocabulary of the string. If a square can be obtained by a series of successive

Communicated by M. Crochemore

'g;ﬁfgfs' right-rotations from another square, then we say the latter covers the former. A square is
Repetition called a c-square if no square with a smaller index can cover it and it is not a trivial square.
rc-occurrence The set containing all c-squares is called the covering set. Note that every string has a unique
Run-length encoding covering set. Furthermore, the vocabulary of the covering set are called c-vocabulary. In this

paper, we prove that the cardinality of c-vocabulary in a string is less than %N , where N
is the number of runs in this string.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Let x = x1X; - - - X, be a string of length n and x; € X where X is the alphabet with constant number of symbols. A square
ww is an immediately repeated nonempty string w, such as “aa”, “abab”, or “xyzxyz”. An occurrence of square ww in string
x can be indicated by (p, 2|w|) where p and 2|w| are the starting position and the length, respectively, of this square. Thus,
(p, 2|w)) is called the occurrence form of the indicated square. For convenience, we use w! and w? to represent the first and
the second occurrences of w in a square respectively. A straightforward implementation would take O(n?) time to find all
squares within a string by inspecting all possible substrings. Adapting KMP’s failure function [9], the time complexity can
be reduced to O(n?) (for more details, please see [1,2]). Note that the total number of occurrences of squares in a” is 6 (n?),
which implies that an O(n?)-time algorithm is optimal if one needs to enumerate all occurrences. Main and Lorentz observed
that many squares in a string are related [10-12]. As a consequence, it is possible to report a family of squares in constant
time. Accordingly, they extended their previous algorithm for searching for one square [10] to an algorithm for searching
for all squares [11] in O(n log n) time. Based on their results, Liu et al. proposed an algorithm for finding the positions of all
squares within a run-length encoded string in O(N log N) time where N is the number of runs in the string [8].

If ww is a square, we say w is its square type. Two squares ww and w’w’ are of different types if and only if w # w’.
The set of all different square types contained in a string is called the vocabulary of the string. For example, the vocabularies
of the string “abaals)aade % edba % baab 2% edea qu baab 3% " are {“abaaba”, “baabaa”, “aa”, “dede”, “eded”, “aabaab”}. Note that the

set of all square occurrences in the string is {(1, 6), (2, 6), (3, 2), (6, 2), (8, 4), (9, 4), (13, 6), (14, 2), (14, 6), (17, 2), (20, 4),
(24, 2), (24, 6), (25, 6), (27, 2)}. Fraenkel and Simpson proved that the number of vocabularies contained in a string of
length n is bounded by O(n) [4]. Ilie gave a very short proof of this bound [6] and improve this bound to 2n — @ (logn) [7].
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Fig. 1. Two squares of the same length starting within the same run.

In 2004, Gusfield and Stoye [5] presented an O(n)-time algorithm for finding all vocabularies and an O(n+z)-time algorithm
for locating all square occurrences where z is the number of squares.

Let a € X be a single letter and w € X* a non-empty string. If two squares (p, 2|w1|) and (p + 1, 2|w;|) have the
same length, i.e,, |{w1| = |w,], then (p + 1, 2|w;]) is called the right-rotation of (p, 2|w1]). Note that, assuming (p, 2|w1])
is aw, thus (p + 1, 2|ws]) is wa. If (i, 2|w|), (i + 1, 2|w]), (i + 2, 2|w]), ..., (j, 2|w]|) are all squares, then we say that
(i, 2|w|) covers (j, 2|w]). A square (p, 2|w|) is called a c-square if no square (q, 2|w|) with ¢ < p can cover it and (p, 2|w|)
is not a trivial square. This means that (p, 2|w]) # a®*!. The set containing all c-squares is called the covering set. Note
that every string has a unique covering set while a covering set may contain different occurrences having the same square
type. Furthermore, the different square types in the covering set are called c-vocabulary. The set containing all c-squares
of different square types is called the rc-set. In addition, if more than one c-square has the same square type, then only
the last occurrence is contained in the rc-set. Accordingly, an occurrence in the rc-set is called an rc-occurrence. In this
paper, we prove that the number of rc-occurrences in a string of N runs is less than %N . Furthermore, this result also

