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Abstract

This paper considers the problem of factorizing a matrix with missing components into
a product of two smaller matrices, also known as principal component analysis with missing
data (PCAMD). The Wiberg algorithm is a numerical algorithm developed for the problem in
the community of applied mathematics. We argue that the algorithm has not been correctly
understood in the computer vision community. Although there are many studies in our com-
munity, almost every one of which refers to the Wiberg study, as far as we know, there is no
literature in which the performance of the Wiberg algorithm is investigated or the detail of
the algorithm is presented. In this paper, we present derivation of the algorithm along with
a problem in its implementation that needs to be carefully considered, and then examine its
performance. The experimental results demonstrate that the Wiberg algorithm shows a consid-
erably good performance, which should contradict the conventional view in our community,
namely that minimization-based algorithms tend to fail to converge to a global minimum rel-
atively frequently. The performance of the Wiberg algorithm is such that even starting with
random initial values, it converges in most cases to a correct solution, even when the matrix
has many missing components and the data are contaminated with very strong noise. Our con-
clusion is that the Wiberg algorithm can also be used as a standard algorithm for the problems

of computer vision.



1 Introduction

This paper deals with the problem of factorizing a matrix into a product of two smaller matrices,

assuming the rank of the matrix to be a known number, as follows:
Y - UV'. (2)

This problem commonly appears in several problems of computer vision, such as structure from
motion (SFM) [10, 7, 4, 2] and computation of shape and illumination from an image set taken
under dfferent illumination conditions [6, 5, 1]. Considering the presence of noise in the data, the
problem is most often formulated as findibgandV that minimize the erroffY — UVT ||§. In this

paper, we consider the case where there are missing compon&ntkithis case, the function to

be minimized is defined to be the error sjiM—UV T ||2 only over the existing components. Unlike

the case without missing components, where the problem is reduced to an eigenvalue problem,
in this case, we have to directly solve the minimization problem that is truly nonlinear; thus,
convergence and computational complexity of its algorithms are of significant interest.

It is the study [9] by Shum et al. in the computer vision community that first introduced the
problem and numerical algorithms for it. They rediscovered the study of Wiberg [11] in the 70’s,
based on which they developed an algorithm and applied it to 3D object modeling. Since then,
many algorithms have been proposed in our community for the problem. There is a good survey
of them in the recent study [2] by Buchanan et al (See also [3]).

The study of Wiberg [11] (and that of Ruhe and Wedin [8], on which it is based) should be a
basis for the mentioned initiative work of Shum et al. as well as many subsequent studies. In fact,
the Wiberg name is cited in almost every one of those studies. However, we would like to point out
the possibility that the Wiberg algorithm has not been correctly understood in our community. As
far as we know, there is no literature (within our community) in which its numerical performance
is investigated or the algorithm itself is presented. In the paper [9] of Shum et al., a brief outline
of the Wiberg algorithm is presented, but no experimental result by the algorithm is shown. In the
recent paper [2] of Buchanan et al., where many algorithms are classified into several categories,
the Wiberg algorithm is mentioned but not explicitly classified. In some literature, the algorithm

seems even to be confused with that of the alternated least squares (ALS). As will be shown later,



the Wiberg algorithm is based on the Gauss-Newton algorithm andferefit from the ALS
algorithm.

The goal of this paper is firstly to present the Wiberg algorithm correctly and then to accurately
investigate its numerical performance. There are several possible reasons for the above-mentioned
misunderstanding of the Wiberg algorithm. One is that the Wiberg paper lacks detailed explana-
tions of the underlying logic of the algorithm. Our derivation in what follows will supplement
these. Another possible reason for the misunderstanding might be that the equation for computing
the Gauss-Newton update in the Wiberg algorithm is always degenerate. This needs to be borne in
mind when implementing the algorithm. We prove the degeneracy and show how to handle it.

