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ICPC Regional Contests (2024)

= ICPC: International Collegiate Programming
Contest

Region # of contests
Africa and the Middle East |2
Asia 16
Europe 5
Latin America
North America 11
South Pacific
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ICPC World Champions

ICPC World Champions
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St. Petersburg State National Research
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Online Judge
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SR & ¥ 3 1 35 (solved
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Input Format j

it f2 % (solved in

Output Format
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g Bubble Quick Radix
500 0.004 0.053 0.000
1000 0.030 0.108 0.000
5000 0.850 0.636 0.004
10000 3.266 1.099 0.014
50000 94.449 5.745 0.100
100000 384.72 11.225 0.200
CPU: K6-2 350 PERFE L
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i (1071):0,1,2,3,4,5
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k (1 7©):0,1,2,..,50

e 1, J, k 3pIfGRI0T »
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1*10 + J*5 + k = 50
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50)

1 main()

2 {

3 int loop = 0, number = O;

4 int i, j, k;

5 for (i = 0; 1 <=5; i++)

6 for (J = 0; j <= 10; j++)
7 for (k = 0; k <= 50; k++)
8 {

9 loop++;

10 if (i*10 + j*5+ k ==
11 number++;

12 }

13 printf(""H%dfE, SiTER%dZR\N",
14 }

[B{T6ER]

I 367H , PUTERES366X

number, loop) ;

[J77%&-2]
K NFs 5 ZfEE - IRARNAIREEHA - FTDUARE
EE k fy 5 ZEEMIENR -
i (107):0,1,2,3,4,5
j (5 71):0,1,2,..,10
k (1 7£):0,5,10,..,50

1 main(Q)

2 {

3 int loop = 0, number = O;

4 int i, j, k;

5 for (i = 0; 1 <=5; i++)

6 for (J = 0; j <= 10; j++)
7 for (k = 0; k <= 50; k+=
8 {

9 loop++;

10 if (i*10 + j*5+ k ==
11 number++;

12 }

13 printf(""H%dfE, SiTER%dZR\N",
14 }

[B{TER]

361 , HITHERE 726K

5)

50)

number, loop) ;

[757%-3]
é.:'g 1I*10 + j*5 + k =
g - NRHEEE k Z
HERRY 50 -

<STEERE> 491

50H WE BUBk RN
1, *10 + j*5 + K




1 main(Q) [73745-4]
2 { B 1M J ZEEER K ZH A E Y
3 Int foop = 0, number = 0; IR BERE K KL -
4 int i, j, k;
5 for (i = 0; 1 <= 5; i++) o Pk -

IS S« =0,j7/gt /s 0,1,2,..,10 (50-1*10)/5=10
; fo;og(ﬂ . E_<ioéoj-+2:5) i=1, 9% 0,1,2,..,8 (50-i*10)/5=8
8 { ’ ’ i=2,J9/58 /% 0,1,2,..,6 (50-1*10)/5=6
9 loop++;
10 if (i*10 + j*5+ k == 50)
11 { .
12 number++; i=5,J78Ek O (50-1*10)/5=0
13 }
14 } <BITEERE> 36
15  printf(&E%diE, B7EBE%dZ\n"" , number, loop) ; T
16 }
[ T4R ]

L3671, MITEE491IRK
1 main() [J77%-5]
2 { HE—EJTEM & 1 BEREER ] WE(LED
3 int loop = 0, number = 0; HH (50-i1*10)/5 & > FELHFEE 1 fHoEk -
4 int i, j; <B{THEERE> 6
5 for (i = 0; i <= 5; i++) 1 mainQ)
6 for (j = 0; j <= (50-i*10)/5; j++) 2 {
7 { 3 int loop = 0, number = O;
8 loop++; 4 int if _ ,
9 number++; 2 IOF (i =0; i <= 5; i++)
10 }
i " 473 “\n"" 7 loop++;
+-0 A - ’
E} printf(""E£%dfE , STEE%dZ\n"" ,number, loop) ; 8 number += (50-i*10)/5 + 1:
9 }
i b = 3 Z\n"" -
[ i(l) ) printf ("' £udfE , #fTEE%dZ\n"", number, loop) ;
367 , TTHEE36X

[B{T6ER]
FL36%E , HTER 6K




[757%-6]
WMt ENVEREE—E =00 - Bl
11+9+7+..+1=6*(11+1)/2=36
R AP AT AR A A -
main()
{

1
2
3 int number = 0, a, b, n = 50;
4 a=n/5+1;

5 iIT@%2==0)>b=2;

6 else b = 1;

7 number = (atb)*((a-b)/2+1)/2;
8 printf("E£%dfE\n", number);

9 }

(TR ]
$£36%E

Recursion

= Write a recursive C function to compute the
sum of the elements of the array a.

= Solution :
int sum(int a[], int size)
[*size is the number of elements in array a[] */

{
if(size == 0)
return 0;
else
return a[size-1] + sum(a, size - 1);
by

= Wrong solution :
int sum(int a[], int size, int s)
//size is the number of elements in array a[]
// s is the sum of a[], initial value of sis 0

{
if(size == 0)
return s;
else {

s = s + a[size-1]
return sum(a, size -1, s);

s Determine the maximum of the contents of all

nodes in a binary tree.

= Solution:

sturct nodetype {
int info;
struct nodetype *left;
struct nodetype *right;
by

int max(struct nodetype *p)

{

int a,b;




if(p==NULL)
return(-MAXINT); //MAXINT is infinite
else {
a=max(p->left);
b=max(p->right);
if (a>=b)
return (p->info >= a ? p->info : a)
else
return (p->info >= b ? p->info : b)
by
}+ /* end of max() */

= Wrong solution:
int max(struct nodetype *p)
{
if(p==NULL)
return(-MAXINT); //MAXINT is infinite
else {
if (max(p->left) >= max(p->right)
return (p->info >= max(p->left)
? p->info : max(p->left))
else
return (p->info >= max(p->right)
? p->info : max(p->right))
}
} /* end of max() */

= N s
+3 ?’fi ’7/%2 d
8:00 18:00

47 A

B

C

D

E

% [ B2, % ¢ R 4 (interval graph coloring) :
AQOCl Cl: 5- Bpé
C2: %=-Bpmd

B * = IR

GCl gC2 C3: %= ehppé

TR L B

m 3 AR AR D A% 3E 38R (polynomial time)
i AR AL

ol BRE o BERLE
. r}igﬁﬂﬂﬂg : NP-complete » NP-hard

4o ¢ 4 &) B 48 (Partition Problem)

iaérﬂ AR Ji{(TraveIlng Salesperson Problem)
m A ?ﬁiﬁ”}?‘f%\\ ﬁ-n/fﬁ/z{ ﬁ*/i‘va 18

4o @ i 0+ ® 42 (Halting Problem)
= lower bound : f2EE#TE PR 2. KRR
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B3 - B0 EEcnE £A={ay, ay, ..
an} SR DA IV RN fg;
A RBFERELEPBEEIEE

)| :A={1,3,8,4, 10}
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Chapter 2

Graph Algorithms

Koenigsberg bridge problem

= Is it possible to walk across all bridges exactly
once from some land area and returning to
the starting land area ?

Graph representation

= vertex: land area
edge: bridge
= The above problem is the Euler circuit (cycle)

problem. In the circuit, each edge is visited
exactly once from one source vertex and
returning to the source vertex.

Euler path

= Euler path: In a graph, each edge is visited
exactly once, but it needs not return to the

source vertex.

= Theorem: An undirected graph possesses an
Euler path if and only if it is connected and
has no, or exactly two, vertices that are of
odd degree.

= Euler circuit <=> all vertices are of even
degree

= An Euler cycle can be constructed in O(|E|)
time, where E denotes the set of edges.




The four-color problem

map : graph:
A B C
A O
F
G G E D

= Is it possible to use four colors to color any
map such that no two adjacent areas have
the same color?

= Five colors are sufficient, which was proved
by Heawood in 1890.

Graph definition

= graph G = (V, E)
V: a set of vertices (nodes)
E: a set of edges (“arcs” used in digraphs)
= undirected graph: 1 5 e
Each edge is an .@ 3
unordered pair
of vertices. (€5
= V={AB,CD,E} 6 E)
E=4{1,23,4,5,6}
or {(A/A), (AB), (A,D), (A,C), (C,D), (C,E)}
or (B,A), (D,A), (C,A), (D,O), (EO

= degree of a node u: # of edges linked
to u.

