Information Processing Letters 111 (2011) 1067-1071

Contents lists available at ScienceDirect )
Information
Processing Letters

Information Processing Letters

www.elsevier.com/locate/ipl

Two-dimensional homing sort

Bo-Yi Wang, Hsueh-I Lu*!

Department of Computer Science and Information Engineering, National Taiwan University, Taiwan

ARTICLE INFO ABSTRACT
Artic{e history: ) Homing sort, i.e., sorting by placement and shift, is a natural way to do hand-sorting.
Received 25 April 2011 Elizalde and Winkler showed that (1) any n-element permutation can be sorted by n—1 or

Received in revised form 30 June 2011
Accepted 13 July 2011

Available online 9 August 2011
Communicated by ]. Xu

less one-dimensional homing operations; (2) no n-element permutation admits a sequence
of 2"~ or more homing operations; and (3) the number of n-element permutations that
admit a sequence of 2"~1 — 1 homing operations is super-exponential in n. In the present
paper, we study sorting via two-dimensional homing operations and obtain the following

Keywords: observations: (1) Any m x n permutation can be sorted by at most mn—1 two-dimensional
Analysis of algorithms homing operations. (2) If both vertical-first and horizontal-first homing operations are
Combinatorial problems allowed, for any integers m > 2 and n > 2, there is an m x n permutation that admits an
Homing sort infinite sequence of two-dimensional homing operations. (3) If only vertical-first homing
Sorting by placement and shift operations are allowed, for any integers m >3 and n > 2, there is an m x n permutation

that admits an infinite sequence of two-dimensional homing operations. (4) The number of
2 x n permutations that admit sequences of £2(2") vertical-first two-dimensional homing
operations is super-exponential in n. (5) No 2 x n permutation admits a sequence of (2n)!
or more vertical-first two-dimensional homing operations.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Let t be an n-element permutation. Let 7 [i] be the element in position i of . Let 7t (i) be the position of element i
in ;7. Permutation 7 is sorted if m[i] =1 holds for each i =1,2,...,n. Let home(i) be the one-dimensional homing operation
such that the permutation 77’ = 7 o home(i) obtained by applying home(i) on 7 is as follows: If 7 [i] <1, let
m[j] ifj<m@orj>i
7'ljl=1i ifj=i
w[j+1] ifn@)<j<i
Ifi <mli], let
m[j] if j<iorj>m(i)
m'ljl=1i ifj=i

mlj—1] ifi<j<m()
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That is, home(i) places element i at the i-th position of 7t and shifts accordingly the elements of = between positions i and
7 (i). For instance, let 7y, 72, 73, and w4 be the following 7-element permutations.

[m [1]2]3[4]5[6]7] ____,[m|[1]2]3[4]5]6]7]

[ [e[t[3[4[5]2[7] ™™ [ [1[3][4[5]2[6]7]
\/home(4)

[ma1[2]3[4]5]6]7] ,|m[1[2[3[4[5[6[7]

[ [1[3[5[4[2]6]7] "™™® [ J1[2[3[5]4[6]7]

We have 1y = 1 o home(6), 3 = 113 o home(4), and m4 = 73 0o home(2). We say that permutation 711 admits a sequence of
£ homing operations home(iq), home(iz), ..., home(i,) if for each j=1,2,...,¢, element i; is not at the i;-th position of
permutation 77j,1 = 7; o home(ij). For instance, in the above example, 771 admits the sequence home(6), home(4), home(2)
of three homing operations. However, 4 does not admit any sequence of two or more homing operations, since 74 admits
exactly two homing operations home(4) and home(5) and 14 o home(4) = 74 o home(5) is the sorted permutation, which
does not admit any homing operation. Elizalde and Winkler [1] studied one-dimensional homing sort, i.e., sorting via the
above “placement-and-shift” one-dimensional homing operations, and obtained the following results: (1) Any n-element
permutation can be sorted by at most n — 1 homing operations. (2) The number of n-element permutations that admit a
sequence of 2"~! — 1 homing operations is super-exponential in n. (3) No n-element permutation admits a sequence of
2"=1 or more one-dimensional homing operations. Therefore, if one iteratively applies homing operations on an n-element
permutation, the permutation has to be sorted in 2"~! — 1 or less iterations.