As will be shown in what follows, our experimental results show that the Wiberg algorithm (with
our implementation) shows a considerably good numerical performance, which may contradict the
conventional view in our community concerning the performance of algorithms for the problem.
For example, there are several studies [7, 4] oftted@nt type of algorithm that is based on impu-
tation, in which missing components are locally estimated from those existing. These studies are
motivated by a recognition that the minimization-based algorithms do not have good convergence
performance, and good initial values are necessary to have them converge to a global minimum.
However, as far as the Wiberg algorithm is concerned, choosing good initial values does not seem
to be necessary. Even starting with completely random initial values, the algorithm will converge
to a global minimum for most of the cases, as will be shown in what follows. We also show brief
comparisons of some of the minimization-based algorithms in terms of computational complexity,

in which the Wiberg algorithm is superior to others.

2 Notation
In this paper, we consider factorization of the form:

Y - UVT, 2)
as well as factorization with a mean vector:

Y 5 UVT + 1, 3)



whereY, U andV are matrices omx n, mx r, andn x r, respectively]l,, is am-vector of all 1's
andu is an-vector. Although in what follows, the form (2) is mainly considered for the sake of
simplicity, the results for (2) are applicable to (3) with only a few modifications.

Some components of are missing. LetHd be anm x n matrix indicating which components
are missingH is such that the componeht indicates the existence gf; hj; = 1 if y;; exists and
hij = 0 if y;; is missing. This matrixt will be called the indicator matrix and is assumed to be
known throughout this paper. Then, for the factorization form (2), the problem is formulated as a

minimization problem with respect d andV:
#(U,V) = |[Ho (Y —UVT)|Z - min, 4)

whereo represents the component-wise product of matrices. For the factorization form (3) with a

mean vector, the problem is formulated as minimization with respddt Y6, andu:
¢'(U,V,p) = IHO (Y —UVT = 1u") |2 — min. (5)

The functiongp andg’ are inconvenient to manipulate analytically, because obtheduct with
H. Thus, we rewrite them into a simpler form withddt by introducing several notations. Let
U=1[ui...,un]" andV = [vy,...,V,]"; u; andv; are bothr-vectors. Also, let = [u],...,up]"
andv = [v/,...,Vv}]". In what follows,U and themr-vectoru will be used in an interchangeable
manner, and so ar¢ and thenr-vectorv; for example¢(U,V) = ¢(u,v). Let p be the number
of observed components, agde ap-vector containing only observed componeytsn lexical
order ofi andj. Using ap x mr matrix F containingus, ..., Uy and ap x nr matrix G containing

Vi,...,Vn, ¢(U, V) can be rewritten as follows:

¢(u,v) = [IFu-y|* = |Gv -y|? (6)



The matrice$- andG have the following structures:

T T
Vq u;
T T
Vs u;
T T
v u;
T T
Vi u,
T T
Vs u,
F = : , G= (7)
T T
v uJ
T T
V] uy,
T T
v} ur,
T T
Vi ] i Un |

Note that the above shows only the basic structures of the matrices for notational simplicity, and
in the presence of missing componemgs andu;'s do not regularly appear in them, as implied
above. The matrices will have only the rows corresponding to the observed components. For
example, ify;, is missing, the second rows of the abdveand G are removed, and Wy, is
missing, the last rows are removed. Thus, the number of rowsanid G becomes the number
of observed components.

The distribution of the missirigbserved components i (i.e., the indicator matrid) deter-
mines the size and structure®fand therefore, for a fixed, F can be viewed as a function of
thus, we will writeF(v). Similarly, we will write G = G(u).