= e.g.degreeof nodeB:1 A:5 C:3

= A node u is adjacent to a node v: There is an
edge fromutov
= e.g. Node A is adjacent to nodes B, C and D.

= Each edge is incident to the two nodes which
are linked by this edge.
= e.g. Edge 2 is incident to nodes A and B.

Directed graph

= directed graph (digraph):
Each edge (arc) is an
ordered pair

1 2
of vertices. '@

= V={AB,CD,E} 6 (E)
E={1,2 3,45, 6}

or {<AA>, <A B>, <A,D>, <A,C>, <C,D>,
<E,C>}




= indegree of a node u:
# of edges which have u as the head.
(entering u)

= outdegree of a node u:

# of edges which have u as the talil
(leaving u)

. ) ®
= e.g. indegree of node A: 1 ‘Q

AN

C: 2 470

B: 1

outdegree of node A: 4
B: 0
C:1
= degree = indegree + outdegree

5
67 ®

Paths in graphs

= A binary relation can be represented by a
graph.
= path of length k from node u to node v:
a sequence k+1 nodes uy, Uy, ..., Ugq
(Dug=u Uy, =V
(ii) u, and u,,, are adjacent, for 1<izk .

= e.g. (AD,CE)is 1 2_(B)

a path of length 3 (A) 3

D=0

(CY 5
°Y®

Graph representation (1)

= adjacency list: .\./
(B
o—®

The nodes adjacent
to one node are

F+—{c T +—{onur]
+—C|null|

maintained by a
|
|
[ o1 +—{Enur]
|
|

linked list.
+—E|null|
J4—{D[null]

m o O W >

Graph representation (2)

= adjacency matrix:

Each entry a; in the matrix has value 1 if and only if
there is one edge connecting vertex v; to vertex v;.

A B C D E
AlO 0O 1 1 O
B|0O 0 1 0 O (B)
clo o o 1 1 (©) (B
D|O 0O 0 0 1

©
E|O0O O 0O 1 O ®

matrix A = (@) icicn, 1<j<n




Transitive closure

= The reachability matrix for a graph G is the transitive
closure T of the adjacency matrix of G.

matrix T = (t;;)1<i<n, 1<j=n

length 0) from v; to v;.

0 otherwise
(B
@@

(A —D)

{ 1 |If there is a path (not of

B C

O oo o ol|l>»
] k=)
S e

m oo @ >
O O O oo
O O O R B

Construction of transitive closure

= The construction method for T:
ajxu =1 and a; =1

® (B
; ©)
<=> a path of length 2 from ’/ %)

v; to v; passing through v,

A B C DE A B CDE
Alo 0 1 10 A0 0O 011
Blo O 1 0O B[O O 0 11
clo o o 1 1 C{0O 0011
DIO O 0 0 1 D|O O 0 1 O
EIO O 0O 1 0 EIO O O 0 1

A2
matrix A path matrix of length 2

Calculation with matrix multiplication
= a; of A%is computed by:

gﬁ(aik and a ;) =
1 a path of length 2 from v; to v;
0 otherwise

= The above can be calculated by the

matrix multiplication method.
boolean matrix
product multiplication

+

or
and
= meaning of (A or A2)?

*

= The matrix multiplication can be applied
repeatedly.

A B CDE
A0 O 0 1 1
B|{O O 011
ClO O 0 1 1
DI]O O O 0 1
EIO O O 1 O
A3 = A2 x A
A* = A3 x A = (A?)?

>
o
|
>
N
X
>




= Finally, the following matrix is obtained. Con nECtiVity

A B CDE = Connectivity matrix C:
A0 0 1 11 reflexive and transitive closure of G
B[O O 1 1 1 matrix C = (Cij)léién, 1<j=n
Cl0O 0 011 1 if there is a path of length 0O
D|O O 0 1 1 Cij = or more from v; to v;.
Elo 0 0 1 1 0 otherwise

T = A or A2 or A3 or A% or A® A B C D E (B)
path of length < 5 Al1 o 1 1 1 @
B|1]O 1 1 1 1
= Matrix T is the transitive closure of matrix A. clo o 1 1 1 ® (D)
= Required time: O(n) matrix multiplications Dlo o o 1 1
E(O O O 1 1
Construction of connectivity 5. _|ABCDE
Alf1 01 10 @
= Construct matrix B: Blo 1 1 0 0 © B
Bij = i.ij , for i#j clo 0111 /
tha;:l is, DIO O O 1 1 @
{ 1 a path of length O or 1 Ef0 O 0 11
b;; = from v; to v;
La ) i ]
0 otherwise B2 = ABCDE
All 01 11
= B2 represents path of length 2 or less. Bj0o 11 11
= Then, compute B4, Bg,...B"1, cjlo 0111
= Time: O(logn) matrix multiplications D|o 00 11
(see the example on the next page) E{I0O OO0 11

C = B4 = (B?)?, same as B?




Connected components

= For every pair of nodes in a connected

component, there is a path connecting them.

I o

@ ©

= This undirected graph consists of 3
connected components.

= Algorithms for solving the connected
component problem:
= connectivity matrix

» depth-first search
= breadth-first search

Depth-first search (DFS)

Depth-first search (traversal)

depth-first spanning tree

2 : e 6
® *©—G@)
D—e ®

8

®

depth-first order:abdecghf
It can be solved by a stack.
Time: O(|E|)

Breadth-first search (BFS)

= Breadth-first search (traversal)

breadth-first spanning tree

(@)
2 3 4
O © O
5 @ 6 7
“®

= breadth-firstorder:abcgdehf
= It can be solved by a queue.
= Time: O(|E|)

Minimum spanning trees (MST)

= It may be defined on Euclidean space

points or on a graph.

= G = (V, E): weighted connected

undirected graph

= Spanning tree : S = (V, T), T < E,

undirected tree

= Minimum spanning tree(MST) : a

spanning tree with the smallest total
weight.




Kruskal’s algorithm for
An example of MST finding MST

= A graph and one of its minimum costs
spanning tree Step 1: Sort all edges into nondecreasing order.

Step 2: Add the next smallest weight edge to the
forest if it will not cause a cycle.

Step 3: Stop if n-1 edges. Otherwise, go to Step2.

An example of Kruskal’s algorithm The details for constructing MST
baee  Low @S‘g‘gg’g 5 = How do we check if a cycle is formed
(1.2) 10 DOODOB® when a new edge is added?

(3.6) 15 CD@@,@ @6 = By the SET and UNION method.
(4.6) 20 0e) ©)O) = Each tree in the spanning forest is
O© represented by a SET.
(2.6) 25 ©) .
%@/@ « If (u, v) € Eand u, v are in the same set,
then the addition of (u, v) will form a cycle.
(1.4 30 (reject) = If (U, v) € Eand ueS, , veS, , then
3.5) 35 O 3@ perform UNION of S; and S, .

©.
©




Time complexity

= Time complexity: O(|E| log|E|)
= Step 1: O(|E| loglE|)

= Step 2 & Step 3: O(E|a([EL|V])
Where a is the inverse of Ackermann’s function.

Ackermann’s function

A, j)=2] for j>1
AG,D) = A —1,2) fori>2
A, )= Al-1,AG, j-1)) fori,j>2

= A(p, q+1) > A(p, q), A(p+1,q) > A(p, q)

2
A(34)=2% } 65536 two’s

Inverse of Ackermann’s function

= a(m, n) = min{i>1|A(i, Lm/n]) > log,n}
Practically, A(3,4) > log,n
=a(m, n) <3
=a(m, n) is almost a constant.

Prim’s algorithm for finding
MST

Stepl:xeV, LetA={x}, B=V-{x}.
Step 2: Select (u, v) e E, u e A, veB

such that (u, v) has the smallest weight
between A and B.

Step 3: Put (u, v) in the tree. A = A U {v},
B=B-{v}

Step 4: If B = O, stop; otherwise, go to
Step 2.

= Time complexity : O(n?), n = |V]|.
(see the example on the next page)




An example for Prim’s algorithm

The single-source shortest
path problem

Francisco300 ©
Dcnver
In the cost adjacency  ** 1000

matrix, all entries not
shown are +oo.