implies that the cardinality of the c-vocabulary is less than %N. For instance, in the previous example, the covering set
is {(1, 6), (8,4), (13, 6), (20, 4), (24, 6)} and its corresponding c-vocabularies are {“abaaba”, “baabaa”, “dede”, “aabaab’}.
Notice that square occurrences (2, 6), (9, 4), (14, 6), and (25, 6) can be covered by (1, 6), (8, 4), (13, 6), and (24, 6),
respectively, and (3, 2), (6, 2), (14, 2), (17, 2), (24, 2), and (27, 2) are all trivial squares. Furthermore, squares (8, 4) and
(20, 4) are c-squares and they form the same square type, i.e., dede. We use the last occurrence form (20, 4) to represent
the c-vocabulary dede. Hence, the rc-set is {(1, 6), (13, 6), (20, 4), (24, 6)}. Note that, an rc-occurrence is not necessarily the
last occurrence of square type in x. For instance, squares (1, 6) and (25, 6) are the same square type, i.e., abaaba. However,
(1, 6) is a c-square and (25, 6) is not since (24, 6) covers (25, 6). Thus, c-vocabulary abaaba is represented by (1, 6).

The remaining part of this paper is organized as follows. In Section 2, we introduce some properties of rc-occurrences.
Using these properties, the cardinality of c-vocabulary can be obtained in Section 3. Conclusions and open problems are
given in Section 4.

2. Some Properties of rc-occurrences

: , 0.t ¢ . .
For a string x = X;X, ...x, where x;’s are letters, we use X = r;'r,*>...ry" to denote its corresponding run-length

encoded string where r; are letters withr; # ri; and rf ' means a run of ¢; copies of the letter r;. We also use x[i..j] to represent
XiXit1 - .. Xj, where 1 < i <j < n. Similarly, Xj; j; represents rf'rﬁ'jl . ..rj’ wherei <j < N.Let |Xjijj| = € + Lip1 +--- + £
It is clear that |Xj; yj| = n. For any substring S, r(S) denotes the number of runs in S. Thus, r(x) = N.

Lemma 1. [fthere exist two squares (i, 2|w1]|) and (j, 2|w,|) starting within the same run, say rf“, wherei < jand |w{| = |wy|,
then (j, 2|w,|) must be covered by (i, 2|w1]).

Proof. Letm =i+ |wq],0 =j + |w2|,p = i + 2|wq], and ¢ = j + 2|w-| (see Fig. 1 for an illustration). Since (i, 2|w¢|) and
U, 2|wy|) are squares, Xji j—1] = X{m,0o—1] = X[p,q—1] and X[j, m—1] = X[o,p—1]- Assume thatr, = aand letk = |x;j_yy| =j —i.
Therefore, square (i, 2|wq|) is a"x[,»,p_ﬂ and (j, 2|wy|) is x[,;p_ﬂa", for k > 0. It is clear that (j, 2|w;|) can be covered by
@ 2 lwi]). O

Lemma 2. If two distinct rc-occurrences (i, 2|w1]) and (j, 2|w;|) withi < jand |wq| > |wy| start within the same run, say r,f",
thenj+ 2|w2| —1> |X[1’u]| + |U)1|.
Proof. Let r be the ending position of w%, i.e,r =j+ 2|w,| — 1. Then, we have two cases to consider.

Case 1.7 < i+ |wq| — 1(seeFig. 2(a) and (b)).

There exists another square say (d, 2|w,|) for d > j, which appears within w% since w! = w2. Thus, (d, 2|wy|) is not a
c-square and can be covered by (d — 1, 2|w,|) since (j, 2|w>|) is an rc-occurrence. However, this implies that j — 1, 2|w3])
covers (j, 2|w,|). This contradicts the assumption that (j, 2|w-|) is an rc-occurrence.

Case 2.i+ |wy| <1 < [X[1.] + |wi1] (see Fig. 2(c) and (d)).

This means that x;_1 = Xj{|u,|—1 = X,. Thus, square (j, 2|w;|) can be covered by (j — 1, 2|w|) after a right-rotation. This
establishes the lemma. O

Lemma 3. If two distinct rc-occurrences (i, 2|w1|) and (j, 2|w,|) withi < jand |w| > |w-| start from the same run, say rf",
then | Xyl + lwa| + 1 < i+ w1l < [Xpyl + w1l <j+2]wp| — 1.