For the factorization form (3) with a mean vector (and the correspondinggtpsie define
M = [, ..., fny- -5 M1, ..., 4n] T (Mrrepetition of a vectory;, . . ., u,] while excluding the entries
corresponding to the missing components) and ¥en[V, m]. We denote each row vector bf
by Vj, i.e.,V = [V1,¥,,...7,]7. Then stacking these vectors, defife= [V],V],...V;]. Using

these notationgy’ is represented as
¢'(u.¥) =|Fu+m-yP=|GV-y[,
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whereG is ap x n(r + 1) matrix such that&v — y), yields u'vj + u; — i assuming thay; is the

k-th observed elemeng is formally obtained by replacing™'s on G by [u;, 1]"'s on EQq.(7).

3 The Wiberg algorithm and its implementation

The Wiberg algorithm was proposed for the minimization problem (5) [11]. (It is straightforward
to make it applicable to the problem (4).) This section shows the derivation of the algorithm in

detail and then its implementation.

3.1 Alternated least squares algorithm

To begin with, we summarize the alternated least squares (ALS) algorithm that are often confused
with the Wiberg algorithm. From now on, we deal with only the factorization form (2) without a
mean vector.

We want to find a minimum of#. Then, we search for a solution to the equatidpgou =

d¢/ov = 0. Using the notations introduced above, these are expressed as

0
} : (8)
0

0¢/ou
dp/ov

FT(Fu-y)
G'(Gv-y)

When considering the two equations independently, solutions are given by

0=(FF)Fy, (9a)
U=(G"G)!Gy. (9b)

Based on these bilinear relations, the ALS algorithm updafesm v by Eq.(9a) and/ from u by

Eq.(9b) in an alternative manner, starting from some initial valueg®0br v©. An interpretation

of the algorithm is that it searches for a fixed point of the mapping)(to (G, V) by the iteration.
Although ¢ decreases monotonically with the iterations, there is no guarantee as to the speed of
its convergence. In fact, as is pointed out in [2], it tends to be quite slow, especially for “badly

conditioned” data such as those with there are many missing components and strong noise.



3.2 Naive Gauss-Newton algorithm

Before going into the Wiberg algorithm, for the sake of comparison, we summarize the standard

Gauss-Newton algorithm applied to the problem. Defining[u™,v']", we write¢ as
1 T
¢() = 51, (10)

wheref = Fu—-y = Gv —y. In order to find a solutiox to d¢/dx = 0O, the Newton’s algorithm
seeks a solution by iteratively updatixgasx + Ax — X where the update is computed as a
solution to flg/x) + (d?¢/dx?)Ax = 0. Usingf, the first and second derivatives are represented
asdg/dx = (df/dx)Tf and d?¢/dx?> = (df/dx)7(df /dx) + (d*f/dx?)Tf. In the Gauss-Newton
algorithm, the second ternd3f /dx?)™f is neglected. Then, the equation for the updateurns to
(%)Tf + (%)T (&) Ax = 0, or equivalently

2
— min. (11)

f+&AX

Note that the popular Levenberg-Marquardt (LM) algorithm, which is widely used in the literature
of SFM bundle adjustment and will be later compared with the Wiberg algorithm, is a composite

method of the (Gauss-)Newton and steepest descent algorithms.

3.3 Derivation of the Wiberg algorithm

In some of the nonlinear least squares problems with multiple parameters, when assuming part of
the parameters to be fixed, minimization of the least squares with respect to the rest of the pa-
rameters becomes a simple problem, such as a linear problem, and gives a closed form solution.
For such problems, by eliminating the latter parameters, the original minimization problem can
be rewritten into a minimization problem of a function only of the former parameters (i.e., those
assumed to be fixed). There are some cases where deriving a Newton-based algorithm for the
rewritten problem achieves better algorithms in terms of computational complexity etc., than de-
riving one for the original problem. A general framework of this methodology is shown by Ruhe
and Wedin [8]. Wiberg applied this framework to the specific problem, factorization of a matrix

with missing components [11].