—_—

[o/BEN B NNV, N OS]

1

0
300

1000

| 1700

Edge ~ Cost Spanning tree = shortest paths from v, to all destinations
(1.2) 10 o—0
26) 25 @5@
Path Length
D vy, 10
(3.6) 15 @ﬁ@ 2) vy, o 25
3)  vyv,vv, 45
64 20 O—0 4 vy, 45
O—@
35 35 (®)
(3.5) 0 @6 5
O—@
Dijkstra’s algorithm

1200
San

Los Angeles

New Orleans

2 3 4 5 6 7

Miami
0
800 0
1200 0

1500 0 250
1000 0 900 1400

0 1000

0

Los Angeles

New Orleans

Vertex Miami
Iteration S Selected »m > D 5 D G

Initial —_

1 5 6 o 4o 4w 1500 0 250 4o o
2 56 7 4o 4o 4w 1250 0 250 1150 1650
3 567 4 4o 4o 4w 1250 0 250 1150 1650
4 5674 8 +oo 4o 2450 1250 0 250 1150 1650
5 56748 3 3350 +oo 2450 1250 0 250 1150 1650
6 567483 2 3350 3250 2450 1250 0 250 1150 1650

5,6,7,4,8,32 3350 3250 2450 1250 0 250 1150 1650

= Time complexity : O(n2), n = |V|.




All pairs shortest paths

= The all pairs shortest path problem can be solved by
z?(dynamic programming method.

= 3ij:the length of a shortest path from v;to v;going
through no vertex of label greater than &.

for k=0 to n-1 do
for i=0to n-1 do
for j=0to n-1 do

k . k-1 k-1 k-1
a; = mln{ a;",a;, " +ay }

w here a;' = weight of edge (i, ))

An example for all pairs shortest paths

5 0 4 11

e A=|6 0 2
3 \11 2 3000_
0 4 11 0 4 6]

AV=l6 0 2 AV=16 0
37 0 37 0]

shortest  paths

0 4 6

AD=|5 0 2

= Time complexity: O(n3), n = |V|. 37 0
Topological order Critical path

= topological order (topological sort) for acyclic
digraphs

(b)

O
@ (D

topological order:

abcdefg
abced*fg
beg

&

e
adcf

= critical path for acyclic digraphs
= maximum time needed for the given activities

Activity | Time Prior
activities

A 6
A, 4
A; 5 -
A, |1 Ay
As 1 A,
Ag 2 A;
A, 9 Ay As
Ag 7 Ay As
A | 4 As
Ao | 1 A,
Ay | 4 Py, A




Action of modified topological order

output [11 121 [31 [4]1 [51 [el [71 I8]1 1[91 Stack

o o o0 o0 o0 0 o 0 o0 1]
A 0o 6 4 5 o o0 0 o0 o0 432
Vyg 0o 6 4 5 o 7 0 0 0 632 ]
Ve 0o 6 4 5 o 7 0 11 o0 32]
V3 0o 6 4 5 5 7 0 11 0 2]
Vv 0o 6 4 5 7 0 11 0 5]
Vs 0o 6 4 5 7 7 16 14 78]
V7 0o 6 4 5 7 7 16 14 17 8]
Vg 0o 6 4 5 7 7 16 14 18 9]
Vo

>
S




Chapter 3

The Greedy Method

A simple example

= Problem: Pick k numbers out of n
numbers such that the sum of these k
numbers is the largest.

= Algorithm:
FORi=1tok

pick out the largest number and
delete this number from the input.
ENDFOR

The greedy method

= Suppose that a problem can be solved by a
sequence of decisions. The greedy method
has that each decision is locally optimal.
These locally optimal solutions will finally add
up to a globally optimal solution.

s KRR K. 280FmERZREIR: T3 724
®emiTre o B 22~ 5 HR T2 R
4o

= Only a few optimization problems can be
solved by the greedy method.

Shortest paths on a special graph

= Problem: Find a shortest path from v, to v;.
= The greedy method can solve this problem.
= The shortest path: 1 +2+4=7.




Shortest paths on a multi-stage graph

= Problem: Find a shortest path from v, to v,
in the multi-stage graph.

Stage 0 Stage | Stage 2 Stage 3

= Greedy method: vyv, ,v, V5 = 23
= Optimal: vyv, ;v,,v3 =7
= The greedy method does not work.

Solution of the above problem

= d,(i,j): minimum distance between i
and j.

3+dmin(V1,1,V3)
1+dmin(Vi,2,V3)
5+dmin(Vi3,V3)
THdmin(V1,4,V3)

dmin(vo,v3)=min

= This problem can be solved by the
dynamic programming method.

The activity selection problem

Problem: n activities, S = {1, 2, ..., n}, each
activity i has a start time s, and a finish time f,
s, <f.

Activity i occupies time interval [s;, f;].

i and j are compatible if s> f; or s;> f;.

The problem is to select a maximum-size set
of mutually compatible activities

Example:

i |1 12 (3 |4 |5 |6 |7 |8 |9 |10 |11
ss |11 (3 |0 |5 (3 |5 1|6 |8 (8 |2 |12
f, |14 |5 |6 |7 (8 |9 |10 (11 |12 |13 |14
The solution set = {1, 4, 8, 11}

Algorithm:

Step 1: Sort f; into nondecreasing order. After sorting, f,
<f,<fy<...<f,.

Step 2: Add the next activity i to the solution set if i is
compatible with each in the solution set.

Step 3: Stop if all activities are examined. Otherwise, go
to step 2.

Time complexity: O(nlogn)




Solution of the example:

| S, fi accept
1 1 4 Yes
2 3 5 No
3 0 6 No
4 5 7 Yes
5 3 8 No
7 6 10 No
8 8 11 Yes
9 8 12 No
10 2 13 No
11 12 14 Yes

Solution = {1, 4, 8, 11}

Job sequencing with deadlines

= Problem: n jobs, S={1, 2, ..., n}, each job i has a
deadline d;>0 and a profit p, > 0. We need one unit
of time to process each job and we can do at most
one job each time. We can earn the profit p; if job i
is completed by its deadline.

i [1 [2 [3 4 |5
p, |20 [15 [10 [5 |1
d 2 |2 [1 [3 |3

The optimal solution = {1, 2, 4}.
The total profit = 20 + 15 + 5 = 40.

Algorithm:

Step 1: Sort p; into nonincreasing order. After
sorting p; 2 p, 2p3 = ... 2 p,.

Step 2: Add the next job i to the solution set if i
can be completed by its deadline. Assign i to
time slot [r-1, r], where r is the largest
integer such that 1 <r <d, and [r-1, r] is free.

Step 3: Stop if all jobs are examined. Otherwise,
go to step 2.

Time complexity: O(n2)

e.g.
i Pi di
1 20 2 assign to [1, 2]
2 15 2 assign to [0, 1]
3 10 1 reject
4 3 assign to [2, 3]
5 1 3 reject

solution = {1, 2, 4}
total profit =20 + 15+ 5 =40




The knapsack problem

= N objects, each with a weight w, > 0

a profit p, > 0
capacity of knapsack: M
2.DiX;
Maximize i<i<n
Subject to 2 Witi <M

0<x<1,1<i<n

The knapsack algorithm

= The greedy algorithm:
Step 1: Sort p/w; into nonincreasing order.
Step 2: Put the objects into the knapsack according
to the sorted sequence as possible as we can.
= €. (.
n= 31 M = 201 (pll p21 p3) = (251 24/ 15)
(wy, w,, ws) = (18, 15, 10)
Sol: p,/w, = 25/18 = 1.39
p,/W, = 24/15 = 1.6
ps/w; = 15/10 = 1.5
Optimal solution: x; = 0, x, = 1, x; = 1/2
total profit = 24 + 7.5 = 31.5

The 2-way merging problem

= # of comparisons required for the linear 2-
way merge algorithm is m,;+ m, -1 where m,
and m, are the lengths of the two sorted lists
respectively.

= 2-way merging example
2 3 5 6
1 4 7 8

= The problem: There are n sorted lists, each of
length m,. What is the optimal sequence of
merging process to merge these n lists into
one sorted list ?

Extended binary trees

= An extended binary tree representing a 2-way

merge P/CKO

L, L, L, L,




An example of 2-way merging

= Example: 6 sorted lists with lengths 2,
3,5 7,11 and 13.