Proof. Let p and r be the starting and ending positions, respectively, of wZ, i.e.p = j + |w,| and r = j + 2|w,| — 1, and
let g = [X[1,4| + |wz2| + 1. By Lemma 2, r > |X};,4| + |w1|. Thus, the inequality for the last two terms holds. It is obvious
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Fig. 2. Two squares starting at the same run with different lengths.

that the inequality holds for the second and the third terms. Therefore, we only need to consider the possible positions of
the first term, namely g, in the inequality. If ¢ > |X1 45| + |w1| + 1, we would have, by the definition of q that |w,| > |w;]
contradicting the assumptions of the lemma, so we have q < |X[1 | 4 |w1| + 1. Hence, i 4+ |w1] < q < |X[1,u] + |w1]| (see
Fig. 2(f)-(i)). In this case, x; and x4_; are located in the same run. This implies that X|X1.u1] = XIXj1.4|+1, @ CONtradiction.

Therefore, if there exist two rc-occurrences (i, 2|w1|) and (j, 2|w,|) starting at the same run withi < jand |wq| > |w;|,
thenq < i+ |wq| < [X[1,u] + |wi| < 1 (see Fig. 2(e)). O

We know that a run may have more than two rc-occurrences. In the following lemma, we describe a property between
two rc-occurrences in the same run.

Lemma 4. For any rc-occurrence (i, 2|w1|), there is at most one rc-occurrence (j, 2|w-|) starting within the same run, say rf“,
withi < jand |wq| > |wa|.

Proof. Assume on the contrary that there exist another two rc-occurrences, say (j, 2|w»|) and (k, 2|ws|), such that |ws| <
lwq], lwz| < |wq], and |X[1,u—1] < i <j < k < |Xp1,4/. Note that the above inequalities and Lemma 3 imply that both wg
and w; are substrings of w}. We consider the following three cases.
Case 1. |w;| = |ws].

By Lemma 1, (k, 2|ws|) must be covered by (j, 2|w;|). Thus, this case is impossible.
Case 2. |w;| > |ws].

Since w is a substring of w) which is a substring of w] by Lemma 3, wj is also a substring of both w3 and w?. We use
wsp and wsc to denote the instances of w; appearing in w3 and w?, respectively, and w§ is denoted by w3, (see Fig. 3(a) for
an illustration).

Letow = x[i.j— 1], B = x[j..k — 1], and y = x[k..|X[1,4|], where |«/|, |8], and |y | are all larger than 0. We must have
|lwq] < 2|ws| + o 4+ B as otherwise square (k, 2|ws|) would appear later, contradicting the assumption that (k, 2|ws]|) is
the last occurrence. Put w, = Bwsé and assume that r, = a. We consider the following two subcases.

Subcase 2.1. |§]| < |y/|.

In this case, § 8 is a prefix of ws. The overlap between ws4 and wsg gives that § 8 repeatedly appears as a prefix of w3 until
the last one only contains a prefix of § 8. Therefore, w3 can be represented as (§8)7(58)’ where y’ denotes some prefix of y.
Since r, = a, w3 = a”, for some integer h. However, X|X1.u| 7 XX q1+1 and the statement “w3 = a" is a contradiction.

Subcase 2.2. 5| > |y|.

Let 8§ = y t, where the first letter of T is not equal to a. The overlap between w34 and wsp gives that ws = (yt8)4(y18)’.
Since w3 = w3a, wx = (¥ B)I(ytB) . The overlap between w? and ws, starts at By 7. It implies that || > |a|, T = T«
and the last || letters of T are a'*!. With square (j, 2|w;|) = Bwsy T'aBwsy t’a which can be found through (i, 2|w,|) after
|| right-rotations, a contradiction occurs.

Case 3. |wy| < |ws].

Let w, = Bw), where y” denotes some suffix of y. Since w/ is a substring of w} and w; is a substring of w], we use
w}, and wyc to denote the instances of w), and w, appearing in w3 and w?, respectively, and w3 also expressed as w, (see
Fig. 3(b) for an illustration).

Letow = x[i.j— 1], B = x[j..k — 1], and y = x[k..|X[1,4|], where |«/|, |8], and |y | are all larger than 0. We must have
|wqi| < 2|w;| + o as otherwise square (j, 2|w-,|) would appear later. It contradicts that (j, 2|w;|) is the last occurrence. Put
w3 = w, B8. We consider the following two subcases.
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Fig. 4. Two squares start at the same run with different lengths.