Thus, the basic idea is to rewrite the minimization probleng@f, v) into that of a function
¥ (v) of only v using (half of) the bilinearity of Eq.(8). For a fixed an optimalu can be linearly
computed according to Eq.(9a). We may represent this by a funzfignBy substituting this into
¢(u,v), we have

Y(v) = ¢(G(V). V). (12)

It is clear that this new minimization problem yields the same solution as the original, \since
minimizing ¥(v) together withu = G(v) minimizes¢(u, v). Then, the application of the standard
Gauss-Newton algorithm to solve this minimizationfields what we call the Wiberg algorithm.

Because of the structure of its square-sun{g) can be written as

W) =300 (13)

whereg = g(v) = f(Q(v),v) = Fl(v) — y. Then we want to solve an equatidi(v)/dv = 0. An
updating scheme of the Newton method for this equation is immediately given as

2
‘g + %Av — min. (14)

The Av minimizing this gives the optimal update toward a local minimum. Thus, we now want to
calculate the function on the left hand side of (14). Sigeef(U(v), v), its first-order derivative is

given according to the chain rule as

dg ofdd of
The partial derivatives df can be written using = Fu — y etc. as
of of
— =—F — =G. 1
ou oV G (16)

The remaining derivativd(i/dv can be calculated as follows. Singg(v), v) = 0 independently
of v, its derivative with respect te should also be zero. From,(G(v),v) = F'(FO-y) = F'g,
we haved(FTg)/dv = 0. By neglecting the termdf/dv)"g in the spirit of the Gauss-Newton

algorithm, it is written as

dg

d T ~ T9 _ T
w9~ Fg =F (

LE N )

6udv+6v )
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Since this should be zero, we have

dd _ Te\-1T
3 = FAFG. (18)

Using this along with Eq.(16), Eq.(15) is rewritten as

d
Y _ 1 -FFRFG. (19)
dv
LetQr = | - F(FTF)"F". Note thatQ is a projector to the space orthogonal to the column space

of F. UsingQgF, g is rewritten agy = FG(v) — y = —Qry. The substitution of this and Eq.(19) into
Eq.(14) yields
| QeGAV — Qry |2 — min. (20)

Now, the optimal updatdv is determined from this. However, this minimization does not have
a unique solution, sinc®gG is always singular (not of full rank), as shown in the next section,

although this is not mentioned in the Wiberg paper [11].

3.4 Determination of the Gauss-Newton update
We first show that the following holds for the rank QEG.

Proposition 1. WhenU, V, F andG are all of full rank, the rank of the matriQrG is at most

(n=r)r.

Proof. For any arbitrary x r matrix, it always holds that’v™ = (UA)VT = U(VAT)" = UV'".

This equality can be rewritten as
Fdiag,(A")u = Gdiag,(A)v, (21)

where diag,(A) represents am-block diagonal matrix with the diagonal subblogk Defining an

mr x r2 matrix X, and anmr x r2 matrix X,, appropriately, the equation is further rewritten as
FXua=GX,a, (22)

wherea is anr?-vector containing the componentsAf The matrixX, consists only ofiy, ..., Un
and the matrixX, only of vq,...,v,. Since Eq.(22) always holds for any arbitraaywe have
FX, = GX,.

11



Let C(u,v) = FX, = GX,. From the definition, the column space®fs always a subspace of
F andG. If V is of full rank, it is easy to see th, is of full rank (X X, = diag(V "V)). Thus, if
G is also of full rank,C = GX, is of full rank, too. Then, the column space®@has the dimension
of r2. Thus, it has been shown that the column spacdsaridG share a subspace of at least
dimension.