= Time complexity for
generating an optimal
extended binary
tree:O(n log n)

= Using min-heap

Huffman codes

= In telecommunication, how do we represent a
set of messages, each with an access
frequency, by a sequence of 0’s and 1°s?

= To minimize the transmission and decoding
costs, we may use short strings to represent
more frequently used messages.

= This problem can by solved by using an
extended binary tree which is used in the 2-

way merging problem.

= Symbols: A,B,C,D,E, F, G
fre@q. :2,3,5,8, 13, 15, 18

= Huffman codes:
A: 10100 B: 10101 C: 1011
D: 100 E: 00 F: 01
G: 11

A Huffman code Tree




Chapter 4

The Divide-and-Conquer Strategy

A simple example

= finding the maximum of a set S of n numbers

32

T

29,14, 15, 1,6, 10,32, 12

A A

29 32
29,14, 15, 1 6,10, 32, 12
A A A A

29 15 10 32
29, 14 15,1 6,10 32,12

Time complexity

= Time complexity:
T(n): # of comparisons
T { ?T(n/2)+1 nn;z
= Calculation of T(n):
Assume n = 2k,
T(n) = 2T(n/2)+1
= 2(2T(n/4)+1)+1
= 4T(n/4)+2+1

=2K1T(2)+2K2+ .. +4+42+1
=2k 14224 | +44+2+1
=21 =n-1

A general divide-and-conquer
algorithm

Step 1: If the problem size is small, solve this
problem directly; otherwise, split the
original problem into 2 sub-problems
with equal sizes.

Step 2: Recursively solve these 2 sub-problems
by applying this algorithm.
Step 3: Merge the solutions of the 2 sub-

problems into a solution of the original
problem.




Time complexity of the
general algorithm
= Time complexity:

T { l2)T(n/2)+S(n)+M(n) Eiﬁ

where S(n) : time for splitting
M(n) : time for merging
b : a constant
C : a constant

Binary search

me.g. 2456789
T
T
T

search 7: needs 3 comparisons
= time: O(log n)
= The binary search can be used only if the

elements are sorted and stored in an array.

Algorithm binary-search

Input: A sorted sequence of n elements stored in an
array.

Output: The position of x (to be searched).

Step 1: If only one element remains in the array, solve
it directly.

Step 2: Compare x with the middle element of the array.
Step 2.1: If x = middle element, then output it and stop.

Step 2.2: If x < middle element, then recursively solve
the problem with x and the left half array.

Step 2.3: If x > middle element, then recursively solve
the problem with x and the right half array.

Algorithm BinSearch(a, low, high, x)

/] a[]: sorted sequence in nondecreasing order
/! low, high: the bounds for searching in a []
/] x: the element to be searched
/!l If x = a[j], for some j, then return j else return -1
if (low > high) then return -1 /] 1invalid range
if (low = high) then /] if small P
if (x == a[i]) then return i
else return -1
else // divide P into two smaller subproblems
mid = (low + high) / 2
1f (x == a[mid]) then return mid
else 1f (x < a[mid]) then
return BinSearch(a, low, mid-1, x)
else return BinSearch(a, mid+l, high, x)




Quicksort

= Sort into nondecreasing order

[26 5 37 1 61 11 59 15 48 19]
[26 5 19 1 61 11 59 15 48 37]
[26 5 19 1 15 11 59 61 48 37]
[11 5 19 1 15] 26 [59 61 48 37]
[11 5 1 19 15] 26 [59 61 48 37]
[ 1 5] 11 [19 15] 26 [59 61 48 37]
1 5 11 15 19 26 [59 61 48 37]
1 5 11 15 19 26 [59 37 48 61]
1 5 11 15 19 26 [48 37] 59 [61]
1 5 11 15 19 26 37 48 59 61

Algorithm Quicksort

Input: A set S of n elements.

Output: The sorted sequence of the inputs in
nondecreasing order.

Step 1: If |S|<2, solve it directly.

Step 2: (Partition step) Use a pivot to scan all
elements in S. Put the smaller elements in S;,
and the larger elements in S,.

Step 3: Recursively solve S; and S..

Time complexity of Quicksort

= time in the worst case:
(n-1)+(n-2)+...+1 = n(n-1)/2= O(n?)
= time in the best case:

In each partition, the problem is always
divided into two subproblems with almost
equal size

f@ d@

Il
S

I
S5

Time complexity of the best case

= T(n): time required for sorting n elements

= T(n)< cn+2T(n/2), for some constant c.
<cn+2(c - n/2 + 2T(n/4))
< 2cn + 4T(n/4)

< cnlogz.r.\. + nT(1) = O(nlogn)




Two-way merge

= Merge two sorted sequences into a single one.

[25 37 48 57][12 33 86 92]
merge

[12 25 33 37 48 57 86 92]

= time complexity: O(m+n),
m and n: lengths of the two sorted lists

Merge sort

= Sort into nondecreasing order
[251[5711481[371[121[92]1[861[33]
1y s i

pass 1]|

[25 57][37 48][12 92][33 86]
pass 2

[25 37 48 57][12 33 86 92]

pass 3 ll
[12 25 33 37 48 57 86 92]

= log,n passes are required.
= time complexity: O(nlogn)

Algorithm Merge-Sort

Input: A set S of n elements.

Output: The sorted sequence of the inputs in
nondecreasing order.

Step 1: If |S|<2, solve it directly.

Step 2: Recursively apply this algorithm to solve
the left half part and right half part of S, and
the results are stored in S; and S,,
respectively.

Step 3: Perform the two-way merge scheme on
S, andS,.

2-D maxima finding problem

= Def : A point (x,, y;) dominates (x,, Y,) if X;
> X, and y; > y,. A pointis called a
maximum if no other point dominates it

» Straightforward method : Compare every pair
of points.

Y4

Time complexity: ®
C(n,2)=0(n?) . * .. *_ @




Divide-and-conquer for
maxima finding

Ys S, L Sq
O
P

O EP8 )
P Py ?

P ® 4

& E 0P12 .P“. IE‘PIO
P,
.P7 .Ps .P13 M
X

The maximal points of S| and Sy

The algorithm:
= Input: A set S of n planar points.
= Output: The maximal points of S.

Step 1: If S contains only one point, return it as
the maximum. Otherwise, find a line L
perpendicular to the X-axis which separates S
into S and S, with equal sizes.

Step 2: Recursively find the maximal points of
S, and S;.
Step 3: Find the largest y-value of Sg, denoted

as Yg. Discard each of the maximal points of
S, if its y-value is less than yj.

= Time complexity: T(n)

Step 1: O(n)
Step 2: 2T(n/2)
Step 3: O(n)
T(n)={ ?T(n/2)+0(n)+0(n) E:

Assume n = 2k
T(n) = 0O(nlog n)

The closest pair problem

= Given a set S of n points, find a pair of points
which are closest together.

= 1-D version : m 2-D version
Solved by sorting : Y o

) ) S 5 z o S

Time complexity :  * ¢ o '
o |

O(n log n) . '\. e .Y“
L

: [ ]
. 4 . °

L-d  L+d  d=min(d,, dy)




= at most 6 points in area A:

The algorithm:
= Input: A set S of n planar points.

= Output: The distance between two closest
points.

Step 1: Sort points in S according to their y-
values.

Step 2: If S contains only one point, return
infinity as its distance.

Step 3: Find a median line L perpendicular to
the X-axis to divide S into S, and Sg, with
equal sizes.

Step 4: Recursively apply Steps 2 and 3 to solve
the closest pair problems of S, and S;. Let
d (dy) denote the distance between the
closest pair in S, (Sg). Letd = min(d,, dy).

Step 5: For a point P in the half-slab bounded

by L-d and L, let its y-value be denoted as y, .

For each such P, find all points in the half-
slab bounded by L and L+d whose y-value
fall within y,+d and y,-d. If the distance d’
between P and a point in the other half-slab
is less than d, let d=d’. The final value of d is
the answer.
= Time complexity: O(n log n)
Step 1: O(n log n)
Steps 2~5:
T { ?T(n/2)+0(n)+0(n) E:

=T(n) = O(n log n)

The convex hull problem

concave polygon: convex polygon:

= The convex hull of a set of planar points is
the smallest convex polygon containing all of

the points.




= The divide-and-conquer strategy to
solve the problem:

—

The merging procedure:
Select an interior point p.

There are 3 sequences of points which have
increasing polar angles with respect to p.