One-dimensional homing sort can be naturally extended to two dimension. Let 7 be an m x n permutation. Let [i, j]
be the position at the i-th row and the j-th column. Let row[i, j] =i and col[i, j] = j. Let (i, j) be the element whose
home position is [i, j]. Let m[i, j] be the element at position [i, j] of 7. Let 7 (i, j) be the position of element (i, j) in .
Permutation 7 is sorted if m[i, j] = (i, j) holds for all indices 1 <i<m and 1< j <n, ie., each element is at its home
position. For any element (i, j) of 7, we have two kinds of two-dimensional homing operations.

e Let home, (i, j) be the vertical-first two-dimensional homing operation, which (1) vertically places element (i, j) to position
[i, col(m (i, j))], (2) vertically shifts all the elements between positions 7 (i, j) and [i, col( (i, j))], (3) horizontally places
element (i, j) to its home position [i, j], and (4) horizontally shifts all the elements between positions [i, col(7 (i, j))]
and [i, j].

e Let homey(i, j) be the horizontal-first two-dimensional homing operation, which (1) horizontally places element (i, j) to
position [row(r (i, j)), j], (2) horizontally shifts all the elements between position 7 (i, j) and [row(x (i, j)), j], (3) ver-
tically places element (i, j) to its home position [i, j], and (4) vertically shifts all the elements between positions
[row(r (i, j)), jl and [i, j].

For instance, let 71, 772, and 73 be as follows.

| 1 2 3 72| 1 2 3

1 [(L2)[@3) [ (LD | Temasy L L[ @3 [ @D [(L3)

2 | (1,3) [ (2,2) [ (2,1) 2 1 (1,2) | (2,2) | (2,)

T | 1 2 3 w3 | 1 2 3

1 L) [ @3 [ WY | Temmasn | L | GL,2[(23) [ (1L3)
(1,3) | (2,2) | (2,1) 2 [(2,2) | (2,1) | (1,1)

We have my = mq o home,(1,3) and 73 = 71 o homep(1, 3). Permutation 71 admits a sequence of ¢ homing operations
homey, (i1, j1), homey, (i2, j2), ..., homey, (i, j¢) if for each k=1, 2, ..., ¢, element (i, jk) is not at position [i, jk] of permu-
tation 71 = 7k o homey, (ik, ji). In the present paper, we make an initial attempt in studying sorting via two-dimensional
homing operations and obtain the following observations.
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Theorem 1.1.

1. Any m x n permutation can be sorted by at most mn — 1 two-dimensional homing operations.

2. If both vertical-first and horizontal-first homing operations are allowed, for any integers m > 2 and n > 2, there isan m x n
permutation that admits an infinite sequence of two-dimensional homing operations.

3. If only vertical-first homing operations are allowed, for any integers m > 3 and n > 2, there is an m x n permutation that admits
an infinite sequence of two-dimensional homing operations.

4. The number of 2 x n permutations that admit a sequence of $2(2") vertical-first two-dimensional homing operations is super-
exponential in n.

5. No 2 x n permutation admits a sequence of (2n)! or more vertical-first two-dimensional homing operations.

For related work of one-dimensional homing sort, see Elizalde and Winkler [1] and the references therein. In particular,
a similar Topswops algorithm of Conway was discussed by Gardner [2, p. 76].

The rest of the paper is organized as follows. Section 2 gives the preliminaries. Section 3 proves the theorem of the
paper. Section 4 concludes the paper with a couple of open questions.

2. Preliminaries

Let county (s, i) be the number of elements in the first i rows of 7 whose home positions are also in the first i rows
of 7. Let county (7, j) be the number of elements in the first j columns of 7 whose home positions are also in the first j
columns of 7.

Lemma 2.1. If 7 and 7t/ are m x n permutations such that w = ' o home, (i, j) holds for some element (i, j), then count, (7t’, ¢) <
count, (7, ¢) holds foreachc =1, 2, ...,n and count,(rt’, r) < county (7, r) holds foreachr =1,2,...,m.

Proof. We prove the inequality for count,. The inequality for count, can be proved similarly. Since the statement holds
trivially when ¢ =n or count, (7', c) = count, (s, ¢), the proof focuses on the cases with 1 < ¢ <n and count, (7, c) #
county (7, ¢). Suppose that w = 7’ o home, (i, j). Since m[i, j] = (i, j), we have j = col(w (i, j)). Let j' = col(7r'(i, j)). Let
i’ =row(t’'(i, j)). By county (7, ¢) # count, (;t’, ¢), operation home, (i, j) moves some elements across the boundary between
columns ¢ and ¢ + 1, implying that either j <c < j or j'<c < j holds.