Subcase 3.1. |§| < |y]|.

In this case, 86 is a prefix of w,. The overlap between w,,4 and w’, gives that § repeatedly appears in ws until the last
one only contains a prefix of 8. Therefore, w3 can be represented as 8(8)9(8)". This implies that w3 = a” for some integer h.
Since X|x;; ,,| 7 Xjx;14+1, the statement “w3 = a" is a contradiction.

Subcase 3.2. |5| > |y|.

Let § = y 7, where the first letter of 7 is not equal to a. The overlap between w4 and w, gives that w, = B(y7)I(y 1)’
Since wy = was, was = B(y1)4(y ). The overlap between w% and wo, starts at o8y t. This implies that |7| > || + |B],
T = 7T'ap, and the last |«| + |B] letters of T are al**1Al. With square (k, 2|ws|) = w}Byt'afw)Byt'aB which can be
found through (i, 2|ws|) after || + |B] right-rotations, a contradiction occurs. Therefore, the lemma follows. O

Now, we discuss the properties of two rc-occurrences (i, 2|wq|) and (j, 2|w-|) starting within the same run, forj < i and
[wi| > |wal.

Lemma 5. If there exist two rc-occurrences (i, 2|wq|) and (j, 2|w-|) starting within the same run, say rf", where j < iand
lwi| > |wal, then [X[1 | + |wa| < i+ wi] — 1.

Proof. Letr, = a.Clearly, if |X[1 4| + |w2| > i+ |w;| — 1 (see Fig. 4(a) and (b)), then the last i — j letters of wy are a~i. Thus,
square (i, 2|wq|) can be found through (j, 2|w|) after i — j right-rotations, a contradiction. O

For convenience, if there exist two rc-occurrences (i, 2|wq|) and (j, 2|w-|) starting within the same run, say rf", where

b
j < iand |wq| > |w;|, then we say that (i, 2|w1|) backwardly dominates (j, 2|w,|), denoted as (i, 2|w1|) > (j, 2|w;]|). Now,
we prove the following auxiliary lemma.

Lemma 6. Let I" be the substring x[|X[1,y—11| + 1..im + 2|wp| — 1] and y = r(I"). If there exist m rc-occurrences in I" such

b b
that (i, 2|wm|) > (m_1, 2|wm_1|) - - - > (i1, 2|w1|), where iy, io, . .., and i,, are all within the same run rf“ and m > 1, then
y>3m+ 1
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Fig. 5. Two consecutive rc-occurrences (ip41, 2|wpt1]) > (in, 2|wp]).

Proof. Let wj1 (respectively, wjz) denote the first (respectively, second) occurrence of wj in (ij, 2|wj|), forj = 1,2, ..., m.
Let y; stand for the smallest possible value of y, i.e., y > y;, while m = j. If this statement y,;, > 3m 4+ 1 is true, then
this lemma follows. We prove this statement by induction on m. If m = 1 then I" contains a run of the form rl’f, at least

one run in X[X1 y—1) + 1..i1 + w1], a copy of the suffix of rf" in x[iy + wy 4+ 1..X[1,4] and at least one more run in the rest
of I'. Thus y1 = 4 > 3m + 1. For m > 1, assume that y, > 3h + 1. Thus, we consider two consecutive rc-occurrences
(ihs1, 2|whs1]) i (in, 2|wp|), where 1 < h < m.Letp = |X[1,y| + |wn| + 1,9 = i + 2|wy| — 1, and r, = a. In addition, S[1]
denotes the first letter in string S. Thus, all the possible situations are formalized as follows :

Case 1: p < ipg1 + |Whyal < IXp1,u] + lwasi1]| < q (see Fig. 5(a) for illustration)

Let oy = X[ip..int1 — 1] and o = X[ip+1..]1X[1.9/]- Then, in this case, the rc-occurrence (i1, 2|wp41|) is of the form
(op hoty Borazy A)? and (i, 2|wy]) is (a2 Aa2B)%, where A € X% B = (Aa2)'C, h > 0, € is a prefix of Ay, and
A[1] # a. Thus, ypp1 >y +3 >3h+1) + 1.