(1) g, h, i, j, k
(2)a, b, c, d
(3)f e
Merge these 3 sequences into 1 sequence:
gl hl aI bl fl CI el dI iI jl k'
Apply Graham scan to examine the points
one by one and eliminate the points which
cause reflexive angles.

(See the example on the next page.)

Final result:

Divide-and-conquer for convex hull

= Input : A set S of planar points
= Output : A convex hull for S
Step 1: If S contains no more than five points,

use exhaustive searching to find the convex
hull and return.

Step 2: Find a median line perpendicular to the

X-axis which divides S into S and Sg, with
equal sizes.

Step 3: Recursively construct convex hulls for S

and Sg, denoted as Hull(S,) and Hull(Sg),
respectively.




= Step 4: Apply the merging procedure to
merge Hull(S,) and Hull(Sg) together to form

a convex hull.

= Time complexity:
T(n) = 2T(n/2) + O(n)
= O(n log n)

Matrix multiplication

= Let A, B and C be n x n matrices
C=AB
C(i, §) = .2 A, K)B(K, )

= The straightforward method to perform a
matrix multiplication requires O(n3) time.

Divide-and-conquer approach

« C=AB
[ Cu Cp ] = [All A, ][ B Bp; ]
Cu Cu = Ay Ap B, By

Ciy =A;u By +AL By

Cy, =A;B, +A;, By,

Cy = Ay By +A, By

Cp =A; By +A,By,
= Time complexity:

b ,n<2 (# of additions : n2

T(n):{ 8T(n/2)+cn2,2>2 ( )

We get T(n) = O(n3)

Strassen’s matrix multiplicaiton

= (A + Ap)(By; + By)

= (Ay; + Ap)By, 11 = Ay By + AL By

C
= A,,(B;; - By,) 512 = A;1Bj, + A, By
C

2 = Ay B, + A, By,

= (A - Ap)(By + Byy).
1=P+S-T+V
C,=R+T
C,=Q+S
C,=P+R-Q+U

P

Q

R

S =A,(B, - By) 21 = Ay By + Ay By
T

U

V

C




Time complexity

= 7 multiplications and 18 additions or subtractions
= Time complexity:

T(n) = { b ,n<2
M=1 7Tm2)ran’ n>2

T(n)=an®>+7T(n/2)
=an’ -1-7(61(%)2 +7T(n/4)

=an2+;an2+72T(n/4)

=an’(1+ L+ () + +(D"H+7T()
<cen?()" + 7", ¢ is a constant

2 7y lo; log , 7 log , 4—log , 7+log , 4 log , 7
=cn (T) g2"+n g 2 =cn g2 g 2 g2 +n g2

:O(nlog27) EO(nZ.(Sl) .

Fast Fourier transform (FFT)

= Fourier transform
b= a@edt, wherei=-1
» Inverse Fourier transform
af)=—— | " be > dt
- 27[ - -
= Discrete Fourier transform(DFT)
Given a,, a,, ..., a,,, compute

3
—_

b,

; ae™™" 0<j<n-1

3 3
—_o

i27/n

=Y a,0", wherew =e

=~
(=}

DFT and waveform(1)

= Any periodic waveform can be decomposed
into the linear sum of sinusoid functions (sine
or cosine).

REEH)

7 15 48 56

f(t)=cos(2x(7)t)+3cos(2x(15)t) +
3cos(27(48)t) +cos(2x(56)¢)

4-35

DFT and waveform (2)

a " L
0 2000 4000 BOCO  BOOO 0000 17000 MODD  1B000 18000

The waveform of a music The frequency spectrum of
signal of 1 second the music signal with DFT
4-36




FFT algorithm

Inverse DFT:

n—1
a, :%bea)-’k,OSkSn—l

J=0

9 = cos@+isin®

ei

0" =" = e =cos2z +isin2xr =1

a)n/2 — (ei27r/n)n/2 — ei/r — COS7Z'+iSin7Z' — _1
DFT can be computed in O(/#) time by a
straightforward method.

DFT can be solved by the divide-and-conquer
strategy (FFT) in O(rogn) time.

FFT algorithm when n=4

n =4, w=e271*  ut=1, n=-1
by=ay+a,+a,ta,

b,=a,+a,w+a,w+a,un?
b,=ay+a,wo+a,w+anh

by=a,+a, WA+a,we+a, P

another form:

by=(a,+a,)+(a,+a;)
b,=(ay+a,wW)+(a,nw+a,uP) =(gy+a,)-(a,+a,)
= When we calculate 5, we shall calculate (g,+4a,) and
(a,+a;). Later, b, van be easily calculated.
Similarly,

b=(ay+ a,n?)+(a,w+a;n?) =(a,-a,)+ma,-a,)
by=(ay+a,nP)+(a,Wi+a,nP) =(a,-a,)-ma,-a,).

FFT algorithm when n=8

w =8, w=e27/5 pB=1, wt=-1
by=ag,ta+a,ta;+a,+ata,+a,

b,=ay+a, w+a, W+a,ui+a, W+ a, Wb+ a,we+a, w
b,=a,+a, W+ a, W+ a,wo+a, e+ a, Wi+ g A2+ a, witt
by=ay+a, WA+ a, W+ a WP+ a, Wi+ a. s+ g Wi+ a, Pl
b,=a,+a, W a, B+ a, Wi+ g, ntb+ a PO+ g P+ a, Pl
b= ay+a, W+ a, Wi+a,ut>+a, WP+ a WP+ g, w0+ a, P>
by=ay,+a, wo+a, Wi+ a, w8+ a, WP+ a P+ g, Ao+ a, W
by=a,+a, W+ a, W+ a, WP+ a, s+ a, W+ g W+ a, W

= After reordering, we have
by=(a,+a,ta,+a,)+(a+a;+ta+a,)
b,=(gy+a,W+a,w+a,uP)+ ma,+a,W+a,w+a,nP)
b,=(a,+a,W+a,nB+a,n'?)+ nw(a,+a,w+anP+a,nt?)
by=(agy+a,wo+a,wi+a,wi8)+ nA(a,+a,nb+a,nt?+a,n's)
b=(a+a,ta,+a,)-(a,+a+as+a,)
b=(ag,+a,w+a,wt+a,nP)-m a, +a,wP+a, wH+a, nb)
by=(a,+a,W'+a,nB+a,ni?)-wP(a,+a,W+a, nb+a, ni?)
b,=(ay+a,wo+a,wi+a,wi8)-n(a, + a, uh+a, Wt +a, ni8)
= Rewrite as

b=qtdq, b=G- =g+,
b=c+wd, b=c-wd,=c+wnPd,
b,=c+wnd, b=c-wd,=c,+whd,

by=cy+WAd, b=cWdy=c,+ W d,




C,=ay+a, W+a,w'+a,np
— 2

G=ayta,W+a,nt+ant

G=3ay+a,We+a,nt?+a,ni8

Let x=nP=e27/4
G=ay+a,+a,+a,
C,=ay+a,x+a,e+ax
= 2
G,=aytaP+axi+axe
G=3ay+aR+ax+ax°

= Thus, {q,q,6,G} is FFT of {a,,a,,4, a5}
Similarly, {q,,d,,d,,d;} is FFT of {a,,a;,a.,a,}.

General FFT

= In general, let w=e?7/" (assume nis even.)
w=1, wi2=-1
bj=50+51“’+?zl4'2]+-'-.+a,r1MK”1)J,
={ay+a,W+a,Wt...+a,, W)+
W{a1+a3m,21+asmﬁj+,__+amwmz)1}
=G wij
by =yt a W2+ g, W2+ @, WA
+a,  WrArL)2
=3y, WHa W B Wt .+, WD) a, WD
=C}_—de
=C}-+ VI/"'”/ZG}

Divide-and-conquer (FFT)

= Input: a,, a,, ..., a4, N =2k
= Output: b;, j=0, 1, 2, ..., n-1
where b, = Zakwkj, where w=e

0<k<n-1

i27/n

Step 1: If n=2, compute
by, =4a, + a,,
b, =a,-a,, and return.