SinceQF is a projector to the space orthogonal to the column spaée tife rank ofQeG is
given as the numbenr of its columns minus the dimension of the common subspace of the column

spaces ofF andG. Thus, we have shown that raqG) < nr —r?2 = (n—-r)r. m|

This result is clearly connected to the fact that factorizaWor» UV' is always not unique;
for any arbitrary non-singular x r matrix A, it is possible to rewritdJV"™ = U’V’'T by setting
U’ = UA-landV = VA™. The degree of freedom of the ambiguity fsthe number of components
of A.
In the above proofy, V, F, andG are all assumed to be of full rank. This does not limit the
applicability of the result for the following reasons. Firstly, the matrideendV should be of full
rank to make factorization meaningful. Al¥6andG should be of full rank, too, since if they are
not, the factorization is not unique. Thus, the assumption should hold for non-degenerate, valid
data, from which meaningful solutions can be derived.
SinceQeG is always not of full rank, the equation (20) for the update has an infinite number of

solutions. A promising choice is
AV = (QeG)"Qry, (23)

where Q:G) is a generalized inverse Qf-G. This solution corresponds to choosifigthat min-
imizes|Av|?. Representing the singular value decompositio@e® asQ:G — SDT', (Q:G)' is
given as

(QG)' = TD'ST, (24)

whereD ! is defined aD! = diag[1/ds,...,1/dy,0,...,0], whered,, ..., d, are non-zero singu-
lar values. The algorithm is summarized as Fig.1.

As shown above, the rank QfrG is equal to or smaller tham{ r)r. However, it can be shown,
from the result of one of our studies, that in order for factorization to be unique, the rank should

not be smaller tham(- r)r and should namely be exactlg € r)r. Therefore, when computing

12



1. Initializev.

2. MakeF from v and computel that minimizegFu —
yl%.
3. Stop if converged. Otherwise go to 4.

4. Make G from u and determineAv that minimizes
|IQ=GAV — Qry|?. From the possible solutions, select
that with minimum lengthAv|. Updatev + Av — v.

Goto 2.

Figure 1: The Wiberg algorithm for the factorization form without a mean vector.

(QrG)" on Eq.(24), we need only select the= (n - r)r largest singular values. This enables a
secure implementation of the algorithm in which the numericiadilty of identifying non-zero
singular values from a numerical result of the SVD is avoided.

For the factorization form (3) with a mean vector, instead of Proposition 1, we show:
Proposition 2. The rank of the matriQrG is at most(n — r)(r + 1).

The proof is omitted here. Figure 2 shows the algorithm for the case with a mean vector. As in
the above, it can be conveniently used in its implementation that the rak@®fs expected to be

exactly o —r)(r + 1), unless the given data are not ill-conditioned.

3.5 Consideration of computational cost

In the Wiberg algorithm, there are two linear equations to be solved per iteration. As for the
equation in step 2 for updating, we should use the block property of the matrix to reduce its
computational cost- hasm block submatrices of at mostx r size. Then, assuming the compu-
tational cost of solving a linear equation witlvax N coeficient matrix to beéD(MN?), the cost is
evaluated a®(mnr?).

As for the equation in step 4, there is no way of reducing the computational cost, and thus it is

evaluated a®(prér?), sinceQeG is of p x nr. Since this is much larger than the c@mnr?) of
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1. InitializeV, i.e.,V andm.

2. MakeF andm from V4, ...,V, and computeu that

minimizes|Fu + m — yJ2.
3. Stop if converged. Otherwise go to 4.

4. Make G from u and determineA¥ that minimizes
|QGAY-Qr(y—m)J? From the possible solutions, se-
lect that with minimum lengtiAV|. Updatev + AV —

V. Goto 2.

Figure 2: The Wiberg algorithm for the factorization form with a mean vector.

step 2, step 4 is the dominant part in terms of computational cost. Thus, the overall computational
cost can be evaluated @prér?) per iteration. Note that it depends anthe number of columns

of Y, but not onm, the number of rows oY . Therefore, the better one between factorizihgnd

Y T should be chosen to minimize the computational cost, whenever the choice is possible.