Case 1. j < ¢ < j'. Operation home, (i, j) moves element (i, j) into the first ¢ columns and shifts element 7 [i, c] out of the
first ¢ columns. By j < c, element (i, j) is in the first ¢ columns of 7. If element (i, c) is also in the first ¢ columns of 7,
then count, (7r’, ¢) = count, (7, ¢); otherwise, count, (7', ¢) < count, (T, c).

Case 2. j' < ¢ < j. Operation home, (i, j) moves element (i, j) out of the first ¢ columns and shifts element 7 [i, c + 1] into
the first ¢ columns. By j > c, element (i, j) is not in the first ¢ columns of 7. If element (i,c + 1) is not in the first ¢
columns of 7, then count, (7t/, ¢) = count, (7, ¢); otherwise, count, (t’, ¢) < count,(;r,c). O

3. Our proof
This section proves Theorem 1.1.

Proof. To see Theorem 1.1(1), one can verify that any m x n permutation 7z can be sorted by the following mn iterations:
For each ¢ =1,2,...,mn, if (i, j) #[i, j] holds for the numbers i and j with £ =i+ (j — 1) - m, then we replace & by
7 o home, (i, j).

To see Theorem 1.1(2), let mq, 7o, 73, 4 be as follows.

My 1 2 T 1 2
1@ )32 =131 ](@21)
2 1(2,2) 1,1 ; 4 (1,2)
Ty 1 2 T3 1 2
11(2,1) | (1,1 |« 1](22)](1,1)
(1,2) | (2,2) 2 12,11 (1,2

One can verify my = w1 o home, (1, 1), w3 = 73 o homey (2, 1), w4 = 713 0 home, (2, 2), and 711 = 714 o homey(1, 2).
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To see Theorem 1.1(3), let 71, 72, ..., g be as follows.
T 1 2 T 1 2 T3 1 2 T4 1 2
11(22) (1,2 1 1(22) (1,2 1](21) (1,2 1](L1) (21
2 e |Gy 2 @62 262 @2 2322
3| (1,1) | (3,2) 3131 (,1) 3|31 (1,1 31311 (22
T !
8 1 2 ™7 1 2 6 1 2 s 1 2
11(2,2) (1,2 11(1,1)](2,2) 1(1,1)(2,1) 1] (1,1) ] (2,1)
LD G| [2leD (G| 216D @ 21622
321 ]5,2) 3 (1,2 (32 3(L2) (32 316,112

We have my = 1 o home, (3, 1), w3 = 13 o home,, (2, 2), w4 = 113 0o home, (1, 1), 5 = 74 0 home, (2, 2), g = 75 o home,, (3, 2),
77 = g o home, (2, 1), g = 77 o home,(1,2), and 71 = g o home, (2,1). Hence we have an infinite sequence of two-
dimensional homing operations for some 3 x 2 permutation, which can be embedded into an m x n permutation for any
integers m > 3 and n > 2. Theorem 1.1(3) is proved.

Theorem 1.1(4) follows from result (3) of Elizalde and Winkler [1] by considering those 2 x n permutations 7t such that
row(m (i, j)) =1 holds for eachi=1,2and j=1,2,...,n.

The rest of the section lets home(i, j) = home, (i, j) and proves Theorem 1.1(5). Assume for contradiction that some
2 x n permutation admits a sequence of more than (2n)! vertical-first two-dimensional homing operations. Since there are
exactly (2n)! distinct 2 x n permutations, there are ¢ distinct 2 x n permutations 1, 72, ..., 7T, = 7o for some integer £
with 2 < ¢ < (2n)! such that

TTk1 =TTk © home(iy, ji)

holds for each k=0,1,...,¢ — 1. There is an integer k with 0 <k < ¢ — 1 such that col(ry (i, ji)) # jk, since otherwise
this homing sequence would yield a 1-dimensional homing cycle, contradicting with result (3) of Elizalde and Winkler [1].
Without loss of generality, we assume that an element (i, ji) with 0 <k < ¢ — 1 is homed to the left in the above homing
cycle. That is,

L={k|0<k<¢—1and col(my41(ix, jx)) < col(mk ik, ji))}

is non-empty. Without loss of generality, we may assume 0 € L, ig =1, and jo < ji holds for each k € L. Hence we have
1< jo<n-—1.By Lemma 2.1, equation

county (41, 1) = county (7w, 1) (1)
holds for each k=0,1,...,¢ — 1. Since my = m¢, by Lemma 2.1, equation
county (71, €) = county (7, €) (2)
holds for each k=0,1,...,¢£—1 and each c =1, 2,...,n. We have m1[1, jo]l = (1, jo), so 71 is as follows.
|7r1||| Jo ||
1) - (50)
2 .