Case 2:p < ipg1 + |why1l < IXp,upl + lwhe1] = q (see Fig. 5(b) for illustration)

In this case, the rc-occurrence (ipyq, 2|wpy1]) is of the form (onAcsaqaa4)? and (ip, 2|wp|) is (eq0n400)?, where
A € X*and A[1] # a. Thus, yp1 >y +3 >3+ 1)+ 1.

Case 3:p < ipt1 + |Wht1| < q < [X[1,] + |wrt1] (see Fig. 5(c) for illustration)

In this case, the rc-occurrence (ipyq, 2|wpy1]) is of the form (o Aasaqan4)? and (i, 2|wp|) is (@qop4a3)?, where
A € X*, A[1] # q,and |a3| < |az|. Thus, 1 > yn+3>3h+ 1)+ 1.

Case 4: q = ipy1 + |wpe1| — 1 (see Fig. 5(d) for illustration)

In this case, the rc-occurrence (i1, 2|wp,1]) is of the form (oA az4)? and (i, 2|wy|) is (ajon4)%, where A € X*
and 4[1] # a. Thus, ypp1 = s +3 = 3(h+1) + 1.

Case 5: q < ipy1 + |whe1] — 1 (see Fig. 5(e) for illustration)

In this case, the rc-occurrence (ip 1, 2|wpy1|) is of the form (o Acia AB)? and (i, 2|wy|) is (o 4)%, where A € X*
and A[1] # a. Thus, Ypp1 = +3 >3+ 1)+ 1.

According to the above results, we can obtain that ;41 > y,+3 > 3(h+1)+1forh =1, 2, ..., m— 1, and this lemma
holds. O
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3. The number of rc-occurrences

In this section, we prove that the number of rc-occurrences in a string of N runs is less than 13—4N . Let S be a substring of
x[i..j]. We use IR(S) to represent the set of the rc-occurrences in S and use |IR(S)| to denote the number of rc-occurrences
in S. Given an rc-occurrence t = (u, 2|w|), IR(t) can be separated into “cross rc-occurrences” and “right rc-occurrences”.
The right rc-occurrence (c, 2|d|) means the set of rc-occurrences in the second occurrence of w, i.e., (c, 2|d|) € IR(w?). An
rc-occurrence (c, 2|d|) is called a cross rc-occurrence of t if u < ¢ < u + |w| < ¢ + 2|d| < u + 2|w]|. Let cross(t) denote
the set of cross rc-occurrences (c, 2|d|) of t. We also use |cross(t)| to denote the number of cross rc-occurrences in t. Hence,
[IR(t)| = |cross(t)| + [IR(w?)].

Theorem 1 ([8]). Suppose that a string x of length n is partitioned into two nonempty strings u of length p and v of length q,
where p + q = n and u, # vy. The number of c-squares in x such that each one starts in u and ends in v is less than or equal to

r(x).

Proof. We say that a square starting in u and ending in v is a cross square in x. In [8], cross squares in x can be grouped
so that each group can be uniquely specified by two parameters (I, £), i.e., and interval I of starting positions of squares
together with the common length ¢ of every square. For instance, let u = “daabc” and v = “bcbaabcbcba”. Squares
{2,7),(3,7), (4, 2), (5,2)} are cross squares in x and those can be grouped by ([ 15, 16], 7) and ([7, 8], 2). Since the number
of groups with respect to u and v is bounded by r(x) and each group can be obtained in constant time, all groups with respect
to u and v can be calculated by O(r(x)). However, each group has just one c-square, i.e., the first square in this group. Thus,
one sees easily that the number of c-squares in x such that each one starts in u and ends in v is less than or equal tor(x). O

I 01 L l . . .
Lett = w'w? be a nontrivial square, a,'ay’ ...a,)" beits corresponding run-length encoded string, and |w| = |wy| = m.

From Theorem 1, we know that if wr]n #+ w%, then the number of c-squares in t such that each one starts in w' and ends in

w? is less than or equal to r(t). On the other hand, if w), = w?, then it implies that w), and w? are within the same run,

say r,. Let p (respectively, p; and p,) denote the set of c-squares in t such that each one starts in w! (respectively, Tj; 1

and Tj;,,,7) and ends in w? (respectively, Tru.my and Tpy41.m7)- Since each c-square of ¢ is either in p; orin p,, p € (01 U p2).