The computational cost for the naive Gauss-Newton algorithm that was shown earlier can simi-
larly be evaluated a®(p(m + n)?r?). Thus, it can be seen that the Wiberg algorithm is faster than
the naive Gauss-Newton algorithm, and the ratio of the costs is giveR/@s + n)2. Thus, if
m = n, it will be 1/4 and it will further decrease whenis larger tham.

In the ALS algorithm, there are two equations to solve, whose computational cost are com-
parable to the solution of the equation in step 2 of the Wiberg algorithm. Thus, as for the ALS
algorithm, its computational cost per iteration is by far smaller than even the Wiberg algorithm.
However, it should be noted that the ALS algorithm tends to need many iterations to converge,
hence the total computational time tends to be rather larger than the other two, especially for badly

conditioned data.
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4 Experimental results

This section presents the experimental results. Only the factorization with a mean vector is consid-
ered here; in our experience, there is littl&elience in numerical behavior between the algorithms

for the two factorization forms.

4.1 Comparison with the Levenberg-Marquardt algorithm

We compared the described implementation of the Wiberg and Levenberg-Marquardt (LM) algo-
rithms. Comparisons of LM with the ALS algorithm and its variants are detailed in [2]. As an im-
plementation of the LM algorithm, the functidmder from the MINPACK library is used. There

is the following fundamental ambiguity in the factorizatidvV ™ +1,u™ = (UA™1+1,b7)(VAT) T+

1,(u" — bTATV). In order to constrain this, the necessary number of componehtsantim are

fixed in the implementation of the LM algorithm.

4.1.1 Synthetic data

As test data, matrices of 3020 (i.e. m = 30 andn = 20) with rankr = 3 are used. Each
component is randomly generated accordingijte= u'v; + y; + &;j, whereuj, vij, andy; are all
random variables generated according to a normal dehgllyl), and the noise according to
N(0, 0.05%) (i.e. 5% noise corruption). The missing components are also randomly chosen in the
30x 20 matrix. The two algorithms are run for these data. The simulation repeats for 500 trials, and
during each trial, initial values are randomly chosen and supplied to each of the two algorithms.
Figures 3 and 4 show the results for the data with 30% and 65% missing components, respec-
tively. The upper row shows the histograms of iteration counts for each algorithm, and the lower
row shows the histogram of the residBidy;; — ujv; — u;)*>. The two algorithmsx are forced to
stop when the iteration count exceeds 100. It can be seen from Fig.3 that the Wiberg algorithm
converges in every trial, whereas the LM algorithm does not converge (at most within 100 iteration
counts) in 10% of the trials. The histograms of the residue show that both algorithms converge
to a global minimum whenever they converge. Figure 4 shows the results for 65% missing com-

ponents. As in the case of 30% missing components, it can be seen that the Wiberg algorithm
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Figure 3: Results for synthetic data with 30% missing components. Upper: The iteration counts
for 500 trials with random initial values. Lower: The residue after convergence. Left: Wiberg.
Right: Levenberg-Marquardt.
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Figure 4. Results for synthetic data with 65% missing components.

converges in almost every trial, whereas the LM algorithm does so in only a few. We can conclude
that the Wiberg algorithm showed a much better performance than the LM algorithm for the data

used here.

4.1.2 Realdata

We also compared the two algorithms using a real image sequence of a cube rotated through 360
degrees on a turntable. There are 177 images in the sequence, a few of which are shown in Fig.5.
The Lucas-Kanade-Tomasi tracker is first applied to the image sequence, and trajectories of feature
points are extracted, from which wrong trajectories are manually removed. A few erroneous tra-
jectories are intentionally left unremoved to test the robustness of the algorithms. As a result, 106

trajectories survive, which are shown on the left of Fig.6. The number of observed data is 5550,
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Figure 6: Trajectories of feature points. Left: Observed components (in black) in the data matrix.

Middle: Initial trajectories. Right: Recovered trajectories.

which means that 78%(= (106x 177)— 5550/(106x 177)) of components are missing.