By 0 € L, element (1, jo) is shifted from the jo-th column to the (jo+ 1)-st column at some point. The only way to shift
element (1, jo) out of the first jo columns is by operation home(2, jo) which shifts element (1, jp) from position [2, jo] to
position [2, jo + 1].

Let ko be the smallest integer such that my, is as follows.

Lo - [ o [do+1][-]
1 ... ...
2 |- 1 (2Jo) | (1,50)
Let k* be the largest integer with ko < k* such that element (1, jo) is in the second row of permutations 7y, k41, - - -, Tk*-

By Eq. (1) and the definition of jg, the only way for element (1, jg) to leave the second row is through operation home(1, jgp),
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implying (iy+, jix) = (1, jo). Element (2, jo) is not at its home position in permutation 7+, since otherwise elements (1, jo)
and (2, jo) would never get out of the first jo columns for the rest of the homing cycle, a contradiction. Let kg be the largest
integer with ko < kj < k* such that element (2, jo) is at its home position [2, jo] in permutations Tk Tho+15 - - - » Tk
By the definitions of L and jo, operation home(ik»a,jkg) shifts element (2, jo) from position [2, jo] to position [1, jo] or
[2, jo — 1]. We have l'kg =2, jkg > jo+1, and col(nks(ikg, jk’[;)) < jo. Therefore, element (1, jo) is not at position [1, jo + 1]
in permutation Tk since otherwise we would have county (7T 11, Jo) = county, (ks jo) + 1, contradicting with Eq. (2).

Let k1 be the smallest integer with ko < ki <k such that element (1, jo) is not at position [2, jo+1] in permutation y, .
By ko < k1 < k;’; < k*, element (2, jo) is at its home position in m, and element (1, jo) is in the second row of m,. Thus,
operation home(i,—1, jk,—1) shifts element (1, jo) to position [2, jo 4+ 2]. Hence we know jo <n —2 and (i, -1, jk,—1) =
(2, jo + 1). Permutation 7y, is as follows.

L | [ Jo [ go+1 [jo+2]- |
11 ...
2 [ ] (2do) | 2,50+ 1) | (1,50)

Let k] be the largest integer with ki < k] < ki such that element (2, jo + 1) is at its home position in permutations
Ty Ty 415 - - Tk Since operation home(ik»{, jkaf) shifts element (2, jo + 1) out of position [2, jo + 1], it follows from the
definitions of jo and L that ik»]« =2, jk’f > jo+2, and col(mq(ik»]«, jkT)) < jo+1. Thus, T (1, jo) #[1, jo+2], since otherwise
we would have county (Tt 41, Jjo+ 1) = county (7Tt s jo+ 1)+ 1, contradicting with Eq. (2). It follows that there is a smallest
integer ko with ki <k <kj such that element (1, jo) is not at position [2, jo 4+ 2] in permutation my,. By ko < ki <k <
k3 < ki <k*, elements (2, jo) and (2, jo + 1) are at their home positions in my, and element (1, jo) is in the second row of
7k, . Therefore, operation home(ix,—1, jk,—1) shifts element (1, jo) from position [2, jo + 2] to position [2, jo + 3]. Hence we
know jo <n—3 and (ix,—1, jk,—1) = (2, jo + 2). Permutation 7y, is as follows.

[T - [ do [ jo+1 [ jo+2 [jo+3]--
11...
2 |- [ (2,00) | 2,50+ 1) | (2,50 +2) | (1,40)

By continuing the above argument, there is a smallest integer k with kg < k < k* such that m; is as below and (i, ji) =
(2,n) and col(;ry(2,n)) <n—1 hold.

[me -] go | jot+1 | jo+2 [---] n-1 | n |
1.
2 | 1 (2,00) | 2,50+ 1) | (2,50+2) |-+ | (2,m—1) | (1,40)

We have county (741, n — 1) = county (7ry,n — 1) 4+ 1, contradicting with Eq. (2). Theorem 1.1(5) is proved. O
4. Concluding remarks

It would be of interest to see bounds tighter than Theorems 1.1(4) and 1.1(5). Following Elizalde and Winkler [1], we
leave open the exact number of worst-case 2 x n permutations.
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