Since the number of c-squares in p; (respectively, p,) is less than or equal to r(t), the number of c-squares in p is less than

or equal to 2r(t). By definition, rc-set is a subset of c-vocabulary. Therefore, we have proven the following lemma.

Lemma 7. Let t = w'w? be a nontrivial square. The number of c-squares that starts in wy and finishes in w is at most 2r (t).
Now, we are at a position to mention the number of rc-occurrences in a string.

Theorem 2. For any string x of N runs, |IR(x)| < %N.

Proof. Let A, denote a string of t runs, for 1 < t < N. We prove this theorem by induction on t. If t = 1, string A, is trivial,
ie., A, = d* for some integer k where a € X. Thus, |IR(A;)| = 0. For t > 2, assume that [[R(A;)| < %t is true. Now, we
consider the number of rc-occurrences in A¢41.

Let A;yr1 = 1y - A, where ry, is a newly added run (see Fig. 6). If there is no rc-occurrence starting within r,, then
[IR(A¢+1)| = [IR()| < %t. On the other hand, if there are m rc-occurrences starting within r,, then let us denote the
longest one by T; = (i, 2|w4]). Let r(T;) = y, ¥y <t + 1. The overlap between w} and r,, is denoted by «, thus, w} =aw'.
In addition, A, can be partitioned into w’ and A; — w’. Thus, r(A; — w') < t — %y. By the property of Lemma 4, there is at
most one rc-occurrence (j, 2|w|) starting within the same run r,, with i; < jand |w¢| > |w|. Then, assume that there exist
m rc-occurrences begin at j < i; (included T;). So, by Lemma 6, y > 3m + 1and som < (y — 1)/3. Therefore,

IR+ < m+ 1+ Jcross(Th)| + [IR(he — w")]

1
< §(V — 1) + 1+ |cross(Ty)| + |IR(As — w')| (by Lemma 6)

1

< 5()/ +2)+2y +|IR(A; — w")| (by Lemma 7)
1( +2)+2 +l4 t !

<= il
3 14 14 3 2)’

1
= é(2y+4+12y+28r—14;/)
= ](28t+4)
"6

14(r+1)
< — .

3

By induction, since [IR(At+1)| < 1—34(t + 1), this theorem follows. O

Theorem 3. For any string x of N runs, the cardinality of c-vocabulary is less than 13—4N .
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Fig. 6. An illustration for x; 1.

Proof. By the definition of c-vocabulary, the cardinality of c-vocabulary is equal to the number of rc-occurrences. According
to Theorem 2, the number of rc-occurrences in a string of N runs is less than 13—4N . Thus, this completes the proof. O

4. Concluding remarks

Fraenkel and Simpson proved that the number of vocabularies contained in a string of length n is bounded by O(n) [4]. Ilie
gave a very short proof of this bound [6]. Furthermore, Gusfield and Stoye [5] presented an O(n)-time algorithm for finding
out all vocabularies and an O(n 4+ z)-time algorithm for locating all square occurrences where z is the number of squares.

A period of a string x is an integer p, 0 < p < |x|, such thatx; = x4, foralli € {1,2, ..., |x| — p}. Let p(x) denote the
size of the smaller period of x. We say that a string x is periodic if and only if p(x) < % In [2], the authors defined that a run
in a string x is an interval [i..j] such that x[i..j] is a periodic and this period is not extendable to the left or the right of [i..j].
Comparing with the definition of c-square, a c-square (u, 2|p|) is in a run [u..v], where u + 2|p| < v. The number of runs
in a string x is equal to the number of c-squares in a string x except a run [i..j] with x[i..j] = d* for some integer k. In [3],
the upper bound on the maximum number of runs in a string is 1.6n. Main [12] gave a linear-time algorithm for finding all
leftmost occurrences of runs.

In this paper, we find that all squares can be represented by c-vocabulary, and prove that the cardinality of c-vocabulary
is less than %N. Thus, it ensures the possibility for identifying all c-vocabulary in O(N) time. Accordingly, all squares in a
run-length encoded string (respectively, all leftmost occurrences of runs) can be reported in O(N +z), where z is the number
of squares (respectively, z is the number of runs). This is our future work.
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