Step 2: Recursively find the Fourier transform of
{a,,a,,a,...,a ,tand {a,, a,, a;,...,a__},
whose results are denoted as {c,, c,, C,,...,
C..1} @nd {dy, d,, d,,..., d 4}

Step 3: Compute b;:
b,=c +wd, for 0<j<n/2-1
biun = € - WD, for 0<j<n/2-1.
= Time complexity:
T(n) = 2T(n/2) + O(n)
= O(n log n)




Chapter 5

Tree Searching Strategies

Breadth-first search (BFS)

= 8-puzzle problem

49 24y

2
1| e
6|5
2| 3

4 |4 1 |lz|4]s 2l 14lg 1lelaly

Goal Node

= The breadth-first search uses a queue to hold
all expanded nodes.

Depth-first search (DFS)

= e.g. sum of subset
problem

S={7,5, 1, 2, 10}
3S <cS>ssumof S =97

% 3=10Goﬂl Node

= A stack can be used to
guide the depth-first . N
search.

A sum of subset problem
solved by depth-first search.

Hill climbing

= A variant of depth-first search

The method selects the locally optimal
node to expand.

» e.g. 8-puzzle problem
evaluation function f(n) = d(n) + w(n)
where d(n) is the depth of node n
w(n) is # of misplaced tiles in node n.




mitial [ 2] ]|:
state | . 4|3

g |4 1|4 L q
5(4) 765(4) ils)s | s | (5)

g |4 1]z ]a
5(4) 765(6)

g 3(4)
5

@ 734(6)
5 6|5

Goal Node

An 8-puzzle problem solved by a hill climbing method.

Best-first search strategy

= Combine depth-first search and breadth-first
search.

= Selecting the node with the best estimated
cost among all nodes.

= This method has a global view.

3
4| (3)

1]4 Ls 4 t]4 L] |4
4 4 (5 5
76| ) 7 1e]s 7 5 @

LN N6 1 ey | fs e 154 |6
615 7 7]6]|s

1)

4 (4) 7 8 4
5 -

An 8-puzzle problem solved by a best-first
search scheme.

Best-First Search Scheme

Stepl: Form a one-element list consisting of the
root node.

Step2: Remove the first element from the list.
Expand the first element. If one of the
descendants of the first element is a goal
node, then stop; otherwise, add the
descendants into the list.

Step3: Sort the entire list by the values of some
estimation function.

Step4: If the list is empty, then failure.
Otherwise, go to Step 2.




Branch-and-bound strategy

= This strategy can be used to efficiently solve
optimization problems.

= €.0.

7
Vi Voo

A multi-stage graph searching problem.

« Solved by branch Vﬁ
-and-bound 7 1

Personnel assignment problem

= A linearly ordered set of persons P={P,,
P,, ..., P} where P,<P,<...<P,

n A part|aIIy ordered set of jobs J 3 3o -y

= Suppose that P, and P; are assigned to jobs
f(P,) and f(P,) respectlvely If f(P) f(P.), then
P, <P, Cost’ C,; is the cost of assigning ]P to J.
We want to f] nd a feasible aSS|gnment Wlth
the minimum cost. i.e.
X; = 1 if P, is assigned to J;
X;; = 0 otherwise.
= Minimize % ; C)X;

1}

= e.g. A partial ordering of jobs

= After topological sorting, one of the following
topologically sorted sequences will be
generated: L N N )

e)
—
®

1’ 3

J
3 S I

— e
S

1 S I

N

J
J
J
b, I, 1, L

N

= One of feasible assignments:
P,—J,, P,—J,, P;—J;, P,—],




A solution tree Cost matrix

= All possible solutions can be represented _ = Apply the best-
by a solution tree. = Cost matrix first search scheme:
Person Jobs 1 2 3
I Assigned Persons
!
5 ) 1 29 19 17
2 32 30 26
2 3 3 21 7
4 18 13 10
3
4 Only one node is pruned away.
Reduced cost matrix
i ) r matrix i :
= Cost matrix . Reduced cost matrix = A reduced cost matrix can be obtained
Jobs | 1 > 3 4 subtract a constant from each row and each
Persons Jobs| 1 2 3 4 column respectively such that each row and
Persons each column contains at least one zero.
1 29 19 17 12 1 174 5 0 (-12)
2 6 1 0 2 (26 = Total cost subtracted: 12+26+3+10+3 = 54
2 32 30 26 28 .. .
3 0 15 4 6 (3 = This is a lower bound of our solution.
3 3 21 7 9 4 8 0 0 5 (-10)
4 18 13 10 15 (-3)




Branch-and-bound for the
personnel assignment problem

= Bounding of subsolutions:

Person Assigned

The traveling salesperson
optimization problem

Given a set of points and their pairwise
distances, the task is to find a shortest tour

that visits each point exactly once.

It is NP-complete.

2
) (1 IR
““1—-_\_‘_‘\‘
JObS 1 2 Skm/ . o 5kr:1[ o
Persons Skm ‘ 8km
1 17 4 3 (3] A ) \“”‘ (3 \
2 6 1
9 km o 6 9 km o 8 km
3 0 15 A / e
4 8 0 6 15 km o i
Total = 62 km Total = 48 km
The traveling salesperson
optimization problem
= A reduced cost matrix
= A cost matrix il 2 3 4 5 6 7
1
. 1 o 0 9 10 30 6 54 (3)
il 2 3 4 5 6 7
i 2 0 w 73 38 17 12 30 (4
1 © 3 93 13 33 9 57 3 29 1 w 20 0 12 9  (-16)
2 4 o 77 42 21 16 34 4 32 8 73 w49 0 84 (-7)
3 45 17 00 36 16 28 25 5 3 21 63 ] 0 0 32 (-25)
4 139 9% 80 o 56 7 91 6 0 8 15 43 8 o 4 (-3)
5 28 46 88 33 00 25 57 7 18 0 7 1 58 13 o (-26)
6 3 88 18 46 92 o 7 Reduced: 84
7 144 26 33 27 8 39 o




= Another reduced matrix

j 1 2 3 4 5 6 7
1
1 o0 0 &3 9 30 6 50
2 0 o0 66 37 17 12 26
3 29 1 00 19 0 12 5
4 32 83 66 00 49 0 80
5 3 21 56 7 o0 0 28
6 0 &5 8 42 89 0 0
7 18 0 0 0 58 13 0

-7)

(-1
Total cost reduced: 84+7+1+4 = 96 (lower bound)

-4

= The highest level of a decision tree:

All solutions

Lower bound = 96

/

All solutions
with arc 4-6

Lower bound = 96

AN

All solutions
without arc 4-6

Lower bound = 96+32 =128

= If we use arc 3-5 to split, the difference on
the lower bounds is 17+1 = 18.

= A reduced cost matrix if arc (4,6) is included

in the solution.

i1 23457
1
1 [co| 0[8]9 ]3] 50
2 | 0 | oo | 6637|1726
3 /291 [ |19]0]5
5 3 ]21 56| 7 | |28
6 | 0[8 ] 8 [(e0)8]0
7 18] 0]0]0 58] co

Arc (6,4) is changed to be infinity since it

can not be included in the solution.

= The reduced cost matrix for all solutions with

arc 4-6
ji11 2 3 4 5 7
1
1 0 0 83 9 30 50
2 0 o0 66 37 17 26
3 29 1 o 19 0 5
5 18 53 4 © 25 (-3)
6 85 o0 89 0
7 18 0 0 0 58 0

= Total cost reduced:

bound)

96+3 = 99 (new lower




L.B.=96

Without 4-6

Node to be terminated

L.B.=128

L.B=117 Node to be

—
With 3-5 expanded

Without 3-5

Without 2-1

L.B.=126 Without 1-4 | L.B.=153  Node tobe

terminated
Without 6-7
Without 5-2 | No solution

- Node to be
LB=125 expanded

With 1-4

Node to be
L.B.=141 terminated | 2

L.B.=126

With 5-2

1-4-6-7-3-5-2-1 4
Cost=126 7

A branch-and-bound solution of a traveling salesperson problem.

The 0/1 knapsack problem

= Positive integer P,, P, ..., P, (profit)
W, W,, ..., W, (weight)
M (capacity)

n
maximize Y P;X;
i=1

n
subjectto > W;X; <M X;=0orl,i=l, ..., n.
i=1
The problem is modified:
n
minimize - ) P;X;
i=1

W, 10 19 8 10 12 8

(PJ/W, > P, /W)

= Afeasible solution: X, =1, X, =1, X; =0,
X,=0,Xs=0,X,=0
-(P,+P,) = -16 (upper bound)
Any solution higher than -16 can not be an
optimal solution.