Then, the LM and the Wiberg algorithms are run for 100 trials. In the same way as above,
random initial values are used for each trial. Figure 7 shows the results. It is seen that the Wiberg
algorithm converged to an identical solution, which is therefore considered to be a correct solution,
in every trial. On the other handhe LM algorithm did not converge in any of the 100 trials
To examine the behavior of the LM algorithm, we run the LM algorithm also ugoaginitial
values, which are synthesized by multiplying«%r) to each component of trug andV, where
a ~ N(0,02). The second and third histograms on Fig.7 show the resultsfor 0.1 and 0.3,
respectively. It can be seen from this that when good initial values are given, the LM algorithm
converges, and also that its convergence performance deteriorates quickly as the initial values
become distant from the global minimum. We can conclude that the Wiberg algorithm outperforms

the LM algorithm for the real data used here.

4.2 Convergence performance vs. fraction of missing data and noise strength

Clearly there are two factors thatect the convergence performance of the Wiberg algorithm: the
fraction of missing components and noise strength. Using synthetic data, we examined how these
factors dfect the convergence performance. The data is generated in the same way as above, except

that the matrix size is set to 5050, and the missing components are deterministically selected so
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Figure 7: The number of iterations needed for SFM using the trajectories of Fig.6. From left to
right, the Wiberg algorithm starting from random initial values, and the LM algorithm starting
from “good” initial values that are generated by perturbing the solutions obtained by the Wiberg

with 10% and 30% random noise, respectively.

thatH is a band diagonal matrix. The bandwidthtéfvaries from 29 to 13, which corresponds

to a range from 50.4% to 75.7% of the fraction of the missing components. The variance of the
noisec is varied in the range from.005(0.5% corruption) t0.6(50% corruption). Then, we run

the algorithm for 100 trials, for each of which random initial values are used.

Figure 8 shows the results. The left plot shows the percentage of the nunthscessfulrials
vs. the fraction of missing components, for each noise strength. The sfiaitess of a trial is
identified by checking if the final residue after the convergence is the same, in a numerical sense,
as the minimum of the residues for the 100 trials. The minimum of the residues for each data set
is shown on the right plot, which confirms that the algorithm actually reaches the global minimum
for the trials identified as successful.

It can be seen from the results that the convergence rate decreases with the number of missing
components, and deteriorates very quickly over around the fraction 65% of missing components.
The “theoretical ceiling” of the missing component fraction, which is given at the percentage
where the number of observed data is the same as the number of parameters minus factorization
ambiguity (i.e.,p = mr+(n-r)(r+1)), is calculated to be 86.5%. Thus, a gap is evident between the
theoretical ceiling and the percentage at which the algorithm starts to fail to converge. It can also
be seen that noise strength does not appear to significafiigt ahe convergence performance.

It seems even that the number of converged trials slightly increases for larger noise strength. It
should be noted that for most of the unconverged trials, the algorithm either diverged completely
or was trapped in an infinite (oscillatory) loop, and only for a few trials, did it converge to another

minimum.
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Figure 8: Hfects of fraction of missing components and noise strength (0.5, 5, and 50% noise cor-
ruption) on the convergence performance. Left: The number of trials (%) for which the algorithm

converges to the solution of minimum residue. Right: The minimum residug;per

5 Conclusion

We have shown the derivation of the Wiberg algorithm for the problem of matrix factorization

in the presence of missing components. In the derivation, we prove the degeneracy of the equa-
tion for determining the Gauss-Newton update in the algorithm, which needs to be taken care of
when implementing the algorithm. We show through several experiments, that our implementa-
tion of the algorithm demonstrates a relatively good convergence performance, as compared to a
standard implementation of the Levenberg-Marquardt algorithm. As inferior performance of the
ALS algorithm and its variants, even to the LM algorithm, is reported in [2], we believe that the
Wiberg algorithm (with the described implementation) should also be used as a standard tool for

the problems in computer vision.
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