Relax the restriction

= Relax our restriction from X, = 0or 1to 0 <X <1
(knapsack problem)

n
Let —> PX; be an optimal solution for 0/1
i=1

n
knapsack problem and — > P;X! be an optimal

i=1

n
solution for knapsack problem. Let Y=- ) P;X;,

i=1

n

Y= -YPX!.
i=1

=Y <Y




Upper bound and lower bound

= We can use the greedy method to find an optimal
solution for knapsack problem:

X;=1,X,=1,X;=5/8,X,=0,Xs =0, X, =0
-(P,+P,+5/8P;) = -18.5 (lower bound)
-18 is our lower bound. (only consider integers)

= -18 < optimal solution < -16
optimal solution: X; =1, X,=0,X;=0,X, =1, Xs =
1,X,=0
-(P;+P,+P;) = -17

5-29

Expand the node with Eles
the best lower bound. *-
1 Jvast
X

{a good upper bound
is found here)

Xo= 1 Xe=0

U.B=-16 U.B.=-15
I..B:-;S [..u.—.m

X= 1y  Xi= 0 X=1 LW Xa=0
U Bo=- 16 UB.=-15 U.B=17
inrca-ihlr|_n_=.|5‘ I.B:-IN |.n. -18
X=1, Xa=0 X=1 X=0 X=1 Xi= 0

3 y i _ ; i
. B.=-1th UB=-15 U.B.=-16 U.B=17
7 mlu.\\lhlu B.=-18 21 |LB=15 |.is.= 18 15 |LB=158| 16

&

Xe= 1 Ns=0 M= 1y L M= Xe= g AXs=0 M= 5 Xs= 0
UB=16 UB.=15 U =-16 U.B=-14 U.B=-17

n ml'u.mhlc|__|3_=.|5 mlcn-thrl..lt.:-ui :__B_=.n< I..H.=-|-l |_.B.=-|N I

X= 1 4 =0 %=1, No=) X=1 y Xem0 Xgm 1 o Yom 0
UB=-16 U.R.=-15 UB.=16
n infeasible | B.=-16 inh‘.hihlc L.B=-15 infeasible l..a.:-ln infeasible
U.B=-17
LB=17

0/1 knapsack problem solved by branch-and-bound strategy.s-z0




Chapter 7

Dynamic Programming

Fibonacci sequence

= Fibonacci sequence: 0,1,1,2,3,5,8,13,21, ...
Fo=17 if /<1
F=F,+F, if /i>2

= Solved by a recursive program:

£

= Much replicated computation is done.
= It should be solved by a simple loop.

Dynamic Programming

= Dynamic Programming is an algorithm
design method that can be used when
the solution to a problem may be

viewed as the result of a sequence of
decisions

The shortest path

= To find a shortest path in a multi-stage graph

3 2 7

a‘e‘e 5 a

6

5
= Apply the greedy method :
the shortest path from Sto T :
1+2+5=8




The shortest path in
muItistage graphs

@@

= The greedy method can not be applied to this
case: (S,A,D, T) 1+4+18 = 23.
= The real shortest path is:
(S,C,F, T) 5+2+2=09.

Dynamic programming approach

= Dynamic programming approach (forward approach):

C S~ d(A T)

= d(S, T) = min{1+d(A, T), 2+d(B, T), 5+d(C )}

« d(AT) = min{4+d(D,T), 11+d(E T)A)— (). <o
= min{4+18, 11+13} = 22.

= d(B, T) = min{9+d(D, T), 5+d(E, T), 16+d(F, T)}
= min{9+18, 5+13, 16+2} = 18.

» d(C, T)=min{2+d(F, T) } =2+2=4
= d(S, T) = min{1+d(A, T), 2+d(B, T), 5+d(C, T)}
= min{1+22, 2+18, 5+4} = 9.
= The above way of reasoning is called
backward reasoning.

Backward approach
(forward reasoning)

d(s,C) =5
= d(5,D)=min{d(S,A)+d(A,D), d(S,B)+d(B,D)}
=min{ 144,249} =5
d(S,E)=min{d(S,A)+d(A,E), d(S,B)+d(B,E)}
=min{ 1+11,2+5} =7
d(S,F)=min{d(S,B)+d(B,F), d(S,C)+d(C,F)}
= min{ 2+16, 5+2 } =7




= d(S,T) = min{d(S, D)+d(D, T), d(S,E)+
d(E,T), d(S, F)+d(F, T)}

min{ 5+18, 7+13, 7+2 }

-9 4
°
1 K
11 9

Principle of optimality

= Principle of optimality: Suppose that in solving
a problem, we have to make a sequence of
decisions D,, D,, ..., D,. If this sequence is
optimal, then the Iast K decisions, 1 <k <n
must be optimal.

= e.g. the shortest path problem
If i, iy, i, ..., J is @ shortest path from i to j,
then iy, Iy, ..., j must be a shortest path from i,
toj

= In summary, if a problem can be described by

a multistage graph, then it can be solved by
dynamic programming.

Dynamic programming

= Forward approach and backward approach:

= Note that if the recurrence relations are
formulated using the forward approach then the
relations are solved backwards . i.e., beginning
with the last decision

= On the other hand if the relations are formulated
using the backward approach, they are solved
forwards.
= To solve a problem by using dynamic
programming:
= Find out the recurrence relations.
= Represent the problem by a multistage graph.

The longest common
subsequence (LCS) problem

= Astring: A=bacad

= A subsequence of A: deleting 0 or more
symbols from A (not necessarily consecutive).

e.g. ad, ac, bac, acad, bacad, bcd.
= Common subsequences of A=bacadand
B=accbadcb: ad, ac, bac, acad.

= The longest common subsequence (LCS) of A
and B:

a cad.




The LCS algorithm

= letA=a,a,...a,andB=Db; b, ... b,
= Let L;; denote the length of the longest

common subsequence of a, a, ... a,and b, b,
.. b,

... by,
] Li,j= L|1]1+1 ifa_b
max{ Ly Lijq )} |fa¢b

Loo = Lgj=Lio=0 for 1susm 1<j<n.

= The dynamic programming approach for
solving the LCS problem:

IN I
I

L3,1

! |

Time complexity: O(mn)

Tracing back in the LCS algorithm

meg A=bacad, B=accbadch

B
a ¢c c¢c b a d c b
00000 O0O0O0 O

b{0O 0 0 0 1 1 1 1 1

al 0 (DA 1 1 2 2 2 2

Aco12\@ezzz33

a0122233

d{ 0 1 2 2 2 3 (@)<d4<4

= After all L, ’s have been found, we can trace
back to find the longest common subsequence
of A and B.

The edit distance problem

3 edit operations: insertion, deletion,
replacement

e.g string A=‘vintner’, string B=‘writers’
v intner
wri t ers
RIMDMDMMI

M: match, I: insert, D:delete, R: replace

The edit cost of each I, D, or R is 1.
The edit distance between A and B: 5.




The edit distance algorithm

= letA=a,a,...a,andB=Db, b, ... b,

= Let D denote the edit distance of a, a, ... g
and b b, ... b;

Dio=1, 0<i<m
Do;=J, 0<j<n
Di;=min{D;; ;+ 1,054+ 1, Dy +4 1<
|<m1<J<n
wheret ;=0ifa,=bjandt ;=1ifa =b;

= The dynamic programming approach for
calculating the distance matrix:

Dy, > Dy, — Dy,

SN

2\1\1\

= Time complexity: O(mn)

e.g. A=‘vintner’, B=*writers’ wor i ot e 1 s
The 3 optimal alignments : 0<‘; 1 < 2 3 4 5 6 7
v-intner- —cgap v |1 1€2 3 o4 5 6 7
) gap €l e
wri-t-ers i l2 2 2 2 3 4 5 6
RA
n |3 3 3 3 3 4 5 6
i R
-vintner- t R SR
-t- A
wri-t-ers I D S
13
i ¢ 6 6 6 6 5 4 5 6
vintner- <
writ-ers r 7 7 6 7 6 5 445

0/1 knapsack problem

= n objects, weight W, W,, ...,W_
profit P, P,, ...,P,
capacity M
P : ty > Px
maximize 57,
subject to 2Wx <M
X, =0or1, 1<i<n
"9 _ il w o
1 10 40  M=10
2 3 20
3 5 30




The multistage graph solution

= The 0/1 knapsack problem can be
described by a multistage graph.

The dynamic programming
approach

The longest path represents the optimal
solution:

X;=0, x,=1, x;=1

2. PXi= 20+30 = 50
Let f(Q) be the value of an optimal solution
to objects 1,2,3,...,i with capacity Q.
fi(Q) = max{ fi-l(Q)/ fi-l(Q'Wi)+Pi }

The optimal solution is f (M).

Optimal binary search trees

= e.g. binary search trees for 3, 7, 9, 12;

(b) © (d

Optimal binary search trees

= n identifiers : a, <a, <a;<...< a,

P, 1<i<n : the probability that a, is searched.

Q, O<i<n : the probability that x is searched
where a, < x < a,,, (a,=-x, a,,;=®).

ipi"‘iQi =1




= Identifiers : 4, 5, 8, 10,
11, 12, 14

= Internal node : successful
search, P,

~ » External node :

unsuccessful search, Q,

= The expected cost of a binary tree:
D P level(a,)+ Y Q, *(level(E,)-1)
i=1 i=0

s The level of the root : 1

The dynamic programming
approach

= Let C(i, j) denote the cost of an optimal binary
search tree containing IR I

= The cost of the optimal binary search tree with a,
as its root :

A1,n) _%{g +[Q, +kime +Q,) +0(1,1<1)}[Q + ipm +Q,) +(ik+l,n)}

mek+l

PP
Q,-Q, Q.-Q,

a8y Ay, pa,

C(1,k-1) C(k+1,n)

General formula

CGj = glkig{Pk + {Qi_l + i(Pm +Q,,)+C(i, k- 1)}

{Qk + Zj:(Pm +Q, )+ C(k+ l,j)}}

m=k+1

= min{C(i,k ~1)+C(k+1,j)+Q,, + ij(Pm + Qm)}

i<k<j .
1562 m=i

2.8y 4,18

C(ik-1) C(k+1,j)

Computation for n=4

%P | %o

C(1,2) C(2,3) C(3.4)
/N A A AN
C(1,3) C(2,4)

C(1,4)




Computation relationships of

subtrees
= e.g.n=4 C(1.4)
C(1,3) C(2,4)
C(1,2) C(2,3) C(3,4)

= Time complexity : O(n3)
(n-m) C(i, j)’s are computed when j-i=m.
Each C(i, j) with j-i=m can be computed in O(m) time.

O( Y m(n—m)=0(n’)

1<m<n

Matrix-chain multiplication

= N matrices A, A,, ..., A, with size

pO>< pll pl x p2/ pZ>< p3l (XY pn-l x pn
To determine the multiplication order such that # of
scalar multiplications is minimized.

= To compute A x A, ;, we need p,.;p;p;,; Scalar
multiplications.

e.g.n=4, A;: 3 x5, A5x4, A3:4x2, A 2x5
((A; x Ay)) x A3) x A,, # of scalar multiplications:
3*5*%44+3%4*%24+3*%2%*%5=114
(A; x (A, x A3)) x A,, # of scalar multiplications:
3*¥5%24+5%4*2 +3*%2*5=100
(A; x Ay)) x (A3 x A,), # of scalar multiplications:
3*5*%44+3%4*54+4%*%2%*5=160

= Let m(i, j) denote the minimum cost for computing
Aix Ay x o x A

0 ifi=j
irsll’(lgijr_ll{m(i,k) smk+1,7)+poppy| ifi<j

= Computation sequence :

/NN

m(1,2) m(2,3) m(3,4)
= Time complexity : O(n3)

m(i, j) =




Appendix

Permutations and Combinations

Permutations

= # of m-permutations of n items:
n!
an —
(n—m)
= 3-permutations of {1,2,3,4} in lexicographic
order:
123,124,132,134,142,143,
213,214,231,234,241,243,
312,314,321,324,341,342,
412,413421,423,431,432.

Generating permutations
lexicographically

= m-permutations of {1,2,...,n}:
first permutation: 1 2 ... m
last permutation: n n-1 ... n-m+1
= All permutations except the last permutation are

updatable ( can be used to generate the next
permutation).

= The updatable condition for a permutation (P,P, ...

P.):
3j, 3P, <j<nand jis not used at the left of P,

The updating algorithm

= Let P, be the rightmost element and j be the
smallest index satisfying the updatable condition.
Pi «j
P,,, < the first position which is not used.

Pj,, < the kth position which is not used.

P,, < the (m-i)th position which is not used.




Example of updating

= S-permutations of {1,2,3,4,5,6,7,8,9}:

81362 P=2, =4
81364 P=4, |=5
81365 P=5, j=7
81367 P=7, j=9
81369 P=6, j=7
81372

9 P=7, =9

81397 P=3, j=4
81423

Ranking permutations

s Let N={1,2,3,...,n}
» The rank sequence {r,r,, ..., I',} of permutation
(P,P,...P,):
r; is rank of P, in N-{P,, P, ,..., P;;},
where the smallest rank 1s 0.
= II,...I', can be seen as a mixed radix integer:

0<r,<n-m (n-m+1 digits)
0<r,,<n-m+l (n-m+2 digits)
0<r,<n-2 (n-1 digits)
0 S rl S n—l — m—i—1
= rankp(P,P,..P, )= Zr H —i—j)+r,
i=

Example of ranking

= 3-permutations of {1,2,3,4}
P,P,P, r,ryr; rankp

100

123 000 O
124 001 1
132 010 2
134 011 3
142 020 4
143 021 5
213 100 6
214 101 7
231 110 8
234 111 9
241 120
121

243

10
11=1x3x2+2x2+1

149
150
151
199
200
201

456=4*10%2+5*10+6

Unranking permutations

= Given d = rankp( P,P,...P_ ), how to obtain
(P, P,...P_) from d?

-1 m—j- 1 m-j-l
{(d >[I0~ -k TT0- -k J
i=l k=0 k=0
fori=1,2,...m
» d=11 in 3-permutations of {1,2,3,4}

ZLL 1 ——- 1, ID\4—566
s[5 2, 1ol4s,
.




Unranking permutations

= P,=r,+1-d; where d; is the smallest nonnegative
integer such that

d, :i[ri+i—di<Pj],Pi¢Pj,j<i

j=1

s d=11
P=r,+1-d,=1+1-0=2
P=1,+2-d,=2+2-d,=4
P=1,+3 - d, = 143-d; = 1+3-1=3

Combinations

= # of m-combinations of n items:
nl

n
C =
" (n—-m)!m!

= 3-combinations of {1,2,3,4} in
lexicographic order:
123, 124,134,234

Generating combinations
lexicographically

= m-combinations of {1, 2, ..., n}:
= first combination:12...m
= last combination:(n-m+1)(n-m+2)...n
= The updatable condition for a combination
(c,Cy.-.Cpp):

3j,3l<j<m,¢;<n-m+]

The updating algorithm

= stepl: Find the largest j satisfying the updatable
condition.

= step2: ¢« ¢+ 1

m step3: ¢ ¢t gt
Cp<Cnyt1

= Example: 3-combinations of {1, 2, 3, 4, 5, 6}

134
135
136
145




Ranking combinations
= 3-combinations of {1, 2, 3,4, 5, 6}

C; CyCy rankc €, CyCy rankc
33 0 33410
124 1 2 213f5) 1
125 2 C’_223 12
126 3 (33 2f5] 13
134 4 27 alae] 14 4434029
135 5 2156/ 15
136 6 345 16
1as 7 (%4346 17
146 8 356 18
156 9 456 19

Ranking rules

= 3-combinations of {1, 2, 3,4, 5, 6}

= # of combinations greater than (2 3 4):
= Fix nothing, 3-combinations of {3,4,5,6}=4
= Fix (2), 2-combinations of {4,5,6}=3
= Fix (2 3), 1-combinations of {5,6}=2

= Rankc(2 3 4)=19-(4+3+2)=10

Unranking combinations

= Given g = ranke( ¢y, C,, ..., C,, ), how to obtain ( ¢,
C, ... ¢,,) from g?

= g=10 in 3-combinations of {1, 2, 3, 4, 5, 6}
= (C-1)-10=19-10=9

= C)=10>9>C/=4 ----- >(2)
9-4=5
5>C)=3----->(23)
5-3=2

C}=2----->(234)
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